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Abstract

Missing data for return predictors is a common problem in cross sectional asset pricing.
Most papers do not explicitly discuss how they deal with missing data but conventional
treatments focus on the subset of firms with no missing data for any predictor or impute
the unconditional mean. Both methods have undesirable properties - they are either
inefficient or lead to biased estimators and incorrect inference. We propose a simple
and computationally attractive alternative using conditional mean imputations and
weighted least squares, cast in a generalized method of moments (GMM) framework.
This method allows us to use all observations with observed returns, it results in
valid inference, and it can be applied in non-linear and high-dimensional settings. In
Monte Carlo simulations, we find that it performs almost as well as the efficient but
computationally costly GMM estimator in many cases. We apply our procedure to
a large panel of return predictors and find that it leads to improved out-of-sample
predictability.
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1 Introduction

Missing data is a common problem in cross-sectional asset pricing studies. While the
problem of missing return observations has received some attention and is typically handled
by the use of so-called delisting returns (Shumway (1997), Beaver et al. (2007)), the problem
of missing covariates, such as firm characteristics, is typically only addressed implicitly. A
large and growing literature uses these covariates to predict future returns cross-sectionally
or to build factor portfolios. Most studies in this literature do not explicitly discuss how they
handle the case of missing data. For the ones that do, by far the most common procedure to
deal with missing covariates is to exclude an observation altogether if any covariate is missing
and perform the subsequent analysis only on observations for which no covariates or returns
are missing (complete cases analysis). Alternatively, researchers impute the unconditional
mean for a missing characteristic from the firms with no missing data (unconditional mean
imputation). As we argue below, both procedures have undesirable properties.

To harness the additional power from studying all firms with valid return observations,
we propose a simple approach to impute the missing covariate observations. At an intuitive
level, our approach works by replacing the missing covariates with suitable estimates and
accounting for the estimation error (from generating these estimates) in the subsequent
analysis. In addition, we also “down-weigh” the observations for which we imputed data,
thereby adjusting for the fact that these data points are not truly observed and thus contain
less information. In general, the more covariates are imputed, the larger the additional
error terms due to imputations, and the less weight an observation receives. Our approach
therefore allows us to use all firms with valid return observations, while enabling feasible
and correct inference. We can obtain suitable replacements of the missing values from the
(observed) cross-section and/or from the time-series of past observations. The method can
be used if the main model of interest is parametric or nonparametric and does not require
us to specify the entire distribution of the missing covariates. We show that our proposed
method can be cast into a generalized method of moments (Hansen (1982)) setting, which
allows us to study its statistical properties.

In recent years, many asset pricing papers aim to respond to |Cochrane (2011)’s mul-



tidimensional challenge, that is, identifying which characteristics and factors help predict
returns conditional on other predictors. The large number of possible predictors aggravates
the missing data problem (Harvey et al.,2016). The complete case analysis typically neglects
a substantial subset of the data. For example, in our paper, we use the data set of [Chen
and Zimmermann| (2021) with 82 covariates, which contains around 2.4 million observations
between 1978 and 2021. Whereas the complete case only consists of around 10% of the over-
all sample, for almost half of the observations, at most 5 of the 82 covariates are missing.
These observations with few missing covariates would then be excluded from the analysis,
even though they contain useful information. This exclusion is in contrast to what |Zhang
et al. (2005) call “one of statistics’ first principles” — “thou shall not throw data away”.
Moreover, the complete case approach has an additional drawback that may be overlooked
at first sight. By conditioning on firms for which all covariates are available, we might inad-
vertently ignore an interesting part of the return distribution, which might preclude us from
forming portfolios with high out of sample Sharpe ratios.

In an attempt not to delete too many observations, some researchers replace missing
values of the covariates with their cross-sectional mean (unconditional mean imputation) of
that period. We wholeheartedly agree with the aim of using as many return observations
as possible. However, we also show that unconditional mean imputation is rarely desirable.
First, unconditional mean imputation leads to inconsistent estimators, except in the special
cases when the covariates are independent or when covariates with imputed characteristics
are no true return predictors. Second, even in these special cases, unconditional mean
imputation typically produces incorrect standard errors. Intuitively, unconditional mean
imputation leads to an underestimation of (co)variances and therefore standard errors that
are too small.

The mapping of our proposed estimator into a GMM framework allows us to account for
the imputation step in conducting inference and also to understand the efficiency gains of
the proposed approach. Contrary to many Bayesian and likelihood-based approaches that
address the issue of missing data, such as multiple imputation or the EM algorithm, our
method is computationally inexpensive and places fewer assumptions on the data generating

process. However, we do need to impose certain assumptions on why observations are miss-



ing. Specifically, similar to the complete case and many other approaches, we cannot allow
the probability that a particular observation is missing to depend on the missing charac-
teristics, once we condition on observed characteristics but it can arbitrarily depend on the
always observed characteristics. For example, our approach allows for small firms having a
higher likelihood of missing characteristics. We characterize the conditions under which we
obtain consistent estimators and correct inference, and we argue that these conditions are
plausible in many empirical asset pricing studies.

We then illustrate the finite sample properties of our approach in an extensive simulation
study and find that it performs well in sample of realistic size. The simulations also help
illustrate when the ad-hoc approaches, such as unconditional mean imputation and complete
case analysis are (and are not) problematic.

Finally, we apply our method to the CRSP/Compustat sample. We document that it
is desirable to use all firms with valid returns, because conditioning on the complete cases
ignores an interesting part of the return distribution. Portfolios going long stocks with high
predicted returns and shorting stocks with low predicted returns achieve much higher out-of-
sample returns and Sharpe ratios when using the full sample and imputing missing predictors
using our method. In addition, we illustrate how our approach can be used for inference by
carrying out a model selection analysis over the full sample to determine the most important
predictors. Contrary to our method, the inefficient complete case analysis discards many,
even well-established predictors, such as size or value, because of a lack of statistical power.
We also document that unconditional mean imputation can lead to incorrect inference due

to the generically biased estimators and artificially small standard errors.

1.1 Related Literature

The problem of missing data is ubiquitous in empirical analyses. For example, clinical
trials routinely have to confront the problem that some patients do not show up for follow-up
examinations. A related problem occurs in surveys, where respondents often leave questions
blank, sometimes by accident and at other times because they feel uncomfortable answering
them. Regardless of the reason, the result is missing data. Either explicitly or implicitly,

researchers have to make assumptions about how to proceed with the empirical analysis in
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such situations. The problem of missing data and related issues have long been recognized
in the applied and methodological literature. Consequently, researchers have proposed many
different procedures to deal with missing data in a variety of settings.

The general literature on missing data is too vast to summarize here and we refer to
Molenberghs et al.| (2015) and [Little and Rubin (2020) for textbook introductions to the
most common approaches to deal with missing data in different situations. We will therefore
only review the most common methods that are closely related to our proposed method
and place special emphasis on the treatment of missing data in asset pricing. In general,
no single procedure can be successfully applied to all missing data problems. Dealing with
missing data successfully requires taking a stance on why the data is missing — the so called
missing mechanism.E] If the probability that a particular observation is missing depends
on the outcome variable (even after conditioning on observables), we call the mechanism
not missing at random. In this case, the missing mechanism has to be modeled explicitly,
for example through a selection model, such as the Heckman selection estimator (Heckman
(1979)). Since we do not pursue such an approach, we will not elaborate on this literature
further P

In situations in which the probability of observing an observation does not depend on the
outcome variable itself, but may depend on observed covariates, the literature has proposed
several general approaches to deal with missing data. Some of these approaches rely on strong
distributional assumptions on unobservables (for example, likelihood-based approaches and
Bayesian methods) that we do not want to impose to computational reasons. Instead, we
use a method based on moment restrictions and imputation, that is, replacing the missing
variables with suitable estimates. Imputation has a long history and is studied, among
others, in [Yates (1933), Dagenais (1973), Rubin (1978), Nijman and Palm (1988), [Little
(1992), and Rao and Toutenburg (1999). Just like we do, some of these approaches also
down-weigh observations with missing values, but these studies typically only allow for one
missing pattern, which means that either all variables are observed or one particular subset

of the variables is missing. We extend these ideas (specifically the weighting approach of

"'We review the most commonly used missing mechanisms in Section [A.1.
2In finance, studies of fund performance are examples in which such a situation arises as noted by [Brown
et al. (1992)) and |Carhart et al.| (2002)).



Dagenais (1973)) and allow for general missing patterns.

One challenge that arises with imputation methods is how to account for the “imputation
uncertainty” in inference, because the imputations are estimates themselves. The idea we
follow goes back to |Gourieroux and Monfort| (1981) who also allow for only a single missing
pattern. One way to approach this issue is to cast the imputation model and main model
in a GMM setting (Hansen (1982)) and thereby obtain standard errors that are corrected
for the uncertainty from the imputation step. Following this route, Abrevaya and Donald
(2017) study the efficient estimator with one missing pattern. For a similar setup, Chen et al.
(2008) present a semi-parametrically efficient estimator that is based on moment restrictions
in the presence of missing data. One drawback of the optimal GMM estimator is that it can
be computationally very costly as it amounts to solving a nonlinear optimization problem.
These problems are also well-documented in macro finance applications, e.g. [Hansen et al.
(1996). In our application with general missing patterns and many return predictors, the
efficient GMM estimator is computationally infeasible and it does not have the intuitive
interpretation of an imputation estimator. We show that our estimator can be interpreted
as a GMM estimator with a specific weight matrix] This estimator is available in closed
form, computationally much less costly than the efficient estimator, and simulations show
that the loss in efficiency is small. Importantly, we can use standard GMM results to compute
standard errors.

Another estimation approach that relies on moment restrictions is inverse probability
weighting (IPW), that is, re-weighting the complete case sample such that it more closely
mirrors the population (Robins et al. (1994), Wooldridge (2007)), in which case we typi-
cally need to model the probability that a particular case is observed. The IPW approach
relaxes important assumptions relative to the (unweighted) complete case, but does not use
all available data. A considerable generalization is the class of augmented IPW (AIPW)
estimators, which use the whole sample. Under certain assumptions, which differ slightly
from our setup, Robins et al.| (1994) show that the AIPW estimator is semiparameteric ef-

ficient. However, similar to the optimal GMM estimator, the efficient AIPW estimator is

3Zhou (1994) uses an alternative weight matrix to derive analytical GMM tests in the context of linear
factor models. More recently, [Liao and Liu| (2020) also propose a two-step approach to test linear factor
models — notably, they obtain optimality results in this case.



generally not available in closed form and computationally prohibitive in our application.
For comprehensive results on AIPW estimators see for example [Tsiatis and Davidian| (2015).

While most papers do not explicitly state how they treat missing data, using only the
complete case appears to be the most common approach in asset pricing studies. Recent
examples include Lewellen (2015), Freyberger et al. (2020), Kelly et al. (2019), and Kim
et al.| (2021). Other papers, follow a special imputation approach and replace the missing
covariate values with the cross-sectional mean or median, see e.g. Light et al. (2017), Kozak
et al. (2020), Gu et al.| (2020).

More recently, some contemporaneous papers also rigorously deal with the problem of
missing predictors in multivariate (cross sectional) asset pricing studies and propose alter-
native imputation methods. Compared to those paper, an important conceptual difference
of our paper is that we consider imputation and estimation of parameters of asset pricing
models as a joint problem. As a consequence, how we impute missing characteristics depends
on the model being estimated. In a nonlinear model, we directly impute nonlinear functions
instead of using nonlinear functions of imputations. Moreover, how the model is estimated
depends on the quality of the imputations because we down-weigh imputed observations.
This joint treatment then allows us to obtain the statistical properties and valid standard
errors of the parameters of interest.

Other recent papers mainly focus on the imputation step and consider estimation with
the imputed sample in a separate step. Bryzgalova et al. (2022) assume a latent factor model
for the firm characteristics to impute missing values. Similar to our setup, their approach al-
lows the imputation models to be flexibly estimated using information from the cross-section
and/or time series. Such an approach yields consistent imputed values when the number
of characteristics approaches infinity. Their method mainly focuses on imputation and does
not discuss potential adjustments for subsequent estimation and inference. |Chen and Mc-
Coy (2022) use the EM-algorithm for imputation, which requires that the characteristics are
jointly normally distributed, and compare out-of-sample predictions to those with uncondi-
tional mean imputation. In Section we briefly describe an alternative EM-algorithm,
which would allow for valid inference after imputation, but still relies on assuming normality.

Beckmeyer and Wiedmann (2022) use a machine learning algorithm borrowed from natural



language processing to impute values, but it is unclear what exactly the required assump-
tions and theoretical properties are. In an earlier contribution, Haugen and Baker (1996)
worry if a potential bias may arise from using only the fully observed cases.

Connor and Korajezyk (1987), Lynch and Wachter (2013), |Kim and Skoulakis (2018),
and |Liu et al. (2022) are concerned with different missing data problems relative to us, but
they deserve special mention as part of the few papers in finance that recognize the general
issue of missing data in empirical studies. Similar to our approach, [Lynch and Wachter
(2013) cast the problem of missing data in an unbalanced panel in a GMM framework but
do not follow an imputation-based approach. Other recent papers that deal with missing
data in factor models include [Bai and Ng (2021)), |(Cahan et al.| (2021), |Jin et al. (2021), and
Xiong and Pelger (2022). Lastly, Harvey et al. (2016) recognize that unreported tests for
the significance of cross-sectional predictors can be interpreted as a missing data problem.
They estimate the number of unreported (and thus missing) tests and then suitably adjust

their proposed multiple testing thresholds.

2 Data

We use stock returns, volume and price data from the Center for Research in Security
prices (CRSP) monthly stock file. Following standard conventions in the literature, we
restrict the analysis to common stocks of firms incorporated in the US and trading on NYSE,
Nasdaq or Amex. Balance sheet data is obtained from Compustat.

In order to avoid potential lock-ahead biases, we lag all characteristics that build on Com-
pustat annual by at least six months and all that build on Compustat quarterly by at least
four months. Our main dataset is obtained from Chen and Zimmermann (2021) and consists
of 82 firm characteristics that are available from 1978 - 2021. The firm characteristics feature
a combination of accounting information as well as versions of momentum and functions of
trading volume. Appendix Table provides an overview of the characteristics we use in
our main empirical analysis. The 82 characteristics are a subset of the characteristics in the
original dataset. If we were to use all available characteristics, no complete case would exist.

We select the subset of the available characteristics based on three rationales. First, we keep



all characteristics that are standard in the empirical asset pricing literature, for instance
beta, book-to-market, and size. Second, some characteristics exist multiple times with only
minor variation, in which case we only include one of them (e.g. idiosyncratic volatility can
be estimated against various factor models). Finally, we exclude characteristics that are
rarely observed. For example, long run seasonality requires 20 years of past observations.
Our dataset then includes all common characteristics while having a complete case of at
least 285 observations in every period. We use data from 1978 because several accounting
variables have only been recorded starting in the 1970s, such as net debt financing.
Appendix Table also shows the fraction of missing values per characteristic. Overall,
we have a total of 3,644,484 firm-month observations. |Fama and French (1992) define the
benchmark for empirical analyses of the cross-section of expected returns. We follow them
and require that a minimum of information is available for each firm. As Fama and French,
we require the inputs (market beta, size, and book-to-market) of the Fama-French 3 factor
model to be available for all firms. When we condition on firms having Beta, BMdec and
Size available, we have a total 2,408,182 firm month observations. The complete case sample
instead consists of only 238,198 firm-month observations, that is, the complete case would
discard around 90% of all available return observations, making the complete case analysis
rather inefficient. As we will detail in Section [3] in our proposed method, we essentially
assume that the data is missing at random conditional on the observed characteristics. If
we drop an additional 2,140 observations from the 2,408,182 firm month observations, we
always observe the following characteristics: AssetGrowth, Beta, BMdec, BookLeverage,
ChInv, Coskewness, DelCOA, DelLTI, High52, IdioRisk, MaxRet, Size and STreversal.
Hence, by discarding very few additional observations, our assumptions are more palatable.
Our final data set then has a total of 2,406,042 firm-month observations. In the empirical
analysis we always apply the rank-transformation as in |Freyberger et al. (2020) such that
the continuous characteristics are uniformly distributed on [0, 1], a standard transformation,

which is also applied in [Kozak et al. (2020), Gu et al. (2020) and many other papers.



2.1 Missing data in CRSP/Compustat

In this section, we provide descriptive statistics to document the prevalence of the missing
data problem in a standard dataset for empirical asset pricing but similar conclusions also
hold for many studies in empirical corporate finance or international finannce. Appendix
Table provides a first overview. From this table, we can see that some characteristics
are missing more frequently than others. To understand the broader effects and convey
more intuition, Figure (1] gives a first graphical overview. Panel A shows we observe all
predictors for only 10% of all observations. Moreover, while many observations are only
missing few predictors, a non-trivial fraction of observations are missing approximately 35
to 45 predictors. Hence, even discarding a handful of characteristics with particularly many
missing values will not solve the missing data problem. Panel B shows the fraction of
incomplete observations over time and separately by size quintiles. On average, larger firms
have fewer incomplete observations, however about one half to two-thirds of the firms in the
largest size quintile are also incomplete. Panel B also illustrates that the problem of missing

data does not vanish over time. It is present and severe even for the most recent years.
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Figure 1: Overview of Missing Characteristics

Panel A shows which fraction of the data are missing for a given number of characteristics, e.g. about 10% of the observations
have no missing characteristic and about 7.5% of observations have exactly one missing characteristic. Panel B shows the

fraction of incomplete observations separately for each size quintile and over time. Our main dataset is obtained from |Chen

land Zimmermann| (2021)) and consists of 82 firm characteristics that are available from 1978 - 2021.
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Figure |2 shows the missing (and non-missing) observations for a random sample of ap-
proximately 5% of all observations with black indicating an observed observation and white
indicating missing data. The roughly 10% of black observations to the left of the red vertical
line represent the complete case. The Figure shows no simple pattern for missing charac-
teristics exists such as “white columns”, which would indicate that we could simply drop
an individual firm-month pair to deal with the missing data problem. Likewise, no “white
rows” exist, which would suggest that simply dropping an individual characteristic provides
an easy solution of the missing data problem. Instead, missing data are widespread across

characteristics, firms, and over time.

Figure 3| additionally illustrates the missing patterns for each of the characteristics over
time. In particular, it is perceivable that observations (for each firm) are missing particularly

often when the firm enters the sample - in this case it might suffice to simply require that
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Figure 2: Complete and Incomplete Observations for a Random Subset of Firm-Month Pairs

This figure shows a random sample of approximately 5% of the observations. If an item is observed, it is filled in black, whereas
it is white if it is not observed. The observations left to the red line depict the complete case, that is, the observation for which

no single firm characteristic is missing. We do not include the characteristics which we require to be always observed. Our main
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firms have been listed for a while to solve the missing data problem. However, Figure
illustrates that this is not the case. In particular, for almost all characteristics we see that
they may be missing at the start, that is, when a firm first enters the sample, in the middle,
that is, the characteristics was observed when the firm entered the sample and then was no
longer observed, but it was observed again later.

It is also possible that a firm characteristic has good availability for most of the sample,
but is missing towards the end of the sample. Finally, a characteristic might be always
be missing for some firms. Figure |3| shows that most characteristics tend to be missing
more frequently at the beginning, likely due to data requirements, e.g. a certain number
of previous observations is required to calculate the characteristics, such as past returns for
momentum variables. However, we also see that all patterns are present for all characteristics
to some degree. More generally, one could ask why the data are missing in the first place.
Typically, this occurs if some item needed for its computation is missing. For accounting
items, this might be due to a choice on behalf of the firm to not report a certain item, or

simply because Compustat did not record it.
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Figure 3: Structure of Missing Characteristics

This figure depicts the prevalence of different missingness types. Given a time series of a single firm, a characteristic may be
missing at the beginning of the time series but is observed after some point (Start), a characteristic may be observed at the
beginning of the time series, then it is missing for a few time periods but is observed again (Middle), a characteristic may be
missing at the end of the time series (End), or a characteristic may never be observed (Always). For a given characteristic, this
figure shows which fraction of the missing observations for this characteristic can be assigned to these missingness types. The

statistics are pooled across firms and over time.
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In the context of asset pricing, an important additional reason exists why it is undesirable
to use the complete case. Firms with missing characteristics may have different properties
than firms with no missing characteristics. We illustrate this point in Figure |4, The left part
of the figure shows a boxplot of important and always observed characteristics contrasting
firms with no missing characteristics (green) and those for which at least one other firm
characteristics is missing (red). While the distribution of characteristics appears similar for
some characteristics, such as STreversal, it can be quite different for others, e.g. Size or
IdioRisk. The right panel of Figure {4 shows density plots of the returns for firms with no
and with missing characteristics. While the mean does not appear drastically different, the
incomplete firms have more dispersed return realizations. If a researcher were to focus only
on the complete observations, she would ignore an important part of the return distribution.
Using these observations may allow to form portfolios with better risk-reward properties, as

we show below.
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Figure 4: Complete vs. Incomplete Observations

The left panel shows a boxplot for a subset of characteristics, which we require to be always observed, for the complete (green)

vs. incomplete observations (red). The right panel shows a density of the returns for the complete (light green) vs. incomplete

(light red) observations. Our main dataset is obtained from|Chen and Zimmermann|(2021) and consists of 82 firm characteristics

that are available from 1978 - 2021.
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3 Model

In summary, many characteristics are missing in the standard CRSP/Compustat panel
such that simply ignoring the problem is possibly inefficient. In the following, we outline
our proposed procedure to deal with missing values. The method is flexible enough to
use information from both the cross-sectional correlation between characteristics and the
temporal relation of a characteristics within a firm to obtain suitable imputations for the

missing values.

3.1 Simple example

We start by illustrating the main idea of our approach using a simple example with cross-
sectional data. In the next subsection, we introduce the general panel data model, but this
simple example contains almost all of the intuition with much simpler notation. Let Y; be
the return of firm i. Let X; € R? be a vector of two characteristics. In this example, we use

the linear regression model

Y = Bo + X + Xiof + ¢, Ele; | Xi] = 0.

The parameters of interest are fy, 1, and Ss.
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Suppose that for a subset of the data X, is not observed, but X;; and Y; are always
observed. Define D; = 0 if observation ¢ is complete and let D; = 1 if X, is missing. We
allow data to be missing systematically, but we essentially assume that the data is missing
at random once we condition on the observed characteristics. This assumption consists of

two parts. First, we assume that
Elei | Xig, Xio, Di = 0] = 0.

Since we also assume that Ele; | X;] = 0, a sufficient condition for this assumption is that
g; is independent of D; conditional on X;. This assumption is also implicitly imposed when

using the complete subset of observations only and we can write it as
EY; | Xia, Xig, Di = 0] = By + Xi 181 + X 20,

which implies that we could estimate the parameters using the complete observations only.
This approach is inefficient because it neglects a part of the data that contains both Y;

and X, ;. To use that part of the sample, we use the second part of the assumption, namely

That is, the conditional mean of X5 | X; 1 is the same for the complete and the incomplete
subset of the observations. Hence, while D; may depend on Xj 1, it cannot depend on X s.

In the full model, we allow D; to depend on all variables that are always observed. In
particular, in our sample we always observe 13 firm characteristics, including size, book-to-
market, beta, idiosyncratic risk, and the return of the previous month, and the probability
that an observation is incomplete can be a function these characteristics (see Section 2| for a
detailed description of the data and a full list of characteristics). For example, smaller firms
may be more likely to have missing values. However, conditional on all of these characteris-
tics, we essentially assume that the data is missing at random. While these assumptions are
not directly testable, as explained below, we can test the implications of the assumptions

that we use to construct our estimator.
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For the incomplete part of the sample, the best predictor of Y; given X, ; is

ElYi|Xi1,Di=1=00+Xi151 + E[Xio | Xin,Di =1] o+ Ele; | Xin, D; = 1],

=00+ X1+ E[Xi2 | Xi1, D; = 0] fa.

In the second line, we used the fact that Fe; | X;1,X;0] = Ele; | Xi1, Xio, D; =0l =0
implies E'[¢; | X;1, D; = 1] = 0. Notice that we can estimate E (X5 | X;1, D; = 0] using the

complete subset of the sample. In this example, we assume that

EXio| Xi1,Di =0l =%+ X;1m,

in which case

EY;| Xi1,Di=1] = o+ X161 + (70 + Xiaim) Bo.

To summarize, we now have the three conditional moment restrictions

E [Y; — By — Xi,151 - Xi,252 ‘ Xi,laXi,2> D; = 0] =0,
EY; = B0 — Xiaf — (vo+ Xigm) B | Xip, Ds = 1] =0,

E [Xi,2 — % — Xz‘,l% | Xz‘,b D; = 0] = 0.

and the corresponding unconditional moments

E [1(Di = 0) (Y; — Bo — Xz‘,lﬁl - Xz‘,252)] =0 Lst set
E[1(D; =0)(Y; — fo— Xi161 — Xi202) Xia] =0
B from complete case
E(D; =0)(Y; — Bo — Xi1f1 — Xi2f2) Xi2] =0
E []‘(Dl = 1) (3/1 - BO — Xi,lﬁl - (’70 + Xi,lﬁyl) 52)] =0 2nd set

E[1(D; =1)(Y; — Bo — Xi1B1 — (90 + Xi1) B2) X;1] = 0 | overidentifying restrictions

0) (Xi2 = — Xi1m)] =0 3rd set
E1(D; =0)(Xi2 — v — Xiam) Xia] =0 | 7 for imputation model
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The first and third set of moments point identify 8 and =, respectively and they are based
on the complete subset of the data only. The second set of moments uses the incomplete
part of the data, is derived from our additional assumptions, and leads to overidentifying
restrictions. These overidentifying restrictions are testable, and we do so using a modified
version of the J-test (see Section in the Online Appendix for a derivation of the test
statistic in the general model and Section for the test results).

We want to stress that the assumption that E [X; | X;1, D; = 0] is a linear function is
not required to derive our unconditional moment conditions. To avoid it, we can use an
alternative derivation based on projections, which is less intuitive and discussed in Section
in the Online Appendix.

Based on the moments, different ways exist to estimate the parameters (g, 51, 52):
1. Use the complete subset of the data and thus the first set of moments only.

2. Use the optimal GMM estimator that pools all moments and estimates the parameters

jointly.

3. Use the third set of moments to estimate 7y and ;. Then, using the estimated values
and the first two sets of moments, estimate 3y, 51, and (5. The estimator will depend

on the GMM weighting matrix in the second step due to the overidentifying restrictions.

Clearly, option 1 does not use all information contained in the data, whereas the second
option yields the most efficient estimator. However, the moments are nonlinear in the param-
eters and the optimal GMM estimator does not have a closed form solution. It can therefore
be computationally very demanding in large samples and with a large number of predictors,
especially when the parameters are estimated for many different time periods. We will now
explain that the third option is an appealing alternative, which is easy to implement and
has very good finite sample properties in our simulations.

To gain some intuition, first suppose v is known. It then turns out that the optimal

GMM estimator based on the first two sets of moments minimizes

. (Y; - Bo — Xi,lﬂl - Xi,252)2 (Y; — Bo — Xi,151 - (’Yo + Xz',l’h))2
Z <(1 —Di) var(g;) + D var(g;) + var(Xi2 — 0 — Xi,lfyl)ﬂ%)

=1
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and the denominators of the two fractions can be replaced with consistent estimators. We
prove this equivalence in a more general setting in Online Appendix Hence, an alter-
native way to obtain the estimator is to impute missing values of X, with the conditional
mean 7o + X; 171 and then estimate (By, 81, 32) using the generalized least squares (GLS)
estimator. This estimator then places less weight on observations for which X, has been
imputed. To better understand the reason for down-weighting observations with a missing
regressor, define Z; = X, if D; = 0 and Z; = E[X;» | X;1] if D; = 1. We can then write

our outcome equation as

Y = B0+ X8 + Zifa + wy,

where

gi+ (Xiz—7—Xim) B2 ifD;=1.

(. J/
-~

imputation error

Hence, observations with a missing regressor have an unobservable with a larger variance
due to the imputation error. The GMM estimator with the estimated optimal weighting
matrix is simply the feasible GLS estimator.

When vy and ~v; have to be estimated as well, the GLS estimator with imputed values
is no longer equivalent to the optimal GMM estimator, but it is much easier to implement.
We study the loss in efficiency in simulations and find that it is generally small.

The usual GLS standard errors for (5, 81, 52) are not valid with estimated v, and 7.
Instead, we can interpret the GLS estimator as a GMM estimator with a specific weighting
matrix and derive the corresponding standard errors.

Yet another alternative is to impute the conditional mean and use the OLS instead of
the GLS estimator. This estimator simply ignores the additional variance due to imputation
and is also a GMM estimator with a specific weighting matrix. Our simulations suggest
that this approach may lead worse statistical properties than the complete case estimator,
even when a substantial subset of the data contains missing values. These results are in line

with |Gourieroux and Monfort| (1981) and Nijman and Palm/ (1988) who find that the GLS
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estimator is more efficient than the OLS estimator in the presence of one missing pattern.
Finally, a popular approach is to impute the unconditional mean instead of the conditional
mean and then estimate (o, 81, 52) by OLS. Such an approach generally uses invalid moment

conditions and yields a biased estimator, even in this simple example. To see why, write

Y = Bo + X1 + Xiof + ¢,

= fo+ Xii1f1 + E[Xi2]B2 + (Xio — E[Xi2]) B2 + €.
When D; =1 and E[X ] is imputed, the unobservable becomes (X; 2 — E[X;2])f2 +¢;. But
El(Xi2— E[X;2))B2+€i | Xin, Di = 1] = E[(Xi2 — E[X;2]) | Xin1]Po,

which is not 0 unless in the special cases when 3 = 0 or when X 5 is mean independent of
X;1. But, even when one of these conditions is close to being satisfied, unconditional mean

imputation is still unreliable for inference even if it may yield good out-of-sample predictions.

3.2 General Model

We now consider the general panel data model. Let Yj; be the return of firm ¢ at time ¢
and let X;; € R¥ be a vector of characteristics, which only contains information known at

time ¢ — 1. We assume that
K
Yi = ZXithﬁt,k + Eits E[5it | Xit] = 0.

That is,

zt | th Zth kﬂtk

While the conditional mean function is linear in the parameters, the regressors may include
nonlinear functions of the characteristics. Also note the vector X;; contains a constant. In
this model all parameters may depend on ¢ and can be estimated period by period. When

the parameters are time invariant, an alternative is to pool data from different time periods.
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We allow the subset of observed regressors to vary by observation. Specifically, we assume
L different missing patterns exist, where for each missing pattern we observe a different subset
of regressors. Let D;; = [ if observation i at time ¢ has missing pattern [. In this case, we
denote by Xz(tl) C X the subvector of observed characteristics and by 1, ) C {1,..., K} the
corresponding indices. As before, for complete observations we use D;; = 0, and in this case
X0 = X

As in the simple example, we can allow data to be missing systematically, but similar to

the simple example, we impose two conditions. First, we assume
E [at | XV Dy, = z} ~0
forall [ =0,1,..., L, which implies the complete case moment conditions
K
EYa | Xit, D = 0] = Y XitiPrs-

While these moment condition could be used to estimate (3;, we also want to use the incom-

plete part of the sample. Therefore, for all [ = 1,..., L, write
K
E Y| X, D = 1] = 3" ElXux | X§, Du = 181
k=1

K
= Z Xit kB + Z Xiew | X Zt)7 Dy = 1]k

kel kg1

Recall, when D;; = [, X;; ) is observed for all k € I . Again, we want to replace E[X; |
Xz-(tl), Dy =] for k ¢ It by its complete case counterpart that can be estimated. To so, we

impose the second part of our assumption, namely

B [ X | X Di = 1] = B [ X | X, Di = 0
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forall l=1,..., L in which case

K
E Y| X0, D = 1] = 3 Xawhow+ 3 B | Xioa | X, Dia = 0| B
er et

As discussed above, these assumptions allow D;; to depend on regressors that are always
observed, and since we always observe 13 important firm characteristics, these assumptions
seems to be reasonable in our empirical application (see Section [2| for further discussions)

To estimate E[X;y | Xi(tl)7 D;; = 0], we again use a linear model. That is, for all [ =

17---,[1 and k ¢ It(l); let
E X’it,]{? ‘ Xz(tl), Dit =0 = Xl(tl)lfyt(l,k)

/
Alternatively, we could interpret Xl-(tl) ’yt(l’k) as a linear projection in which case we do not
require a parametric conditional mean assumption. Similar to the simple example, we can

then write

K
l n' Lk
B Y | X0, D0 =1] = 3 Xusboe+ 3 X208,
ker® kg1

/
and we can interpret XZ-(;) %(l’k)

as a replacement for the unobserved covariate X, which
is based on the observed characteristics and needs to be estimated using the complete cases
at time t. Under certain assumptions, we can also use observed covariates from other time
periods for imputation, as we discuss in Section [3.3.2.

We can now collect our conditional moments and transform them to unconditional mo-

4We can relax these assumptions by conditioning on additional characteristics that D;; may depend on,
such as industry dummies (see Sections [3.3.2| for more details).
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ments to obtain:

. i
E |1(D; = 0) (Yit—zxﬁ,kﬁt,g Xu| =0 (1)
k=1 |
B |1(Da=1) ZXMM—Z P | xP] =0 1z 2)
ker® kg1

B[1Du=0) (Xuw = XV5) X0] =0 iz 1kg sl

These three sets of moment conditions are analogous to the ones in the simple example.
The moment conditions in and point identify [; and 7(’ ), respectively, and are
based on the complete subset of the data only. The moment conditions in ({2|) are additional
restrictions that yield efficiency gains. These moment conditions are testable using the test
statistic described in Online Appendix In particular, we implement this test pooling
data for each quarter and discard missing patterns for which E[X;;X/,] does not have full
rank. These are mostly missing patterns for which we observe less observations than always-
observed characteristics. We find the test rejects the null hypothesis that the over-identifying
restrictions hold in around 1.7% of the time periods with a 5% significance level, providing
evidence in favor of the null hypothesis that the moment conditions hold.

Just as in the simple example, different ways to estimate the parameters exists. One
option that we pursue in the application is to estimate %(l’k) using the third set of moments
and then use the first two sets of moments, along with the estimates of %Fl’k) to estimate ;.
In the second step, we use the weight matrix that is optimal with known ”yt . As before,
this estimator is equivalent to the GLS estimator in which missing values are replaced with
the estimated means, conditional on the set of observed regressors. The estimator accounts
for the additional variance due to imputation. In general, the more regressors are imputed,
the less weight is placed on an observation. Specifically, we implement our estimator using

the following steps:

1. Use moment conditions and to estimate f3; and ’yt(l’k), respectively, using linear

regressions based on the complete casel[]

SIncorporating lagged characteristics in the model to estimate 'yt(l’k) is straightforward and we will discuss

this point in Section We omit it here to keep notation simple.
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2. Estimate VCLT( Zkelm th kﬁtk Zkgél(l) Xz(tl ’yflk ﬁtk | th = l) for | = 1 L
and Var(Yy Zk 1 XitgBex | Dir = 0) using the estimated parameters from step 1.

Depending on the value of Dy, let 62 be the estimated variances for observation i.

3. For all 7+ with D;; =l and all [ =0,..., L define

. Xivk if ke 1V
Zitk =

)

XYMtk g 1,

where &fl’k) is the estimator from part 1. Now define

n K 5 2
. Y — Zi b
B, = arg minz (Vi Z’ﬂ:; itkbuk) )
beRK T Tit
We derive the large sample distribution of the estimator in Online Appendix and
provide plug-in estimators for the standard errors. A potential alternative is the optimal
GMM estimator, which can be hard to compute in practice because the objective function

is not quadratic in the parameters. In fact, in our empirical application with large numbers

of observations and regressors, this estimator is computationally infeasible.

3.3 Extensions

We now discuss a set of extensions of our baseline models.

3.3.1 High-Dimensional and Nonlinear Models

We can apply our two-step estimator also in high-dimensional and nonlinear models.
Recall we estimate conditional mean functions in the first step. Instead of using a linear
regression model, we could also employ machine learning methods, such as a neural networks
or random forests. Within the linear framework, but with a number large of regressors, we
could also use a penalized estimator such as the LASSO estimator or the Ridge estimator.

Constructing a consistent estimator in the second step is more complicated. To illustrate
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potential problems, let’s return to the simple cross-sectional example, and suppose that
Vi = B0+ X181 + X712 + Xiofs + X7oBa + €4, Ele; | Xi] = 0.

As before, X, ; is always observed, but X, is not, and D; = 1 denotes the case in which Xj »

is missing. We then have
ElY; | Xy, Dy =1] = 50+Xi,1/61+Xi27152+E[Xi,2 | Xin1, Ds = 1]53+E[X22 | Xin, Dy = 1]8,.

Hence, we could impute estimates of E[X; 5 | X;1, D; = 1] and E[XZ2 | Xi1,D; = 1] for X,
and Xﬁz, respectively, and estimate the parameters by GLS.

A potential alternative could be to replace missing values of X, » and Xfm by estimates
of E[X;o | Xi1,D; = 1] and E[X;5 | X;1,D; = 1)?, respectively. However, since E[X; 5 |
X1, D;i = 1 # E[X?, | Xi1, D; = 1], the resulting estimator is inconsistent. These issues
carry over to other nonlinear models, which implies that imputations should depend on the
model being estimated, which is what we propose here compared to contemporaneous papers
that largely focus on imputing characteristics without conditioning on the ultimate model
being estimated.

One possibility to allow for nonlinearities and models selection simultaneously, which we
use in our application, is the group LASSO estimator of [Freyberger et al. (2020). Similar
to the simple example above, in the first step we need to impute conditional expectations
of nonlinear transformations of the regressors (such as polynomials or splines). The second
step is then simply the estimator of [Freyberger et al. (2020), with the possibility of down-
weighting observations with imputed values. This approach not only allows for nonlinearities

but also pre-specified interactions.

3.3.2 Additional covariates

We could use additional covariates to relax our missing at random assumptions or to
obtain better imputations. In our application, these variables might include additional firm

characteristics or lagged values of missing characteristics. We now briefly describe different
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approaches using our simple example and discuss the details in Online Appendix [A.3]

Consider again the simple model

Y = Bo+ X181 + Xi 202 + €4, Ele; | X;] =0,

where X;; is a always observe