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Abstract

This paper explores how uncertainty, as it pertains to climate change challenges,
operates through multiple channels and has impacts for the timing of responses. We
use decision theory to embrace a broad notion of uncertainty and highlight its signif-
icance for forming robustly optimal policies. These prudent policies depend on social
valuations such as the social cost of climate change and the social value of research
and development. Drawing insights from stochastic response theory and asset pricing,
we assess when and why enhanced uncertainty concerns have important consequences

for social valuation and lead to more proactive policy approaches to climate change.
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1 Introduction

Policy analyses in macroeconomics and finance are typically done by imposing a model, including
a specific set of parameters, on the policy-maker and deducing the implications for welfare. In this
paper, our decision-maker, a fictitious social planner, confronts concerns about uncertainty over
models and their potential misspecification when exploring policy implications. Misspecification
becomes germane because we envision the use of a model as form of “quantitative storytelling”,
where the model provides valuable insights without necessarily being literally correct. In a world
of uncertainty, unknown parameters or alternative models give rise to “multiple stories” that are
potentially relevant when exploring prudent courses of action or policies. We view potential misspec-
ification concerns as particularly relevant for the analysis of climate change policy. By considering
potential misspecifications, we compute robustly optimal policies. These policies provide valuable
benchmarks for the effectiveness of ad hoc policies implemented in market settings. The ad hoc
policies could include ones that currently exist or others that are proposed and viewed as politically
feasible.

In our application, the family of models that we consider is sufficiently rich to investigate trade-
offs that emerge in the presence of uncertainty considerations. Moreover, this family allows us to
explore, simultaneously and separately, alternative channels by which uncertainty impacts climate
policy. The models we consider use deliberately stark simplifications along some dimensions, as do
typical models in macroeconomics and finance, to reveal potentially nonlinear and durable transition
mechanisms. We solve and analyze models through the requisite use of global solution methods,
deliberately avoiding local approximations because the entire focus is on transitional dynamics not
intended to be close to interesting steady states. Among other features, the uncertain transmission
dynamics incorporate endogenous adjustments and allow for abrupt movements in the climate-
economic dynamics. Our focus on uncertainty leads naturally to the use of tools that come from
financial economics to provide novel social valuations via nonlinear stochastic impulse responses
along with uncertainty-adjusted probability measures.

We study policy assessment and marginal valuation from a social perspective of our fictitious
planner rather than a market perspective. We adopt the social vantage point because climate change
induced by human activity is an externality that is at the forefront of policy discussions. Market
solutions do not account for the climate change externality, and so there is scope for prudent policy
intervention because of the failure of the “invisible hand.”. The social valuations of interest are
linked to endogenous state variables, including temperature and the stock of knowledge associated
with targeted research and development (R&D).

The design of prudent policies that limit climate change requires that we confront multiple
aspects of uncertainty, some of which are difficult to gauge with full confidence. As Rising et al.

(2022)) have recently argued:



The economic consequences of many of the complex risks associated with climate
change cannot, however, currently be quantified. ... these unquantified, poorly
understood and often deeply uncertain risks can and should be included in economic

evaluations and decision-making processes.

While we do not take up the full challenge posed by uncertainties featured by [Rising et al., we
propose and implement methods for assessing the impact of uncertainty when the nature of this
uncertainty is broadly conceived. Our methods give one formal way to incorporate “deep uncer-
tainty” into policy analyses. Our broad approach to uncertainty is consistent with perspectives
from multiple fields, including decision and control theory with contributions from statistics, en-
gineering, and economics. These literatures formalize sagacious responses to alternative types of
uncertainty, including risk within a model (unknown outcomes with known probabilities), ambigu-
ity across models (unknown priors weighting alternative models or parameter configurations), and
potential model misspecification (unknown flaws of fully specified probability models). It is the
latter two of these constructs that gives a way to address the “deep uncertainties,” that are often
present in policy discussions.

Uncertainty, as it impacts prudent policy-making, often operates through multiple channels. In

our example economy, we focus on four such channels:

i) carbon-climate dynamics: mapping from carbon emissions into temperature changes;

ii) economic damage functions: reductions in output because of changes in atmospheric temper-

ature;

iii) technological innovation: breakthroughs for generating energy without using fossil fuels through

investment in research and development (R&D);

iv) investment productivity: exogenous shifts in the capital evolution that have persistent conse-

quences.

The first three channels are explicitly linked to climate change and contribute to our analysis in
specific ways. We include the fourth channel to provide a benchmark for comparison. By design, it
captures the familiar “long-run risk” contributions to the macroeconomy in the absence of climate
change via an investment technologyE

As a refined approach to uncertainty quantification, we explore the impact of the specific chan-

nels of uncertainty mentioned previously within an otherwise relatively simple production-based

1See, for example, |[Bansal and Yaron| (2004). While Bansal and Yaron| (2004) do not consider a model
with aggregate investment opportunities, it is straightforward to extend it to do so. For instance, see Hansen
et al.| (2024)).



model. Specifically, we compute solutions when the uncertainty in each channel is activated sep-
arately, along with a solution when we activate all channels simultaneously. While the composite
uncertainties can be high-dimensional, this exercise allows us to ascertain which channel of un-
certainty is of most concern for the decisions or policies under consideration. It identifies which
knowledge gaps really matter to the decision maker or social planner, which perhaps guides us
towards efforts that close the gaps.

Prudent decision making is often linked, through first-order conditions, to social valuations
of endogenous state variables, including temperature and the stock of knowledge associated with
targeted research and development (R&D). For instance, the marginal valuation of temperature is
negative, and we refer to its negative as the social cost of global warming. It is closely linked to the
commonly discussed social cost of carbon. While much is made of measurements of the so-called
social cost of carbon (SCC), quantifying the social value of R&D directed at the discovery of new
and economically viable green technologies has received considerably less attentionﬁ

To elucidate some of our findings, we use asset pricing methods to investigate such marginal
valuations. We extend tools from stochastic impulse response theory and from the pricing of
uncertain cash flows to provide novel characterizations of the contributions to social valuations
and their horizon dependence. Using an asset pricing-type representation allows us to explore the
relative contributions of alternative social cash flows induced by marginal changes in initial states.
They provide insights into the role of feedback mechanisms among state variables and the primary
contributors to social valuation.

In our example economy, our planner has two important decisions to make each period in ad-
dition to the familiar choice of aggregate capital investment: how much carbon to emit and how
much to invest in R&D. Thus, in addition to the stock of capital, two additional assets are of
particular interest: (i) the magnitude of global warming, which we measure using the temperature
anomaly, and (ii) the knowledge capital from research and development targeted at developing new
green technologies. We think of each of these as an asset characterized by its implied intertempo-
ral social cash flows. Importantly, the social payoffs include a direct marginal utility contribution
and marginal contributions to prospects of potentially big changes in the future to either damages
induced by more extreme values of climate change or to the technology opportunities for address-
ing climate change. The asset price representations we derive depend on a “tilted probability”
distribution that reflects aversion to model ambiguity or model misspecification.

Analysis of our stylized model shows that technological innovation is the dominant uncertainty
channel. For a prudent planning problem in our stylized environment, the socially and robustly

efficient policy includes both immediate reductions in carbon emissions and a substantial invest-

2But even the social cost of global warming, a central input into the SCC, is altered by our inclusion of
R&D investment in the toolkit of the social planner, modifying some previous analyses in a substantive way.



ment in research and development (R&D). The planner reduces carbon emissions in the short run
to limit damages and to allow for more time for R&D investments to be successful. The technology
innovation channel emphasizes concerns about uncertainty, which spills over to R&D investment.
Within the range of uncertainty concerns we consider interesting, R&D investment becomes even
more markedly increased. Our use of asset pricing tools for social valuation allows us to understand
better why the fictitious social planner wants to be more pro-active in the presence of more uncer-
tainty about the time horizon over which the technology will become a successful replacement for
fossil fuels. To exposit our findings about proactive R&D investment in a simpler environment, we
abstract entirely from the dynamic information revelation and uncertainty about climate damages.
We use this to illustrate the forces at work with fewer moving parts. This simpler environment

opens the door to an analogous result within the confines of a highly stylized real options model.

2 Example economy

We consider a simple production-based model with an AK production technology. By design,
this formulation has close ties to much of the long-run risk literature with exogenously specified
consumption endowments. Our production framework includes multiple (in our example two) in-
vestment opportunities. We find this to be a critical component for properly addressing investment
within a model with climate change.

Our model specification will introduce two types of Poisson events, one is an informational
or awareness event and the other is a technology discovery. These Poisson events are essentially
“metaphors” for more complicated phenomena, but ones that could unfold relatively rapidly. Each
event type allows us to capture an important contribution to climate change policy in a simple, yet
revealing manner. The simplicity also allows the computations to be more tractable. The first one
reveals potential damages for more extreme temperatures and allows us i) to consider a dynamic
tradeoff between acting now versus waiting, and ii) to investigate the sensitivity of future policies to
a more refined understanding of the impact of climate change. The second is a major technological
success in the provision of clean energy. This success could come in different forms driven in part
by economic viability implications. While actual advances may proceed incrementally, we find it
pedagogically useful to focus on the case of a big technological success with a highly uncertain
time horizon for success. The mechanisms and outcomes we elucidate will likely remain applicable
in models with more complicated dynamics. Importantly, the Poisson outcomes in our setup are
triggered by intensity functions that depend on endogenous state variables.

We use this model to report some quantitative illustrations. Our model specification is highly
stylized, which makes calibration challenging; but we do want our computations to be meaningful

and revealing. We will make reference to some of our calibration choices as we develop the model



details, and we provide a more complete presentation and motivation in Appendix [F] While we
offer some guidance for our calibration, given the stylized nature of our model specification a more
formal and complete calibration is not feasibleﬁ As a consequence, the model outcomes we report
may be thought of as illustrations of potentially important mechanisms. Since there are competing
forces in play, we will find the quantitative outcomes to be a revealing and essential component
to our economic analysis that follows. Perhaps this can help open the door to what [Hansen and
Heckman| (1996) call a “symbiotic relationship” with a productive intellectual exchanges between
model builders and empiricists which will advance an overall climate-economics research program.

Though our policy uncertainty analysis brings some aspects of model sensitivity “inside the
decision problem” through the dynamic decision theory toolkit, we also conduct some “outside the
decision problem” sensitivity analyses for some key parameters and specifications of the preferences

and technology in this appendix.

2.1 Production and innovation

Prior to introducing climate change, we include three modifications. First, we consider an ad-
justment cost version of an AK model. This allows us to consider a baseline environment with a
conventional investment option. Second, we include an energy input in a way that is mathemati-
cally similar to what is used in “DICE” models as developed by Nordhaus (2017)) and others. Our
rationale for this specification is a bit different leading us to different parameter settings. Third,
we allow for a second investment option, which is R&D that could eventually remove the need for
the energy input. In particular, our decision maker (social planner) has two forms of capital: one
is our broad-based notion of a aggregate capital stock, Ky, and the other is the stock of R&D, Ry,
devoted to the discovery of a new green technology. The costs of these investments by design will be
the same, but the payoffs in production will be quite different in magnitude and timing. While our
model is deliberately stylized, some suggest that an economically viable version of nuclear fusion

could potentially eliminate the need for dirty energy in productionﬁ

3 As we study long-duration transitional dynamics with model nonlinearities and broad-based uncertainty,
we necessarily rely on global solution methods, and not ones that approximate around stochastic steady
states. Thus, computational tractability also limits the complexity of the economic framework that we can
reasonably analyze. Even if we had fully credible empirical inputs for all model components (which, in
fact, we do not), repeated global solutions to our coupled partial differential equations (PDE) system over a
nontrivial parameter space, as needed for formal estimation, would magnify dramatically the computational
burden needed for formal estimation.

4See |Chang) (2022) and |Stalard| (2024) for recent discussions of progress in the development of an eco-
nomically viable nuclear fusion technology.



2.1.1 Output

Output is split between consumption and two different types of investment with distinct intertem-
poral contributions to production: a conventional capital investment, If, and an investment in

R&D, I (the superscripts denote the investment type):

Ci+ If + I + aFo (B)” = K,
Co+IF + 17 = ok, (1 — o (Bt)¢1>

for ¢1 = 2 and 0 < ¢y < 1, where

def gt
B, = (1 - M) lie, <ok} (2)

and 1 is an indicator function that assigns one to the event in the {-} brackets.

Emissions & are a proxy for a “dirty” energy input into productionﬁ When emissions fall
short of the threshold SakK;, there is a corresponding convex adjustment in the output given by
the right-hand side of . This technology is, by design, homogeneous of degree one. For a fixed
K4, the implied production function is flat when emissions exceed the threshold of SaK; and has
a zero left derivative at this point. The function equals 1 — ¢g when & = 0 and increases up the
threshold as a concave function with curvature dictated by the parameter ¢;. We feature the case
in which ¢; = 3.

Remark 2.1. This type of mathematical formulation has shown up in many climate-economics
papers since the work of Nordhaus. See, for instance, Nordhaus (2017). One could imagine instead
a fized proportions technology for energy and capital. In such a setting, dirty energy reduction less
than the required proportion of capital must be replaced by a clean alternative subject to a convex

cost. The resulting modification in the output equation would be:
Co+ IF + I + do (Kp)' ™% (BaKy — £)% i, <paxyy = oKy
for d~>0 def 0B~ al=%. The term:
<130 (Kt)1_¢1 (BaK; — 5t)¢1 1{8t<ﬂaKt}

would then be the counterpart to what is often referred to as an abatement cost, perhaps even a
cost that is external to the firm. While we find this alternative representation to be substantively

interesting, in what follows we view the right-hand side of as a production relation without

5While we could include B; as an entry in the control vector, A, this is unnecessary because B; is fully
determined by emissions and capital.



reference to an “abatement cost.” This, of course, is a matter of interpretation, but it also impacts
how we think of output and of plausible calibrations of ¢pg and ¢1. Both have their attractive features
and limitations. The production function interpretation allows curvature that is missed in a fized
proportion technology, but it presumes that all of the energy inputs are dirty. We have more to say
about the production relation in Appendiz @H Observe that when & = 0 either output or output net

of the abatement cost is aK(1—¢g), depending on how one views the technology and cost structure.

We suppose initially that ¢ > 0 and that at some future point a fully green technology becomes
economically viable, in which case gZ)OL = (0 and dirty energy is no longer needed to produce output.
We use the superscript L to denote a realization of technology advance in the future. For instance,
think of a substantial advance such as nuclear fusion, although we choose to view the source of the
breakthrough more generallym Investment in R&D makes this discovery more likely. Specifically,
the jump to the clean technology is governed by a Poisson intensity J*(R;) = R;. We elaborate

more on technology advances and the evolution of R; in what follows.

2.1.2 Productive capital evolution

The stock of productive capital, K, evolves as

IF ok (IFN?
Ky =Ky |~ + -5 — 2 (20 | dt + KyopdW,
dKy t u;ﬁ-Kt 2<Kt> dt + Ko dWy,

where o is a row vector with the same dimension as the underlying Brownian motion. New
investment, If, augments the capital stock, K;, subject to an adjustment cost captured by the
curvature parameter x. Capital is broadly conceived to include human capital and intangible

capital.

2.1.3 R&D capital evolution

A process R captures the stock of R&D-induced knowledge capital and evolves as
dRy = —CRydt + o (I1)¥" (Ry)' ™" dt + Ryo,dWVy, (3)

where 0 < 71 < 1 and I} is an investment in research and development. While we will solve a social
planner’s problem, this evolution equation potentially includes an externality associated with R&D.

For pedagogical simplicity, we consider the case of a single technology jump to a fully productive

SWe thank one of our referees for suggesting this representation of abatement costs and its motivation.
"See |Chang| (2022) and [Ball| (2023)) for recent discussions of the state of nuclear fusion technologies and
their promise.



green technology. The parameter { captures potential depreciation in the stock of knowledge
pertinent for future technological progress. The term o,dW; reflects an exogenous stochastic inflow
of information about the future likelihood of a technological advanceﬁ The jump intensity for a
new discovery is proportional to the knowledge stock R.

The parameters for the evolution of the knowledge stock are set so that the simplified no-
damage-jump model without uncertainty aversion produces outcomes that are roughly in line with
empirical evidence on the returns to R&D investment from [Lucking et al. (2019) and Bloom et al.

(2019)), and for major U.S. R&D investment programs reported in Stine| (2008]). We provide details
in Appendix

2.2 Climate dynamics

Here we follow the simplified climate dynamics used in Brock and Xepapadeas| (2017)) and Barnett,
Brock and Hansen (2022). Their approach is based on an approximation from the geoscience
literature used to support model comparisons. Specifically, Matthews et al. (2009) and others have

purposefully constructed an approximation for climate model output:
temperature anomaly (Y;) ¥ TCRE(A) x cumulative emissions ,

where TCRE is an acronym for the Transient Climate Response to cumulative Emissions. This
simplified formulation abstracts from transitory “weather” fluctuations in temperature. Instead,
emissions today have a long-lasting impact on temperature in the future where TCRE is a measure
of climate sensitivity.

Our specific form is given by
dY;g = gt [édt + §th]

where @ is the equally weighted average of the 0(i)’s where each 6(i) is a TCRE obtained from the
set © of TCRE’s implied by alternative climate models. The term ¢dW; captures short timescale
fluctuations. Figure[lI] gives a smoothed histogram of the #’s that we use in our computations. The
inputs are constructed using pulse experiments applied to models of carbon and climate dynamics

from the climate science literature. Appendix describes how we constructed this histogram ]

8For a recent exploration of the policy implications of R&D for a green breakthrough technology, see
Jaakkola and van der Ploeg (2019).

YAs is well known from the climate science literature, the models actually imply an emissions response
that builds from zero to a peak effect in about ten years followed by an approximate flattening at hetero-
geneous values. See Ricke and Caldeiral (2014) for a discussion of these findings. Roughly speaking, the
heterogeneous values at which the responses flatten out are equal to the model-specific TCRE’s we use. As
argued in Barnett et al.| (2022), these transient dynamics have little impact on the model’s implications for



For baseline probabilities across the alternative climate models, we presume that each model has
the same subjective probability. For tractability, we abstract from parameter learning since learning

about such parameters has been SIOWE
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Figure 1: Smoothed density for the exponentially weighted (over horizon) responses of tem-
perature to an emissions pulse based on input from 144 different models. The computations
are based on a exponential decay rate § = .01.

2.3 Damage functions

We assume that consumption, C;, is diminished proportionately by climate change damages, N;.
Our damage specification uses a piecewise log quadratic specification as a function of the tempera-
ture anomaly y. We suppose that the derivative of the logarithm of damages n with respect to the

temperature anomaly is

dn .
df=)\1+)\2y y<y
d% (4)
d—y=/\1+/\2(y—1)+?)+/\3(€)(y—@7) y>9

for £ = 1,...,L — 1, where § denotes the temperature at which the damage jump takes place and
7y denotes the upper limit for when the damage jump can take place. Equation has an initial
condition n(0) = 0. Since § < ¥y, the derivative is positive. The implied damage function is the

exponential of

policy. Thus, we adopt here this simpler specification to avoid having to include an additional state variable.
1%0ne could imagine that in the future observations on more extreme temperatures result in learning
becoming more evident. An aspect of this phenomenon is reflected in our informational-damage jump.



y (5)

< /A

Ay) = Ay + By 0<y
- N N A3(¢ N _
My + R+ Ry -0+97+ -0 - %0)?*  y=

Notice from specification that the logarithm of damages, n, depends on the temperature

anomaly, 7, at the time of jump. Potential damages are more extreme when the jump occurs at

lower anomalies. The intensity function governing the jump is given by
7() 0 0

Yy) = .\ N\

roexp [y —y)?+ 3w -7 )] —rexp[3y—-7))] y

AN/AN
AR/AN
< =

Yy
Yy
where y denotes the lower bound for when the damage jump can occur. The numerical values for
the r’s are provided in Appendix [F]along with a plot of the implied intensity function. The ro term
guarantees that the jump occurs prior to the temperature anomaly reaching @E Later we will show
graphically probabilities induced by our parameter settings.

The intensity J™ determines the damage realization jump time as a function of the temperature

anomaly. Given that such a jump takes place there are L — 1 possible damage curves that could

be realized, each with equal probability. Curve ¢ has intensity:

T y) = <1> J"y), ¢=1,2,.,L—1.

L-1

We take these probabilities as baseline specifications, but we allow for robust adjustments to them.

Figure [2| displays the damage functions included in our analysis. A damage realization jump at
a lower temperature (§ = 1.75) generates a range of damage curves that essentially includes those
for a damage realization jump at a higher value (§ = 2.25) over the range plotted. The lower value
for ¢ also includes damage curves that are substantially more severe than those for the higher value.

Observe that our specification of a jump in damages induces a jump in the continuation values
that we determine endogenously. This jump could be thought of as an informational or awareness
event that reveals the potential economic damages for more severe potential temperature move-
ments. Early damage recognition is “bad news” in our specification with more extreme concavity
of the damage function, in contrast with late damage recognition. We include this informational

event in order that our planner confronts a tradeoff between acting now versus waiting until more

HTn effect, it imposes a form of “value-matching” at y = 7.

10



information is available in the future[
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Figure 2: Range of possible damage functions for two cases with different jump thresholds.
The solid curves show the average values, and the shaded regions give the range of possible
values for exp(—n), representing the proportional reduction in the economy’s productive
capacity. We constructed this figure for y = 1.5 and iy = 2.5. The red curve and region show
the damage functions when the jump occurs at ¥; = § = 1.75. The blue curve and region
show the damage functions when the jump occurs at Y; = g = 2.25.

Remark 2.2. Ezxistence of global scale tipping points is controversial within the climate literature.
For example, see |Brook et al.| (2013) and |Levitan (2013). We suspect that lower-order tipping

points become a more salient concern for extended versions of the analysis with regional hetero-

geneity in the exposure to climate change, such as those highlighted by Drijfhout et al. (2015) and

|Armstrong McKay et al.| (2022). Our specification of damage uncertainty focuses on information

revelation about the severity of climate damage function curvature in the future rather than stark
“falling off the cliff 7 specifications used in some other settings. We intend this as an initial illustra-
tive platform for addressing the layers of important uncertainties in climate damages and prudent
society responses. It opens the door to an investigation of acting now versus waiting until more

information is revealed.

The functional form for climate damages and the values of A, A2, and A3(¢) are roughly
consistent with the range of climate damage specifications from the literature, including
(2019), Weitzman| (2012)), and the very recent study by [Waidelich et al.| (2024).

12We find this more appealing than the so-called carbon-budgeting approach often referred to discussions
of climate change policy. A carbon budget constraint imposes a Hotelling-type constraint on emissions to
avoid to avoid a temperature threshold. Setting a carbon budget in terms of cumulative emissions typically
abstracts from the inherent uncertainty in how emissions impact temperature. When it’s taken to be a hard
constraint, the implied damages when the constraint binds immediately become very substantial in contrast
to damage function specifications like ours and others engaged in climate-economic research.

11



2.4 Social planner preferences

We adopt a recursive representation of preferences in continuous time for the planner. We start by

forming the continuation value under risk for each calendar date, t as follows:

0
Vi = 5J E [exp(—5u (log Ct-i—u - log Nt+u) | SO] du
0

= 5f0 E [exp(—du) (log Ctyr, —1og Nity) | Fo] du + exp(—07)E (Vigr | Tt) -

where §; reflects the date ¢ information available to the planner. The second equality expresses a
backward recursion linking future continuation values to the current one. The following differential

equation gives the local representation:
o1
0=5(logCt—10gNt—Vt)+lTlfI01;[E(V}+T—Vt|3t)]. (6)

This equation becomes a Hamilton-Jacobi-Bellman (HJB) equation once we substitute a candidate
value function expressed as a function of the state vector. With a minor abuse of notation, V; =
V(Xy).

The HJB equations that interest us include maximization along with the aversion adjustments
captured by minimization. As we will see, the robustness adjustments replace the local mean of

the continuation value in @:

o1
lim —E (Viyr — Vi | 31)
70 T

with a robust counterpart.

Remark 2.3. The representation deduced in this section assumes a unitary elasticity of substitution
which we feature in most of our computations, although we do explore sensitivity to this modeling
choice in the Online Appendiz. In Appendiz|[C we describe the extension allowing for other values

of this substitution parameter.

3 State and control variables

In our computations that follow, we use the state variables:

12



where
I%t def log K} ]/i;t def log Ry

We treat the damage jump and technology jump realizations as implying continuation values for
the post-jump outcomes. These become inputs into HJB equations prior to the jump. We compute
a representation for the continuation values expressed as a value function V(X;) = V;.

We have three controls: -

K—tt, Kit &
Consumption net of damages is then determined by the output constraint , and damages are
given by:

Ny = exp [n(Yy)] .

Consequently, the consumption-capital ratio inclusive of damages satisfies:

C, 1 o] I I
KN, N, <O‘[1_¢°(Bt) ]_Kt_Kt

Remark 3.1. An alternative and similar model that is straightforward to explore has output di-
minished by damages. In this case,
cl o«

~ [1 — o (Bt)¢1] -

3 If I
K, N,

K K
where C’td s consumption inclusive of damages. While we report results with proportional damages

to consumption, we conjecture that similar results could be obtained with proportional damages to

output.

4 Confronting uncertainty

We now analyze the contributions to the planner’s Hamilton—Jacobi-Bellman (HJB) equation that
emerge because of aversion to model misspecification. We pose our hypothetical social planner’s
decision problem in a continuous-time environment. The uncertainty adjustments for model mis-
specification concerns lead us to replace a recursive maximization problem with a two-player for-
mulation where one player maximizes social well-being and the other adversarial player looks for
a baseline model or prior misspecifications with the most unfavorable consequences by solving a
minimization problem. The uncertainty aversion of the social planner is reflected in penalties that

restrain the adversarial choice. The analysis in this section focuses on the minimizing player and

13



the implications for terms that enter the HJB equation involving the evolution of the value function.
We temporarily omit the other terms, remembering that these are also important for deriving the
maximizing control law and solving the HJB equation.

We follow |Anderson et al.| (2003) by entertaining misspecification linked both to the Brownian
contribution and to the jump contribution. We use a well-studied construct called relative entropy
or Kullback—Leibler divergence scaled by a penalty parameter to quantify misspecification. This
divergence is measured as a non-negative expected log-likelihood ratio that we use to limit the

search over potential model disparities in the uncertainty analysisF—_g]

4.1 Brownian motion misspecification

Under a baseline probability specification, W def {W; : t = 0} is a multivariate standard Brownian

. def
motion, and § =

{§: : t = 0} is the corresponding information filtration with §; generated by
information that is realized between dates zero and t, including the Brownian increments.

As is familiar from derivative claims pricing, positive martingales with expectations equal to
one parameterize changes in probability measures. From Girsanov theory, such martingales can be
characterized by their implied drift distortions. In particular, under the martingale change in the
probability measure, process W & {W} : t = 0} instead has a drift H def {H; : t = 0}.

Suppose that the state vector process X has a local mean increment u(X;, A;)dt and stochastic
increment o (X, A¢)dW;, where A; is a decision or action taken at time ¢. Throughout the re-
mainder of this essay, we let lower-case variables capture potential realizations of random vectors.
The realizations of the state vector, X, reside in a state space X. In the absence of potential
misspecification, the drift or local mean of the value function V(X) is given byr'z]

2
g(xt)ﬂ(xt, A+ %trace [a(xt, At)’aiévf(xt)a(xt, At)] . (7)
In this equation, we omit time dependence and think of V' as the value function for an infinite-
horizon discounted problem. Formula captures the time increment to risk confronted by the
decision-maker.

When the decision-maker (in our case the planner) entertains possible misspecification we re-

place with the solution to

Problem 4.1.

3 aV 1 /aZV 5 /
win 5 0) (o 0) 4 o] + gtrace | a(o,0) £ 2 ()otea) | + S0

13See |Cerreia-Vioglio et al| (2025) for an axiomatic formulation of misspecification aversion.
14We use the notation S-(x) to denote a column vector of derivatives with respect to the column vector
x and %(m) to be the corresponding row vectors of derivatives with respect to the row vector z’.
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for a penalty parameter .

The minimization captures a form of uncertainty aversion, analogous to risk aversion, since the
minimizing objective will be less than or equal to ([7]) The penalty parameter £ restrains the
concern for robustness to model misspecification. The quadratic penalty in A is a local measure of
“relative entropy” or Kulback—Leibler divergenceF_gl A limiting choice of £ ~ oo implies a minimizing
choice of h = 0 with an implied contribution given by . The minimizer is

1 ,0V

h* = fga(ac,a) %(x) (8)

with a minimized objective:

ﬁl
ox’

2
(@)u(z, a) + %trace [a(x,a)' ai a‘; (@), a)] _ 2152;/,(33)0(3:, a)o(z, a)’?;(x).

Notice that the minimizing drift, h*, is potentially state dependent. When o depends on the
action a, the drift of interest for valuation and interpretation depends on the maximizing action
a expressed as a function of the state. The drift vector, h*, has a relatively larger contribution
when the value function is more adversely exposed to the Brownian increments. The parameter &
governs the magnitude of the distortions. A smaller value of £ results in drift adjustments with a

larger magnitudeE]

4.2 Jump misspecification

As we will see, jump components play prominently in our uncertainty analysis. The jumps de-
pend on endogenously determined intensities that govern the probabilities of the jump realizations.
Our specification of these intensities thus induces a corresponding endogeneity in the information
structure.

We suppose there is a discrete set of jump states £ = 1,2, ..., L. Let J¢ denote a state-dependent
intensity for jump of type £. Recall that the jump intensity, J¢, implies an approximate jump
probability, €7*, over a small time increment, e. Following a jump of type ¢, the value function
jumps to V. In the absence of misspecification concerns, the jump process contributes the following
term to the HJB equation for V(X):

L
Y, @) [Vi@) - V). (9)
/=1

15For instance, see |Anderson et al| (2003) for an elaboration.
16While this looks obvious from formula , it is a bit more subtle because the value function implicitly
depends on &.
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capturing the jump-risk contribution to the decision problem.
To allow for potential misspecification, we introduce non-negative functions g* where the altered
jump contributions have intensity J*(z)g‘(x). To restrain the exploration of potential misspecifi-

cation, we introduce a convex cost:
L
£ X, 7" @) 1= g (2) + g () log g (@) |
=1

The term multiplying £ is a local (in time) measure of relative entropy or Kullback-Leibler diver-
gence applicable to jump processesﬂ To confront misspecification, we solve:
Problem 4.2.

L

min Z T x)g" (x) [Vé(x) - V(x)]

|
L
+EX, T @) [1- g'@) + ' (@) log ' () |
/=1
Minimization problem has a quasi-analytical solution:

@) = e (¢ [V'0) - Vo)), (10)

with a minimized objective:

L L
1
fzjf(x) {1 — exp (_f [Vf(i) = V(a:)])] < Z T (@) [Vf(x) — V(x)] , (11)
¢ =1

which we use in place of @D Notice from ([10]), that the distorted intensity is diminished when the
jump in the continuation value function is larger, and conversely when the jump in the continuation

value is smaller.

Remark 4.3. In our example economy, we compute Vs by solving value functions conditioned
on the damage jumps (¢ = 1,2,...,L — 1) and the technology jump (¢ = L) using the same baseline

intensities for the remaining jump possibilities.

Remark 4.4. Since
J (x)

S, T)

17See, for instance, [Anderson et al.| (2003).
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gives the baseline jump distribution conditioned and damage realization jump happening, the uncertainty-

adjusted counterpart zﬂ
9" (2)T" ()

T .
2 9 (@) T ()
In light of , this is constructed using an exponential tilting formula.

4.3 Planner HJB equation

To form the planner HJB equation, we incorporate misspecification concerns for both the diffusive
and jump contributions from solving Problems [4.1] and respectively:

Problem 4.5.

0 =max —dV + dlogc — on(y)+

oV , 02V ov ,0V
+ %(x)u(m,a) + %trace [a(w, a) EE (x)o(x, a)} - 215(933’(38)0(:6’ a)o(x,a) a—x(a:)

N gzjje(x) {1 —exp <_2 [Vf(x) - V(:U)])]

When finding a solution to this problem, we iterate between solving for the maximizing and min-
imizing controls and solving a high-dimensional (conditionally) linear system approximating the
second-order differential equation for the value function. See Appendix [I| for details.

The planner Problem [4.5] takes as inputs the L continuation value functions for each of the
jump possibilities, These have to be computed in advance. There are L — 1 potential damage curve
realizations and one technology jump realization. The L —1 damage curve realizations are mutually
exclusive. We compute the continuation value functions allowing for one jump, either a technology
jump or a damage curve jump, using the intensity J*. If a technology jump occurs first, temperature
remains constant, but there is a possibility of a damage-curve realization at some time in the future.
This damage curve realization is inconsequential because the temperature anomaly remains constant
at the value where any incremental curvature has no impact on the damages. Thus, we drop the
damage curve intensities from the computation and the post-technology jump continuation value
functions are, therefore, all the same, which simplifies our computations. Additional details on the
post-jump value functions for the three possible scenarios are given in Appendix [A]

Finally, we note that this specification has a direct link to the long-run risk and recursive

preference settings that have been used extensively in the macro-asset pricing literature.

18The exponential tilting formula turns out to be is analogous to a particular smooth ambiguity (Klibanoff
et al.| (2005))) specification that we describe in Appendix @
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Remark 4.6. Model misspecification aversion is mathematically equivalent to risk aversion in a

recursive utility formulation obtained by setting the risk version parameter, v, as

_1+<
T

This insight holds for discrete-time specifications within the class studied by |Kreps and Porteus
(1978) and |Epstein and Zin (1989). It also carries over to continuous-time recursive utility as in
Duffie and Epstein| (1992), extended to include jump m’skF_g]

The robustness concerns provide a substantially different perspective to calibrate uncertainty
aversion than the pure risk aversion counterpart , a perspective that we find attractive. This is
especially true for climate economic analyses, where it is clearly challenging to assign probabilities
with full confidence to important model ingredients. Moreover, the mathematical equivalence will

not carry over for the uncertainty decompositions, except in a very mechanical way.

4.4 First-order conditions for the investments and emissions

The social planner has two investment opportunities in our model: investment in new capital
and investment in R&D. We investigate the first-order conditions prior to the realization of either
technology or damage jump. In both cases we see the role of the shadow value of the corresponding
asset stock.

The first-order conditions for investment in new capital are

ov If) (Kt>
(X)) (1-rL) -6 (=) =0,
814,‘( t)< KKt Cy

Thus, we obtain the formula for investment:

Lf_l 1 _ 0Ky
K; K C, [%Z(Xt)]

where the term

Ce |2 (x0)]

Q= K,

(12)

19This mathematical equivalence extends an insight from control theory that establishes a connection
between robust and risk-sensitive control. See Hansen and Sargent| (2001)), |/Anderson et al.| (2003)), [Hansen
and Sargent| (2001), and [Maenhout| (2004) for further elaboration. Special cases of this equivalence first
appeared in control theory in the important paper by [Jacobson| (1973) with many subsequent contributions.
However, with the exception of Hansen and Sargent| (1995), these papers did not make connections to the
recursive utility literature.
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is the “Q” from the theory of investment, abstracting from damages. In addition to the par-
tial derivative of the value function, this term includes an adjustment for the marginal utility of
consumption. The division by K; occurs because of our choice of log K; as a state variable. Con-

sumption damages scale (J; in by 1/N;. The term a—‘é reflects the social valuation, which may

0
be distinct from a marginal valuation.

The first-order conditions for the socially efficient R&D investment are

oV . 5
G () (R - () =0
Thus .
(X
(D) = oty (R) ™ [Caé()] .

The term in square brackets, when scaled by 1/Ny, is the social value of the knowledge stock of
R&D expressed in units of (damaged) consumption.

The first-order conditions for emissions depend on the mean dynamics for capital adjusted for
uncertainty via the term ¢H; :

{0V

ay(Xt)] [0+ cH] + & [M} 5|

o0y?

0\ P01 b1-1
— B 1 = 0.
+ <Ct) ﬁ ( t) {gt<,BCYKt} 0

This equation continues to hold if we divide both terms by N;. The implied social cost of carbon is

[0 (0] 0+ 51) — & [ 242 o2

i) |

) (B)" ™ 11, <o)

(13)

and the social benefit is

L (oo
w (%
both expressed in terms of damage-adjusted consumption as the numeraire. Notice that the drift
distortion contributes to the social cost of carbon. These formulas are evaluated at the socially
efficient allocation as is required for deducing the Pigouvian taxation. This is in contrast to many
empirically-based measures. Notice also that the social cost of carbon includes an explicit
volatility adjustment because emissions in our model alter the local exposure to Brownian motion
risk. This is in contrast to model-based measures that abstract from uncertainty.

The first-order conditions for all three controls have a central role for the partial derivative of

the value function with respect to an endogenous state, the logarithm of capital, the logarithm of
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the knowledge stock, or for temperature.

5 Marginal valuations as asset prices

We next describe a type of local sensitivity analysis that help us interpret some of our main findings.
This approach draws on and extends ideas from asset pricing. In terms of an asset pricing analogy,
we are very much taking an intertemporal cash flow rather than instantaneous returns perspective
when deducing contributions and uncertainty implications to valuations. This intertemporal val-
uation perspective seems particularly relevant because of the long-term implications of our model
specification and important Poisson events that will likely be realized in multiple decades. The
reported economic values will be in units of (damaged) consumption.

While there is an extensive applied mathematics literature that supports local sensitivity in
diffusion environments, we draw on a particular formulation described in [Hansen and Souganidis
(2025)) because it is well designed for our applicationm It entails using asset pricing-type repre-
sentations with probabilistic uncertainty adjustments for robustness and marginal contributions to
infrequent Poisson events of the type we consider here.

Our planner has three controls: emissions, investment in new capital, and investment in R&D.
Associated with these three sets of first-order conditions for the controls are three marginal social

valuations: the value of capital (%), the value for R&D (%—g), and the cost of global warming

<—%—Z> . While much of the climate economics literature has focused on variants of the social cost
of global warming, we are particularly interested in the social value of R&D and how uncertainty
aversion impacts this valuation.

The asset-pricing type representations of the marginal valuations, expressed in terms of dis-
counted social cash flows, allows us to inspect and deconstruct the contributions to social valuation.
The representation of the social values that we use is expressed in terms of an associated expected
discounted social cash flow. The two central ingredients that go into these formulas are stochastic
marginal impulse responses and uncertainty-adjusted probability measures.

We construct our marginal value representations prior to the first jump. This jump could
be a damage curve realization jump or a technology discovery jump. The initial jump plays the
role of a state-dependent terminal condition with an endogenously determined continuation value

conditioned on the jump occurring. This initial jump could be any of the L possible jump types.

20Gee |Gobet and Munos| (2005) for a rigorous mathematical development of parameter sensitivity for
diffusion models and the many literature citations given there. A focal point of this literature is efficient
computation for high-dimensional problems, whereas our interest is on using the resulting representations to
interpret and deconstruct model implications. In contrast to our analysis and [Hansen and Souganidis| (2025)),
this prior literature abstracts from implications of preferences for robustness. It does, however, justify many
of the core mathematical components to our analysis.
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Given this perspective, we adjust the discounting to incorporate jump probabilities. The resulting

discount rate we use for time 7 is:
L
5+ g (X THX).
(=1

with the date t, state-dependent discount factor given by:

+ L
Dis, “ exp (—f [5 + ] g*f(XT)jf(XT)] d7> .
0 =1

The ¢*“’s in these formulas are the uncertainty adjustment factors for the intensities.

We next describe a type of local sensitivity analysis that allows us to deconstruct the impli-
cations of the model. Although there is a vast applied mathematics literature that supports local
sensitivity in diffusion environments, we draw on the particular formulation described in Hansen
and Souganidis| (2025) that is well designed for our application. It involves using asset pricing-type
representations with probabilistic uncertainty adjustments for robustness and marginal contribu-
tions of infrequent Poisson events of the type we consider here.

A key input in this and other related forms of sensitivity is a marginal impulse response pro-
cesses, A, using what are called variational processes. These processes give the impacts on the
future state vector X of a marginal change in one of the initial states. When the state dynamics
are nonlinear, A is stochastic. We refer to it as the stochastic response process. By construction,
the process A has the same dimension as the number of components of X. It is built so that when
we initialize it at a coordinate vector, it gives the responses to an initial change in the corresponding
state variable.

We use the stochastic responses and state-dependent discounting in the marginal-valuation

formula:
oV

o]
o (Xo) Ao =E U Disi (A - Sefy) | XO,AO]
T 0

where the expectation E reflects the diffusion dynamics incorporating the minimizing drift dis-
tortions, h* implied by robustness. Uncertainty-adjusted jump intensities are encoded on the
state-dependent discount factor process {Dis; : t = 0}.

In this asset-pricing type formula, the stochastic flow process measures the impact of an initial
change in a state variable as a product of two marginal calculations, loosely motivated by the chain
rule:

At . Scft.

In this calculation, Scf; is a three-dimensional vector with each entry measuring a marginal contri-
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bution of a date t state variable to date ¢ cash flow. The dot product with A; reflects the stochastic
response of the marginal date ¢ to an initial change in one of the state variables. In light of this
construction, we may divide A;-Scf; into contributions from each of the states since the dot product
sums across vector entries. This decomposition shows how the state interdependencies are reflected
in the marginal valuations.

There are three sources of date ¢ contributions to the stochastic flow vector Scf; :
i) marginal utility;
ii) marginal impact of a jump;

iii) marginal impact when you jump.

5.1 Marginal-utility flow

Flow i) measures the impact of marginal change in an initial change in a state variable on the date

t contribution to utility (adjusting for damages):

. de dloge on
ﬂow1d=f5( af _(337> (X,), (14)

which is the date t vector marginal utilities of damaged consumption and § is a convenient utility
scaling.

Again using the chain rule, we write the term as the following product:

o= [T o O

where n = exp [n(y)], ¢/n is the adjusted consumption for damages. The first term on the left is

the marginal utility of (damaged) consumption, which appears as the familiar construction of a
stochastic discount factor process in asset pricing, while the second term captures the dependence
of (damaged) consumption on the state vector. This type of adjustment commonly occurs in
production-based asset pricing models when considering real (as opposed to financial) investments.

Prospective Poisson jumps also introduce cash-flow contributions to this valuation. These
additional terms account for state-dependent responses operating through uncertainty in the jump

intensity functions and the continuation value functions, as outlined below.
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5.2 Marginal impact of a jump

A marginal change in the state vector in the current time period alters the jump intensities, con-

tributing the following term to the marginal valuation:

L ?
fAow iidifgzaa‘i <l—eXp {—2 (Vf—V)D. (15)
=1

The following inequality captures an adjustment for uncertainty:

L L
N 1/, 0Tt 14
S (1mep | (V-V)|) <X S (VE-v) 16
: Z ox P £ 2 o (16)
/=1 (=1
This contribution reflects the impact of state dependence on jump intensity, a contribution that is
absent in most “rare event models” in asset pricing. As we shall see, this contribution is important

to capture in order to understand the impacts of uncertainty on investment.

5.3 Marginal impact when there is a jump

A marginal change in the state vector in the current time period alters the continuation values
conditioned on a jump happening;:

vt
s

- (1)

L
flow iii = ¢ > 79"
=1

Notice that this term captures future marginal contributions to valuation as we may deduce post-
jump counterparts to the pre-jump formulas depicted here for the partial derivatives: aa—‘f for the

alternative ¢’s.

5.4 Scaling adjustments

For the two capital stocks, our computations of state variable derivatives are expressed in terms of

logarithms. Recall the formula:
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making our calculations counterparts to expenditures. In the results we report, we divide the
valuations by current-period marginal utility of consumption inclusive of damages given by dn/c.
This scaling converts our capital valuations into units of (damaged) consumption, making our
computations more comparable to the familiar intertemporal asset pricing valuation. The same

adjustment was prominent in the first-order conditions that we derived.

6 Worst-case distributions

We consider the implied uncertainty-adjusted probabilities that emerge from our analysis for the
four sources of uncertainty: climate, damages, productivity, and technology. These are solutions to
the minimization problem, evaluated at the solutions to the maximization problem. These should
not be viewed as “best-guess” distributions. Rather, they are the “worst-case” distributions subject
to penalization that are a vehicle by which the planner constructs robustly optimal courses of action.
Although we feature results for two specifications of the penalty parameter: £ = .05 (more aversion)
and £ = .1 (less aversion), we also report some results for a larger range of ValuesE Since the &
parameter setting is a feature of planner preferences, as external researchers we see little reason to
commit to a single “calibrated” value of £. It is straightforward to run our solution code for other
values of &.

While it is hard to interpret directly the magnitudes of £, we find it valuable to adopt an
approach commonly used for robust Bayesian methods by inspecting worst-case probability speci-
fications and isolating where the probability adjustments are most prominent@ Formally, this is
motivated by an application of the Min-max Theorem, which constructs a single probability speci-
fication under which robustly optimal decisions are optimal. In addition to confirming plausibility,
as suggested by |Good| (1952)), this outcome reveals where refined informational inputs would be
most helpful in the design of better policies. In effect, the parameter, &, provides a one-dimensional
way to isolate the uncertainty inputs from the various sources that are most consequential for the
decision problem.

We start by reporting the drift distortions for two capital stock processes. These are given in
Table[I] The negative drift distortions for capital and the knowledge stock highlight that worst-case
concerns tilt towards reduced effectiveness of investment in capital and R&D. The larger relative

changes in the drift distortion when moving from less to more aversion underscores the sensitivity

21Recall the mathematical equivalence between robustness and recursive utility risk adjustments noted
in Remark [f.6] The corresponding risk aversion parameter settings from recursive utility for less aversion
(£ = .1) and more aversion (§ = .05) are v = 11 and 7 = 21, respectively. We only mention this because of the
extensive use and familiarity of recursive utility in the asset pricing literature. The robustness interpretation
is central to our analysis and is particularly apropos for climate economic applications. This is consistent with
the perspective stated in Rising et al.| (2022) and elsewhere, and it supports our uncertainty decompositions.
22For instance, see (Good| (1952) and |Chamberlain (2000).
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to uncertainty concerns faced by the planner in setting robustly optimal investment strategies. The
negatives of drift distortions for the capital stock are interpretable as implied shadow Sharpe ratios
induced by uncertainty aversion to the exposure of capital to Brownian risk, since the reported
distortions are multiplied by the volatility exposure to the technology shock@ The magnitudes
of the distortions for the knowledge stock are quantitatively small. As we will see, the jump
components to the technological uncertainty are a major contributor to the social valuation of the

stock of knowledge, in contrast to the reported drift distortions.

capital knowledge stock

more aversion (£ =.05)  -.184 -.008
less aversion (§ = .1) -.096 -.003

Table 1: Drift distortions for capital stock evolution and the knowledge stock evolution at
the initial time period

Figure |3| reports the distorted counterparts of the smoothed density for the unknown 6, that
characterizes the temperature response to carbon emissions. To compute these altered densities, we
used the robust prior-smooth ambiguity counterpart to the model misspecification adjustments as
described in Appendix [D} The smooth ambiguity parameter is set to induce the same conditional
mean shift as implied by the misspecification parameter £ for the calendar date of interest. As

displayed in Figure[3] the densities show a modest shift to the right based on uncertainty concerns.

14 14

I baseline I baseline

1o | EEEEE more aversion 1. HEEEE |ess aversion

1.0 1.0

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0.0 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 0.0 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75

(A) more aversion (£ = .05) (B) less aversion (§ = .1)

Figure 3: Distorted density plots for the climate models using the density reported in Figure
as the baseline subjective probability specification.

23In Appendix we discuss further the (shadow) local asset pricing implications of our model. The
implications of global asset pricing depend on the consumption allocations deduced from prudent policy
analysis. This ambition is different from deducing positive predictions for suboptimal allocations.
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Our model allows for multiple jumps with state-dependent intensities. We compute the relative
contributions for the timing of the first jump. This first jump could be either a damage jump or a
technology jump. By conditioning first on the state variable history, we find that the probability

that a jump has occurred in the time period ¢ to be:

which increases in . The implied density obtained by differentiating with respect to t is:

L

fo= 3 T X) exp [_ L t jf()mdf} |

(=1
We express f as:

L
fi= S 1) (18)
(=1

where
def Lot
f =< jE(Xt)exp [—ZJ je(XT)dT]
(=10

While formula gives an additive decomposition, each f¢ is not itself a density because it does
not integrate to unity unless £ = 1. The computations so far condition on the path of the state
variables. To obtain the densities of interest, we take expectations over the future states variables.

Figure [4] gives the densities for the first jump time. The “neutrality” density is the baseline
(¢ = ) density and the other two include adjustments for specification uncertainty. The modal
jump date occurs around 38 years and remains about the same with or without ambiguity aversion.
This computation gives a quantitative sense that the potential jumps are a source of long-term
uncertainties. Under a “business as usual” vantage point, the counterpart density would have
a mode that occurred at a much earlier date with a much greater contribution from damages.
The uncertainty-adjusted densities shift the probability from the left tail to the right tail of the

distribution.
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Figure 4: Density for the time of the first jump under the alternative uncertainty aversions.
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(a) Contribution of technology jump. (b) Contribution of damage jumps.

Figure 5: Additive decomposition of the jump-time densities. For the baseline probability
specification, the technology discovery contribution is 61%, for less aversion it is 48%, and
for more aversion it is 24%.

Next, we decompose this density into two components, one for the damage jumps and the other
for the technology jump using the additive decomposition based on formula to depict the
relative contributions of the two jump types. The left panel of Figure [5| shows how uncertainty
aversion is reflected in the worst-case density of technology, making a delayed success more likely.
The delayed prospects for success makes R& D investment less attractive. Consistent with this
finding, the right panel in Figure [5| shows how uncertainty aversion makes it more likely that the
first jump will be a damage jump under the worst-case density. Although uncertainty aversion
has little impact on the modal date for a damage jump, the distribution across damage curves is
sensitive to this aversion.

Since there are multiple damage-curve realizations, we report how misspecification aversion

shifts the weights of the unknown damage curve parameter, A3. The baseline (¢ = o) distribution
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for A3 is uniform [0, .33]@ As we see in Figure |§| the uncertainty adjust probabilities are tilted to
the right, with a quite extreme shift when & = .05. The £ = .1 adjustment looks quite modest,
although perhaps more prominent than the counterpart reported in Figure |3| In the next section,

we explore the various uncertainty channels in a more formal way.

0.20| ™= baseline 0.20| ™= Dbaseline
HEE more aversion Hmm |ess aversion

0.15 0.15}

0.10 0.10

0.05

0.0 : ‘ ‘ ‘ ‘ 0.0 ‘ ‘ ‘ ‘ ‘ ‘
§00 005 010 015 020 025 030 035 $00 005 010 015 020 025 030 035

(A) more aversion (§ = .05) (B) less aversion (£ = .1)

Figure 6: Uncertainty-adjusted probabilities across the alternative damage curves Az(?).

7 A quantitative assessment of the impacts of uncer-
tainty on prudent policy-making

We consider the impact of uncertainty on the social value of R&D and the social cost of global
warming (SCGW), measured using partial derivatives of the two capital stocks scaled by the inverse
marginal utility of consumption. The social cost of carbon (SCC) implied by the SCWG follows
from formula E In addition we report R&D investment as a fraction of output and emissions.

All of the quantities were computed for the initial time period,

7.1 Uncertainty deconstruction

We initially present findings that assess the overall uncertainty contributions using the four channels
we delineated in the introduction. Each channel has its own distinct uncertainty input. We rely
on our formulation of decision theory to explore the relative importance of alternative channels by
which uncertainty impacts the valuation and alternative policy challenges. We compare actions

and outcomes when we activate each uncertainty channel by itself when solving the adversarial

24We used a twenty equally spaced discrete support points in our computations.
25 Abstracting from the second derivative and H contributions, both of which turn out to be quite small
(< 5% of the total value), the SCC (in units of $ per ton of carbon) is SCW G x1000x 8, where 1000x 6 ~ 1.86.
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minimization problem to the corresponding actions and outcomes when all channels are activated
simultaneously.

Table [2| gives the uncertainty decompositions for both the uncertainty contributions to the
social values of research and development (SVRD) and the corresponding R&D investments. For
both the social valuations and the implied actions, technological uncertainty accounts for the bulk
of the uncertainty enhancement. Consider the case of a more modest uncertainty aversion. There
is only a 7% reduction in the social value of R&D when activating only the technology channel.
This is in contrast to a 30% to 35% reduction for the other three channels with a similar reduction
under the baseline specification. While technology continues to dominate when & = .05, the percent

reductions are larger across the board.

SVRD R&D investment / output
Uncertainty channel ¢ =.1 & =.05 E=.1 &=.05
baseline A1.1 (66%) 41.1 (43%) .0063 0062
climate uncertainty 42.0 (68%) 43.0 (45%) .0066 .0068
damage uncertainty 42.4 (68%) 43.7 (46%) .0067 .0071
productivity uncertainty 40.3 (65%) 39.6 (42%) .0061 .0058
technology uncertainty — 57.6 (93%) 77.5 (82%) .0123  .0223
all channels 62.2 95.0 0144 .0335

Table 2: Social value of research and development and the R&D investment-output ratios
when different uncertainty channels are activated. The numbers in the parentheses for the
SVRD the percent reductions when not activating all channels simultaneously.

The R&D investment-output ratios reflect the dominant impact of technology uncertainty, and
they increase in response to an enhanced aversion to misspecification uncertainty with one excep-
tion@ Thus, the planner is more proactive in the R&D investment response when the uncertainty
concerns are enhanced. We will have more to say about this finding in Section [8] When we activate
only the uncertainty concerns about the productivity channel, R&D investment decreases slightly
when going from £ = .1 to £ = .05. In this case, the planner increases capital investment due to
uncertainty in productivity growth.

Table [3| presents the results of the uncertainty decomposition for SCGW and emissions. The
patterns are very similar to those reported in Table[2l The technology channel is again the dominate
contributor to the uncertainty responses. Emissions respond proportionately much less than R&D

investment in the face of uncertainty concerns.

26The contributions are not constructed to be additive.
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SCGW emissions

uncertainty channel ¢ =1 &=.05 E=.1 &=.05
baseline 54.4 (58%)  54.4 (29%) 9.32  9.32
climate uncertainty 55.7 (59%)  56.9 (30%) 9.30  9.29
damage uncertainty 56.8 (60%)  59.2 (32%) 9.29  9.27
productivity uncertainty 54.0 (57%)  53.4 (29%) 9.32  9.32
technology uncertainty — 83.8 (89%) 133.0 (71%) 9.09  8.79
all-channels 94.2 186.8 9.01 8.47

Table 3: Social cost of global warming and emissions when different uncertainty channels are
activated. The numbers in the parentheses for the SCGW are the percent reductions when
not activating all channels simultaneously.

In Appendix [G] we provide additional results about the sensitivity of the social valuations and
robustly optimal policy choices derived from the model for alternative choices of £&. The outcomes

for this broader range of £ values are qualitatively consistent with our two featured specifications.

(See Tables [15] and [16])

7.2 Stochastic simulations

Figure m gives four stochastic pathways for the robustly optimal choice of R&D investment (Panel
A) and emissions (Panel B). The simulations are not intended to be typical but rather are chosen
to illustrate some of the possible outcomes. The pathways were generated using the baseline
probabilities with the investment and emissions decision rules computed under the less averse
specification.

Panel A illustrates the impacts of the Poisson events on the R&D investment trajectories from
our stochastic pathways for 40 years. Each case begins with substantial R&D investment and
grows stochastically for a while. Neither a damage revelation event nor a technology discovery
occurs along path 1. When a technology jump occurs, as in path 2, R&D investment drops to zero.
Damage realization events occur first along paths 3 and 4. On path 3, the news about damage
curvature at the jump date is good (a low value of v3), and the path for R&D investment shows
a substantial drop. Along path 4, the news about damage curvature is bad (a high value of 73),
and there is a a prominent increase in R&D investment, presumably because of the forthcoming
pronounced damages.

With the exception of the path 2 technological breakthrough, the emissions responses depicted

in Panel B of Figure [7] are more muted than the R&D investment responses. When there is good
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news about damages, as in path 3, we see a negligible impact on emissions. In contrast, for path
4, when there is a bad news realization about damages, there is a notable drop in emissions.

We make a more systematic investigation of some of these findings in the next subsection.

6 . . . . . . . . 20
= path 1
5| == path?2 1
= path 3 15
path 4

2 | 10}

25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Years Years
(A) R&D investment (B) emissions

Figure 7: lustrative stochastic pathways computed with baseline probabilities and controls
given by the & = .1 specification of uncertainty aversion. Path 1: no jumps. Path 2:
technology jump (at year 17). Path 3: damage jump (at year 38, 73 = .052). Path 4:
damage jump (at year 37, 3 = .246).

7.3 Responses to damage-curve information

Our damage jump reveals the tail of the damage function associated with more extreme warming
of the environment. Responses to the revelation of this information will have the usual impact of
conditioning in that the responses are sensitive to what damage curvature is revealed. There will
also be an intertemporal aspect of “wait and see,” which is sometimes alluded to policy discussions.
The responses to this jump reflect the uncertainty tradeoff between acting now versus waiting until
there is more information. The damages we confront in the future could be very severe or possibly
modest, giving a motive for waiting. On the other hand, if they turn out to be severe, it may be
very costly to delay all action and an initial response based on this possibility could be prudent.
Figure |8 gives densities for the “before and after” emissions and R&D investment responses to
knowledge of any of the collection of potential damage curve realizations. The emissions response
shows an aspect of wait for more information as the overall density for emissions is shifted towards
lower emissions after the tail of the damage curve is revealed. This response is relative to the already
cautious initial response by the planner to climate change and model uncertainty leading to a nearly
15% — 20% reduction in emissions. The R&D responses become much more heterogeneous with a

more complete understanding of damages, as the investment decisions become tailored to potential
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damages induced by more extreme global warming. While the increased heterogeneity in the
response dominates the comparison, the median R&D investment to output ratio is notably higher
(.036) after the damage curve realization than before (.029). Thus, there is some initial overall
pullback on R&D investment prior to having a more complete picture of the prospective damages
due to global warming. These results emphasize the intertemporal implications of uncertainty in
our framework: initial robustly optimal choices supported by the tilted “worst-case” probability
distribution; “wait and see” considerations in anticipation of the arrival of further information;
and post-jump responses that often call for strengthened emissions reductions and substantially
heterogeneous R&D investment conditional on a better understanding of the damages to economic

opportunities from more extreme global warming.

1.2 0.18
= right before jump . = right before jump
X . 0.16 Raa . K
1.0 + right after jump . + right after jump
0.14
0.8 0.12
2 20.10
206 2
a &o.0s
0.4 0.06
0.04
0.2
------------------------------- 0.02
0'00 6 8 = 10 0'005 10 15 20 25 30 35
investment RD - damage jump emission - damage jump
(A) R&D investment (B) emissions

Figure 8: Densities for actions just before and just after one of the damage jumps. The
left panel reports the densities for R&D investment and the right panel depicts the densities
for emission. The median investment level is 2.9 before and 3.6 after damage curvature is
revealed. The median emission response is 17.2 before and 15.3 after the damage curvature
is revealed.

8 A simplified model with only a technology jump

As a simplified illustration of why the social planner’s R&D investment is more proactive, we
consider a model without a damage informational event. Instead we assume there is a single known
damage curve as depicted in Figure [9] This constructed damage curve assumes the additional
curvature from the Az term begins at a temperature anomaly of 2°C, and the value of Az is the
average across the set of possible A3(¢) considered in our main specification. Given we now only have
a single potential damage curve, in this example there is only a single jump, a technology discovery.
Also, for simplicity we close down the misspecification aversion from the diffusion contribution and

focus solely on the prospective technology discovery. For illustration, we consider two values of
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9

aversion parameter: £ = .1, which we refer to as “less aversion,” and ¢ = .05, which we refer to as

“more aversion.”
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Figure 9: The single damage function constructed by imposing ¢ = 2 and the arithmetic
average of the \3({)'s.

Figure [10] gives the baseline and two worst-case densities for the technology jump. This figure
shows the delay in the prospective success under the uncertainty-adjusted probability measure.
For example, the median in the absence of robustness concerns is about 33 years. The enhanced
median for the less averse specification is about 43 years, and about 64 years for the more averse
specification.

This uncertainty adjustment in isolation makes the R&D investment less attractive. An anal-
ogous post-jump impact is reflected in inequality which also reduces the attractiveness of the
investment holding fixed the continuation value difference. As we shall see, the continuation value

differences push in the opposite direction.
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Figure 10: Jump time densities for the technology jump only model. The uncertainty pa-
rameters are £ = .05 for “more aversion” and £ = .1 for “less aversion.”
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R&D capital

flow i flow ii flow iii  sum investment investment
more aversion 15.0 (16%) 59.9 (64%) 18.7 (20%) 93.6 .0284 750
less aversion 9.3 (14%) 41.0 (63%) 14.9 (23%) 65.3 0151 764
neutrality 5.6 (12%) 31.6 (68%) 9.3 (20%) 46.5 .0075 773
Table 4: Three flow contributions to the social value of R&D for the technology jump only
model given by formulas: , , and , respectively. For “more aversion,” & = .05;
and for “less aversion,” £ = .1. Each flow contribution has been divided by the marginal

utility of (damaged) consumption. Both investments are expressed as a fraction of output.

Recall the contributions of social cash flow, flow i given by , flow ii given by , and flow
iii given by , to the valuation of R&D stock. Table [4| shows their quantitative importance as
they contribute to the overall valuation. From this table, we see that flow ii, the marginal impact
of a jump, is the dominant contributor to the overall marginal valuation, accounting for well over
sixty percent of the total valuation. Notice that all three terms become larger when we increase
the uncertainty aversion. This is true even though the success prospects are delayed more under
the uncertainty-adjusted probability distributions. Flow i, the direct marginal utility contribution,
is a notably small contributor, but this reflects only the pre-jump impacts. Flow iii, the marginal
utility when you jump, captures an analogous contribution after the technology jump has occurred.
The last two columns of Table {4] report the values of these ratios in the initial period of time. As
we expect from the R&D investment first-order conditions, the larger marginal valuation under
enhanced uncertainty aversion is accompanied by larger R&D investment-to-output ratios. This
increase is essentially offset by a decline in the capital investment-to-output ratio.

Since flow ii is the dominant contributor to valuation, we further investigate its construction.
Observe from formula that the difference between the post-jump continuation value and pre-
jump counterpart is a prominent contributor to flow ii. The technology discovery resolves an
important contributor to the uncertainty confronting the fictitious social planner. The post-jump
continuation values are not very sensitive to uncertainty aversion. In contrast, uncertainty concerns
lower the pre-jump continuation values. It is the difference between the post-jump and pre-jump
value functions that contributes to flow ii, and the pre-jump increases induced by misspecification
aversion make flow term ii larger. This, in turn, induces more investment in R&D.

To complete our discussion, Figure depicts the separate flow contributions of the capital
stock and R&D stock of knowledge state variables to the marginal valuation of the R&D stock of

knowledge. This allows us to see the dynamic impact of the state interactions on valuation. In this
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simplified model, the only nonzero entry of the gradient vector, %7;, is the partial with respect to

the knowledge stock of R&D for this single £ model. As a consequence, only the marginal change

in this state channel contributes to the flow term ii. In contrast, the only nonzero entry for the

gradient vector, aa—‘;e, is the partial with respect to capital since R&D investments are no longer

desirable. Thus, only marginal changes in capital contribute to term iii.
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Figure 11: Horizon plot of decomposition of the social value of R&D by state. The aversion is
set at & = .05 for “more aversion,” at & = .1 for “less aversion,” and at £ = oo for “baseline”.

As we see from Figure the impact of the R&D state variable is monotone decreasing with
the exception of a short initial segment for more aversion. The broad-based capital contribution,
however, starts at zero, but it builds gradually over longer horizons with delayed peak effects.
Consistent with our Table[d] the overall magnitudes of both contributions are larger under enhanced
aversion. Recall that these decompositions by horizon depend on stochastic responses to an initial
change in the R&D knowledge stock under the uncertainty adjusted probabilitiesm Since the
uncertainty-adjusted probabilities delay the R&D success, the capital contributions by horizon are
pushed to the right in this figure.

We described two competing forces that contribute to the R&D investment outcome. Uncer-
tainty in the success date makes the investment less attractive. This force is more than offset by the
net payoff to discovery, which increases because an R&D success eliminates an important source of
uncertainty. While the second force dominates in our calculations, this finding is sensitive to the
range of aversions that are considered. Table [5| shows that for very high misspecification aversions

(very low values of £), the first force can dominate leading to a reduction in the R&D investment.

2"The temperature impacts are negligible and omitted from the plots in Figure
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knowledge stock valuation Ré&D investment / output

£= oo 44.6 .0075
¢ =10 63.4 0151
¢ =.05 87.9 0284
¢ = .01 88.3 .0300
¢ =.009 82.6 0256
¢ = .008 75.0 0212
¢ = .007 66.4 .0166
¢ = .006 56.2 0119

— .005 44.4 0072

Table 5: Social value of R&D (technology jump only) as a function of the robustness pa-
rameter, &.

9 Comparison to real options theory

There are similarities, but also differences, in our R&D investment problem and a real options
problem. For instance, our decision maker can influence the timing of the R&D payoff through
investment, but there is not a specific choice of when to exercise the option. In our environment,
there is an implicit investment cost because of our output constraint. Arguably, this plays a
somewhat similar role to the cost of exercising an option, but the latter cost is only incurred at the
date the option is exercised. We end our paper by exploring the ways in which our findings have
counterparts to insights from real options theory.

In standard option pricing, payoff volatility is valued because the investor can exercise the
option when the payoff is sufficiently positive. Increases in volatility enhance the right tail of the
payoff distribution. The experiment that we explore, however, changes uncertainty aversion and
does not increase the right tail probability. Given the ability to hedge, there is no direct role for
risk aversion in the familiar options pricing formula.

Since our social planner does not have the ability to replicate the uncertainty of the R&D
investment, we find that the pedagogically revealing real options analysis of Miao and Wang] (2007)
provides interesting benchmarks for comparison. Two of the specifications they consider essentially
solve single-agent decision problems, and standard replication arguments do not apply. While
they explore risk aversion with exponential utility, as shown in Appendix [H] we obtain analogous
conclusions with very similar supporting computations starting with linear utility and incorporating

robustness concerns. We use their functional forms for pedagogical simplicity.
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We compare two specifications of the payoff to exercising the option. In both cases, their is
uncertainty in the payoff dynamics. The decision-maker decides when to exercise the option with
a known cost of doing so. Other than access to this stochastic payoff, the decision-maker can
invest in a riskless technology. In the first specification, exercising the option provides a discrete
payoff. In the second specification, exercising the option entitles the decision maker with access to
a stochastic flow. To make the two payoffs comparable, we scale the flow so that the present values
of the discrete payoff and flow payoff process are the same in the absence of uncertainty about the
payoff dynamics. In the case of the discrete payoff, the uncertainty concerns are resolved when the
option is exercised, in contrast to the case with a flow payoff as the uncertainty concerns about the
transient dynamic persist.

Uncertainty has obverse impacts for the two payoffs. This aversion makes the investor more
bullish on the investment for the discrete payoff specification in the sense that there is a lower
investment threshold. The outcome gets reversed with the stochastic flow payoff and the investor is
less bullish on the investment and exercises the option at a higher threshold with enhanced aversion.

Real options theory imposes a value matching condition and a smooth pasting condition used
to deduce the exercise threshold. Write the value function as §[w + G¢(y)] for the discrete-payoff
model and 6[w + G/ (y)] for the flow-payoff model where ¢ is the subjective rate of discount assumed
to be equal to the riskless rate of return, and y is a realization of the stochastic income process. In
both cases, we show in the appendix that smooth pasting implies that exercise threshold 7 satisfies:
6Gy (y) = 1.

As we report in Figure [I2] uncertainty aversion has opposite implications for the threshold g for
the two payoff specifications. This figure reports the investment thresholds for alternative values of
the penalty parameter, £. Larger values of the penalty parameter imply less aversion. This aversion
makes the investor more bullish on the investment for the discrete payoff specification in the sense
that there is a lower investment threshold. The outcome gets reversed with the stochastic flow
payoff: the investor is less bullish on the investment and exercises the option at a higher threshold
with enhanced aversion. By design, the two curves converge when £ — oo@

Why the difference? In both cases, robustness concerns induce more cautious assessments of
the payoff prospects. In the discrete-payoff specification, the uncertainty is resolved as soon as the
payoff is exercised, increasing the valuation; while in the flow-payoff specification, the post exercise
valuation is diminished because of the continued uncertainty about future payoffs.

Although there are intriguing similarities between this comparison of real options in different
environments and our findings, the investment opportunities are quite different. Rather than an
exercise decision, our social planner can make investments that increase the likelihood of a discovery.

Uncertainty aversion makes the planner skeptical about the payoff horizon in our analysis. These

28These results have counterparts to risk aversion results reported in Miao and Wang] (2007)).
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Figure 12: Solution of exercise threshold 7 for each model as functions of the robustness
parameter, &.

differences make our uncertainty aversion impact not monotone as displayed in Table [5| and in

contrast to the real options findings reported in Figure

10 Conclusions

We propose and implement methods for assessing the consequences of uncertainty on social values
and prudent courses of action to address climate change. We use the policy problem to assess
the relative importance of the alternative channels by which uncertainty concerns alter robustly
optimal decisions and outcomes. Asset-pricing representations for valuations of endogenous state
variables allow us to quantify the sources of the stochastic cash flows that contribute to marginal
valuations and to assess the importance of state interdependence.

Our substantive findings emphasize the importance of including endogenous R&D investment
into quantitative assessments of socially prudent courses of action along with current and near-
term future carbon reductions. Our calculations expose the limitations of commonly proposed
policy solutions that involve a gradual decrease in emissions to a net zero target without explicitly
featuring a role for R&D investments and speculating on their potential successes.

We find an important interaction between R&D investments that have uncertain long-term
payoff successes. More uncertainty in the payoff to this investment can result in an increase in
the R&D investment relative to output designed to accelerate the possible discovery of a new
economically viable green technology. This provides a substantively important example when more

aversion to potential model misspecification leads to bolder actions on the part of the decision
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maker@ As a stylized dynamic response, we find that the R&D responses in the future can be
highly sensitive to information about damages to economic opportunities in the future. While
emissions respond at the outset to potential damages to economic opportunity that might be
realized with more extreme global warming, there is also an aspect of “wait and see.” The response
density, when conditioned on more knowledge about damages, is shifted to the left implying an
overall reduction in emissions.

Our models are stark along some dimensions to illustrate why uncertainty considerations are
important and how they matter. A more realistic policy environment requires additional modeling
complexity including heterogeneous geographical exposure to uncertainty, multiple policy-makers,
and alternative forms of adaptation investments in the development of new technologies exposed
to different forms of uncertainty. The uncertainty trade-offs we explore will remain present in
such alternative models and hence our novel uncertainty quantification methods should remain of
interest. We suspect that incentives for more proactive policies with enhanced uncertainty concerns
will remain a serious possibility.

We conclude with speculative reflections on pragmatic policy challenges. We speculate that
there will be an important role for government investment in developing new green technologies,
at least until economic viability becomes more self-evident. A common concern to taking strong
immediate action by skeptics is that the costs of using inefficient government approaches undermine
attractiveness of public solutions, as opposed to market solutions. A blunt way of putting this
objection is, “This problem won’t be solved by the government throwing money at it.” While
there are good reasons to be skeptical about political processes undermining the attractiveness
of collective action, our robustness calculations suggest that the uncertainties, broadly conceived,
may be large enough to push for efforts to overcome political distortions and embark on investment
directed to the discovery of economically viable clean alternatives, at least at the early stages of
development. What is missing in our analysis so far is a more serious probe into the political
economy of large-scale public investment projects. Nevertheless, our formulation and robustness
analysis feature the potential for stimulating early stage R&D investment in truly novel technologies

rather than through subsidies that create inefficiencies and special interest rent seeking.

29A potential for more broadly-based uncertainty aversion to induce a more proactive policy was demon-
strated in a substantially different monetary setting by [Sargent| (1999)) and |Cogley et al.| (2008)).
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Appendices

A Post-jump HJB equations

As noted previously, there are L possible jump realizations from the pre-jump setting: L—1 potential
damage curve realizations and one technology jump realization. From the post-technology, pre-
damage setting there L — 1 possible damage curve jump realizations, and from the pre-technology,
post-damage setting there is only one possible technology jump realization. The L —1 damage curve
realizations in each of the pre-damage jump states are mutually exclusive. Below we compute the

continuation values for each of the different post-jump scenarios.

A.1 Post-technology, post-damage jump HJB equations

Post-technology jump, emissions can be reduced to zero without any impact to output, and thus full
abatement is optimal from the planner’s perspective. As a result, temperature remains constant.

The relevant state space, control set, and distortion set simplify to

A~
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To compute V4L for ¢ = 1,..., L — 1 conditioned on both a technology jump and a damage jump

occurring, we simply need to solve the HJB equation
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This continuation value has a closed-form solution that we guess and verify to be of the form
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A.2 Post-technology, pre-damage jump HJB equation

The value function assuming that only a technology jump has been realized, V¥, incorporates the
possibility of jumping to one of L-1 possible damage states. However, as in the post-technology,
post-damage jumps case emissions can be reduced to zero without any impact to output, and thus
full abatement is optimal from the planner’s perspective. As a result, temperature remains constant
and the realization of a damage curve realization is inconsequential because we remain at the point
where any incremental curvature has no impact on the damages. Therefore, we can ignore the
damage curve intensities and the associated continuation values for this computation. The result
is that the state variable, control set and distortion set, as well as the value function solution and

first order conditions, are essentially identical to the post-technology, post-damage jumps case.

A.3 Pre-technology, post-damage jump HJB equation

Now we compute each of the post-damage, pre-technology jump values functions V¢ where only a
damage jump has been realized for £ = 1,..., L — 1. Note that the damage function in this setting
depends upon the temperature at which the damage jump occurred, y. To simplify the post-damage
jump state space used for our post damage-jump value function, we define a new state variable
z =y — ¢ +7y. This state variables becomes the counterpart to the temperature anomaly state
variable y. The dynamics of z are the same as our previous temperature state variable, though z is
initialized at y at the time of the jump regardless of what the current temperature value is. Using
the new state variable, we can specify an adjusted damage function as follows
. ol g
m(z) = a(y) = (\g + 52297
- 1 . RO Sy
=AMy —9) + 5h(y =9 +7)" + 5230y —9)" = 5r(Y)
= (= B)+ 3+ (0 -9 - S
Our value functions depend on a modified state vector X, control set ®, and distortion set I':

r = {k;7 Z7 ,';\1}7 (p = {ik7ir7e}7 ]'_‘ = {hk7hz’hr7gL}

With this new state variable and adjusted damage function, we can now compute the simplified
HJB equation Wé(l;:, 2,#), which has the following relationship with v* (l%, Y, T):

~ - 1
Wk, 2,7) = VE(k,y,7) + (Mg + 5A25)

There is only one possible jump state, which is the technological innovation realization with
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intensity J. The post-technology jump continuation value is W%%, and the pre-technology jump

continuation value is the solution to the following HJB equation:

é1
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where WL (k, z,7) = VO (k,y, #) + (A3 + $X2§?), which uses the transformation given previously.

B Pre-technology, pre-damage jump HJB equation
The detailed, full-form pre-technology, pre-damage jump HJB equation is given by:
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This HJB equation depends on a value function difference. In forming this difference, we must
use Vé(l%, Y, T) = WZ(I%, z,7)— (Mg + %/\QQQ), subtracted from the pre-technology, pre-damage jump

value function. The remaining details for the pre-technology, pre-damage jump HJB equation are

as specificed in the main text.
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C Social planner preferences: IES not equal to one

We adopt a recursive representation of preferences in continuous time for the planner extended to

allow for p > 1. We start by forming the continuation value for each calendar date as follows:

1

0 i—p

exp(V) = (5 [ " exp(-67) (€)' 7 ar
0

where exp (V') gives an ordinally equivalent representation of preferences since exp(-) is an increasing

function. These preferences are dynamically consistent with a recursive representationFr_U]

The following differential equation gives the local representation:

1 S (= \7"
e Ve =W =77 [(exp [(1- p)Vt]) 1] (19)

which is a backward recursion linking future continuation values to the current one. Introducing

stochasticity under a unitary risk specification and rearranging terms gives:

i+ [E (Vi | 30— Vil =~ [(exp([ff)i;vt]) - 1] |

As in case the when p = 1, we use the adjustments derived in Section [4] to replace the local mean

of the continuation value with the robust counterpart.

D Incorporating ambiguity aversion

Imagine there are alternative models of different components of the dynamics. We follow [Hansen
and Miao (2018) by supposing that the drift p(z,a | 6) depends on an unknown parameter 6
residing in a set ©. The parameter, 6, could index one of a discrete set of alternative models or
depict a unknown parameter vector. The decision-maker has a baseline probability dP;(6) for each

time instant, ¢, and makes an adjustment for ambiguity by solving

Problem D.1.

oV

) 0)q(0)dP.(0
‘175961(2()1611%(6):1 8x’(m) f@,u(:r,a| )q(0)dP;(0)

rx f@ 4(0) log q(0)dP,(0),

30This consistency is evident by raising both sides of the equation V; to the power 1 — p and scaling by
ﬁ to make the transformation increasing.
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where x is a penalty parameter.

This problem is known to have a solution that entails exponential tilting as a function of the drift

of the value function for alternative values of 0:

) < exp (~L L (X)u(Xi A, | 9))
q; .
S@ exXp [ i(?iv Xt) (Xt, At | 0)] dPt(e)

The minimized objective is

10V
—x1 - 0) | dP.(0). 2
log [ exp| - Ealn(e.a0)] ar(o) (20)
Representation implies an exponential adjustment for model ambiguity concerns@ We allow
the baseline probability to be time dependent to allow for recursive learning, although we will

abstract from this learning in our application.

E Production function interpretation of abatement

We verify that the first derivatives are positive and that the second-derivative matrix is negative

semi-definite when we interpret

ak (1 — o (Bt)¢1)

for
e

By = <1 - M) Lio<e<pak}

as a production functioan] Notice that the candidate production function is homogeneous of degree

one in (e, k).

31 As noted by Hansen and Miao (2018), this exponential adjustment can be viewed as a continuous-time
version of a smooth ambiguity adjustment of the type advocated by [Klibanoff et al.| (2005]).
32For notational simplicity, we drop the dependence of ¢q on z.
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First, we consider the partial derivatives with respect to e:

0 _ gr1-1 1
%output = ak ¢o ¢1 (By) Gok
_ oo

3 (Bt)¢1—1

>0

2 _
(;output = —¢0(2)Z;Ej§ 1) (Bt>¢1_2

< 0.

If 1 > 2, both derivatives are zero at e = fak. This remains true for e > Sak.

Next, we consider derivatives with respect to k:

ioutput =« <1 — ¢o (Bt)¢1) — p160(2)ak (B)™ ™ (Bofk?)

ok
=« (1 — ¢o (Bt)¢1> — p160(2) (B! <6€k>
? Godr(d1— 1) o prs (€12
Sgouput = D (5,72 (1)
< 0.

The first derivative is a(1 — ¢g) = 0 when k — o and a > 0 when Sak < e. Given the negative
second derivative, the first derivative remains positive for k > 0.

The simple relationship between the second derivatives with respect to e and k is to be antici-
pated, since the first derivatives are homogeneous of degree zero. Consistent with this relationship,

the cross partial is
0? ¢ p1(P1 — 1) b1—2 (€
tput = —————2 (B,)" % ().
deak P! Fak BV <k>

The negative semi-definite Hessian matrix follows since

0 o2 2 e
=zoutput —=routput| [r 0 1 —c r
[rl rg] ‘9;22 5;2’“ = ——output [rl rg] e e 5
Feapoutput  Ssoutput | [y de -£ (9 ro
02
"~ 02

<0.

en 2
output (r1 — rg%)

Next we compute the implied energy demand price elasticity. The first-order conditions for
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emissions are:

_ 0%V
(0 +ch) + 3y oy

|§’2€+(5(C)_1 ¢0¢1 <1 €

% $1—1

Divide by the marginal utility of damaged consumption to get:

1\ v - 1\ 2V |, o e \"! _
<5n> @0(9 o) (571) dy 8y’ck‘ °F (1 N 5ak> He<pary =0

View the first term on the left to be the shadow price of energy demand. Then use the implicit

function theorem to compute: g—;.

F Parameter values for the example economy

We quantitatively discipline our analysis by choosing model parameters based on (i) external em-
pirical estimation and measurement of relevant economic and asset pricing outcomes, (ii) direct
calibration using simplified versions of the model to match steady-state implications to empirical
macroeconomics moments, and (iii) indirect calibration comparing outcomes from the simplified
model settings to observable empirical macroeconomic and asset pricing moments. We validate
these calibrated parameters choices by examining how the calibrated model fits additional macroe-
conomic and asset pricing empirical moments not included in the calibration. In addition, we
conduct sensitivity analysis for key parameters and specifications related to preferences, the abate-
ment technology, and climate damages as additional validation of our quantitative results. We
provide the details for the calibration, validation, and sensitivity analysis in what follows.

The model parameters chosen for preferences and the dynamics of the capital stock, knowledge
stock, climate, and climate damages are given in Tables [6] —[I0] Steady-state values fit to empirical
moments for the capital dynamics calibration are given in Table The initial values and ranges

for state variables are provided in Tables [12] - Descriptions for these choices are given below.

Parameter Value
Parameter | Value
¢ 0
«Q 115 y 1
m 043 ‘
o 5
K 6.67
oy [0, 0.0078]
Ok [0, 0.01]
0 .0011

Table 6: Capital dynamics
Table 7: Knowledge dynamics
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Parameter Value
15 12
Po D
b1 3
0 1.86 / 1000
S 12x60

Table 8: Climate dynamics

Table 11: Imposed steady states for the model specification without climate impacts.

Parameter Value
) .01
p 1
13 {.05, .1}

Table 9: Preferences

Parameter Value
Al .00017675
Ao 2 x .0022
As(O}ezt,-s | 3757 =1l
r1 1.5
9 2.5
Y 1.5
0 2

Table 10: Climate damages

Variable Value
Investment /capital®: i* .090
Growth rate of capital*: 7 .020
Marginal value of capital*: 7 | 2.50

State variables | values
Ky 739
Yo 1.1
Ry 11.2

Table 12: State Variable Initial Values
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State variables | range
log(K) [4,7]
Y [0, 4]
log(R) [1,6]

Table 13: State variable ranges




F.1 Preferences

The subjective discount rate is set to a value of § = 0.01, consistent with the value used by
others in the macroeconomics and asset pricing literature, including Barnett et al. (2020} 2022)
and Barrage and Nordhaus| (2023). The baseline choice of the IES is set to p = 1, which is
the standard log utility case. As a sensitivity analysis, we examine outcomes for p = 2/3 and
p = 3/2. As Hansen et al| (2024) emphasize, the specification of p has an important impact for
the overall consumption-savings choice and for this reason could interact with calibration choices
for the productivity of capital. In our baseline analysis we choose & € {.05, .1}. These values
provide probability distortions that we view as reasonable based on the outcomes reported in the
results for our numerical example and useful in illustrating the effects of the model uncertainty
mechanism in our framework. Since the numerical magnitude of ¢ reflects social preferences, we are
very receptive to considering implications for alternative values of £. Our computations and code

are easily implemented for such explorations.

F.2 Capital dynamics

The choices of parameters for the productivity and evolution of productive capital follow Barnett
et al. (2022), who use an undamaged version of the consumption capital model to calibrate the
economic growth rate to a value of 2%, a marginal value of capital of 2.5, and an investment-capital
ratio of .09, consistent with empirical values from the BEA and World Bank databases. Specifically,
the calibration approach uses externally estimated model parameters, as well as the growth rate n
and steady state values for (m, i), as inputs for the relevant non-climate state evolution equations
and FOCs. We then invert the system of equations to derive the remaining model parameters of

interest, exploiting the tractable recursive structure of this problem as follows:

a) From the first-order conditions for investment, solve for & given (i¥,7):

-1
T = (1 — m’k)

b) From the growth equation, solve for fix given 7, x, and i*:

T4 K (k)2
= — — |2
n 12774 9 )

¢) Given (c,i*), we determine o from the output constraint:

a =ik + om.
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For our chosen set of inputs, the resulting parameter values are given by x = 6.667, up = .043
and o = .115. Finally, the capital volatility is set to o = [0, .01], matching annual percent changes
in the time series of GDP from the World Bank database.

F.3 Knowledge stock dynamics

For the R&D investment parameters, we make the following choices. We assume the depreciation of
R&D stock is given by ¢ = 0 and set the returns-to-scale value to be 1)1 = .5, each for simplicity and
computational tractability purposes. We then set the R&D investment cost scaling to be ¥y = .1
and set the multiplicative factor that translates US R&D stock to a global value in units of the
arrival rate for our Poisson jump process for technological change to be p = .0011, such that the
simplified no-damage-jump model without uncertainty version generates R&D investment values
that peak below .5% of GDP, in line with the peak for major U.S. R&D investment programs
as estimated by |Stine (2008), and estimates for returns to R&D investment from Lucking et al.
(2019) and |Bloom et al.| (2019). Moreover, these parameter values also produce an expected arrival
time for the green technological innovation consistent with proposed policy timelines of a carbon
neutral transition occurring between 2050 and 2080. |Alhamdan et al| (2023) similarly cite major
U.S. R&D investment programs such as the Manhattan project as an anticipated timeline for one
type of major green energy innovation, nuclear fusion development. The knowledge stock volatility
is set to o, = [0, .0078], matching annual percent changes in the time series of U.S. R&D capital
stock from the BLS database.

F.4 Climate dynamics and damages

Our choices for the emissions component of the production technology (i.e., the abatement cost
parameters following the interpretation of Nordhaus and others) are as follows. We set ¢1 = 3,
similar to the estimated parameter values from (Cai and Lontzek| (2019) and Barrage and Nordhaus
(2023)). While the value of ¢q is highly uncertain, we choose ¢g = .5 as a reasonable benchmark
for the fraction of lost output in order to achieve zero emissions. We also consider ¢y = .1,
consistent with Barrage and Nordhaus (2023), for a sensitivity analysis comparison. The value for
the emissions intensity of output § = .12 comes from the implied emissions intensity value for 2020
from (Cai and Lontzek| (2019), which together with the chosen subjective discount rate generates
annual carbon emissions consistent with estimates by Figueres et al.| (2018) of around 10-11 GtC
in a simplified version of the model without uncertainty aversion or jumps.

The climate dynamics parameter values are set as follows. Specifically, 8 is the average value
across 144 climate model outcomes constructed from pulse experiments provided by |Joos et al.
(2013) and Geoffroy et al.| (2013), and match the values reported in Masson-Delmotte et al.| (2021)).
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The value for ¢ is chosen based on a parameter uncertainty interpretation of TCRE specifica-
tion. Specifically, the chosen value is based on the implied standard deviation associated with the
coefficient of the Matthew’s approximation for a constant emissions path near the current value.

As noted previously, for climate damages, the functional form and the values of A1, Ag, and
A3(¢) are roughly consistent with the range of climate damage specifications from the literature,
including Nordhaus| (2019), Weitzman, (2012)), and the very recent study by [Waidelich et al.| (2024).
We choose baseline values for our intensity function of y = 1.5 and ¥ = 2.5, motivated by the
literature on climate thresholds and tipping points which we elaborate on in Remark We set
ro = 1.5 and ry = 0.0001, and then impose r; = 0.36, such that the modal point of the density for
the jump intensity is y,, = 2.0 based on a simplified model of the temperature pathway@

Remark F.1. The choices of y andy, used for the range over which climate damage function jump
realizations occur, are motivated by the literature on “climate tipping points” and “climate thresh-
olds.” Specifically, climate scientists, economists, and others are concerned about potentially drastic
shifts in climate-carbon dynamics and realized economic damages resulting from continued climate
change. |Drigfhout et al. (2015) and |Armstrong McKay et al. (2022) enumerate and characterize
various potential thresholds of potential consequence, with the latter stating that “[t[he Earth may
have left a safe climate state beyond 1°C global warming. A significant likelihood of passing multiple
climate tipping points exists above ~ 1.5°C, particularly in major ice sheets. Tipping point likeli-
hood increases further in the Paris range of 1.5 to < 2°C warming.” |Rogelj et al.| (2018) and|Rogelj
et al.| (2019) suggest a 1.5°C' target for limiting damages from such events, while noting 2.0°C' as
a potentially more plausible target that also includes risks of more severe damage consequences.

Consensus on the plausibility and timeline for such thresholds is far from decided however.
Hansen et al.| (2025) notes that while tipping point concerns are real, “[mjany tipping point processes
are reversible if Farth cools, but the recovery time varies and may be long for some feedbacks” and
that the most threatening and catastrophic thresholds are still likely to occur far into the future.
Ritchie et al| (2021) conclude that “the point of no return” for climate thresholds is highly uncertain
based on their analysis using recent developments in dynamical systems theory.

We note that our damage jump specification is not an tmmediate drop in output or significant
realization of climate damages. Instead, our damage jumps represent information revelation about
the severity of climate damage function curvature going forward, including the possibility of more
severe consequences similar to tipping points or thresholds. Thus, our damage function specification
allows for concerns about potential tipping points or threshold in such a way that we believe is still

consistent with the more moderate dynamics emphasized by|Hansen et al.| (2025) and|Ritchie et al.

33For sensitivity analysis, we also consider cases with 7 = 2.0 and 7 = 3.0. The values for Y, fo, and ra
remain fixed at the baseline values for these cases, while the value of ry is adjusted so that the modal point
of the density for the jump intensity is y,, = 1.75 or y,, = 2.25, respectively.
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(2021), rather than a stark “falling off the cliff 7 specifications used in some other settings.

F.5 Climate model uncertainty

We construct 144 different TCRE’s by using 100 GtC pulse experiment results of .Joos et al.| (2013)
tracing out the resulting carbon in the atmosphere for 9 different models. We then use these as
inputs into 16 model approximations for temperature responses using the approximation in|Geoffroy

et al.| (2013) to build the collection of 6y’s used in our analysis.

F.6 Initial values

The initial value of capital is set so that our initial GDP matches the 2020 World GDP value of
$85 trillion estimated by the World Bank National Accounts data. With our choice of o = 0.115,
we end up with Ky = 739.13. The initial value of knowledge capital is set to Ry = 11.2 x p,
which converts and scales the value for current US R&D capital stock in the BLS database to a
global value such that the expected arrival time of a breakthrough green technological change in
the simplified no-damage-jump model without uncertainty aversion is around 30-50 years. The
initial value of atmospheric temperature anomaly is set to Yy = 1.1 degrees Celsius to match recent
estimates from the IPCC AR6 (Masson-Delmotte et al. 2021).

F.7 Some additional asset-pricing implications

For additional context about the model’s calibration and quantitative implications, we examine
(shadow) local asset pricing moments in the form of the implied risk-free rate from the model
solution. We examine the outcomes under the baseline (§ = o0), less aversion (§ = 0.1), and
more aversion (£ = 0.05) specifications. We calculate numerically the one-month risk-free rate
using simulations that accounts for all relevant uncertainty components. The simulation-based

expression for the monthly, risk-free rate expressed in terms of annualized time units is given by

1 [ Cy/N, D
T = §—~-log| E| =———
I € s ( [Ct+e/Nt+e ‘ 3t

where E[- | §] denotes the expectation under the uncertainty-adjusted probability distribution,
Ny = exp[n(Y;)]. and € = 1/12 is the monthly specification. The results are provided in Table
Importantly, the values for each uncertainty aversion specification are within the range of
reasonable values used in the asset pricing literature based on empirical estimates of the risk-free
rate. Moreover, the increasing values of the risk-free rate as the uncertainty aversion increases

reflects increasing concerns of negative outcomes that will impact future consumption. Note that
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because we are examining equilibrium solutions under social optimality, these do not represent
market-based prices from the decentralized solution. Nevertheless these values provide context for

the quantitative plausibility of our model’s calibration.

baseline (£ = o) less aversion (£ = 0.1) more aversion (£ = 0.05)

risk-free rate (rsp) 2.3% 2.6% 2.8%

Table 14: Instantaneous risk-free rate for the full model computed under the baseline (§ =
), less aversion (¢ = 0.1), and more aversion ({ = 0.05) specifications. The values are
computed at the initial time period using stochastic simulations under the corresponding
(uncertainty-adjusted) probability distribution.

F.8 Model sensitivity

We briefly discuss sensitivity analysis exercises that provide further insight into the economic mech-
anisms underlying our quantitative implications: changing the abatement technology scaling param-
eter (¢p), changing the subjective rate of discount (J), and changing the intertemporal elasticity
of substitution (IES) (p). More detailed analysis and computational results are provided in the
Online Appendix.

Economic models of climate change often make reference to an “abatement cost” with ¢y rep-
resenting the magnitude of the cost of full abatement and ¢; capturing the convexity of the cost
function. Under this alternative interpretation, previous work led by Nordhaus use an alternative
calibration of ¢g = .1. Incorporating the [Nordhaus calibration in our setting leads to i) substan-
tially less R&D as a fraction of output, ii) a more modest but notable proportional reduction in
emissions, and iii) the same qualitative response to model uncertainty implications.

The prior environmental economics literature has explored sensitivity of the SCC to changes
in the “discount rate.” Often these analyses feature the implied discount rate used in comput-
ing present values abstracting from stochastic discounting. In our setting with misspecification,
stochastic discounting and endogenously determined changes in the probability measure are cen-
tral ingredients in valuation, as is expected from our understanding of asset pricing. Our results
show that increasing 0 leads to drops in the valuations, confirming a sensitivity often noted in the
environmental economics literature.

We also consider alternative values of the IES using the preferences defined in Appendix[C} Much
of the asset pricing literature has studied the consequences of changing the IES on asset valuation
within the setting of an endowment economy. Our economy is a production economy, however, and
changing the IES has a big impact on production outcomes. As expected from growth models, the

investment in both types of capital relative to output are higher when the elasticity is greater (p
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is smaller), and the valuations of the corresponding capital stocks move in the opposite way, as
expected. The observed growth sensitivities in emissions prior to any jumps are consistent with

the investment differences, since higher investment helps support more initial growth in outputﬁ

G Extended Analysis of the SVRD and SCGW

The next two tables present the uncertainty decompositions for an even more modest and more

extreme specification of &.

SVRD R&D investment / output
Uncertainty channel ¢ = .2 & =.025 E=.2 &=.025
baseline 411 (83%) 41.1 (32%) 0.0063 0.0063
climate uncertainty 41.6 (84%) 44.7 (35%) 0.0064 0.0074
damage uncertainty 41.8 (84%) 46.0 (36%) 0.0065 0.0079
productivity uncertainty 40.7 (82%) 38.0 (29%) 0.0062 0.0054
technology uncertainty — 48.4 (97%) 96.4 (74%) 0.0087 0.0345
all channels 49.8 129.5 0.0092 0.0622

Table 15: Social value of research and development and the R&D investment-output ratios
when different uncertainty channels are activated. The numbers in the parentheses for the
SVRD the percent reductions when not activating all channels simultaneously.

34When discussing our paper, Eric Renault reminded us that there can be seemingly counterintuitive
interactions between the IES and the risk aversion in recursive utility models, noting that the latter is not
a “pure” risk aversion parameter. Indeed, in dynamic stochastic settings, the intertemporal composition of
risk comes into play when exploring the preference implications. See |Cai and Lontzek| (2019)) and Hambel
et al| (2021) for related discussions when exploring the SCC. The changing implications for consumption
and investment induced by changes in the IES make the risk aversion comparisons all the more tricky.
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emissions
uncertainty channel ¢ =.2 &=.025 E=.2 &=.025
baseline 54.4 (78%) 54.4 (14%) 9.32  9.32
climate uncertainty 55.1 (79%) 59.3 (15%) 9.31  9.26
damage uncertainty 55.6 (80%) 63.7 (16%) 9.30  9.24
productivity uncertainty 54.2 (78%) 52.4 (13%) 9.32  9.33
technology uncertainty — 66.6 (96%) 212.2 (54%) 9.22  8.41
all-channels 69.4 390.6 9.19 7.55

Table 16: Social cost of global warming and emissions when different uncertainty channels
are activated. The numbers in parentheses for the SCGW are the ratios relative to activating

all channels simultaneously.

Many climate economics papers do not consider technology uncertainty. Table [17| shows impli-

cations for SCGW when we abstract from this uncertainty. To illustrate the impacts, we explore

even lower values of £. Both the climate and damage channels are now prominent, with the damage

channel being the more notable contributor.

SCGW
Uncertainty channel &E=1 &=.05 £ =.025 & =.0125
baseline 54.4 (94%) 54.4 (89%) 544 (30%) 54.4 (67%)
climate uncertainty 55.7 (96%) 56.9 (93%) 59.3 (87%) 63.6 (78%)
damage uncertainty 56.9 (98%) 59.2 (97%) 63.7 (94%) 71.8 (88%)
productivity uncertainty 53.9 (93%) 53.4 (87%) 52.4 (77%) 50.1 (62%)
climate+damage+productivity uncertainty 57.7 61.1 67.9 81.2

Table 17: SCGW under different uncertainty-channel specifications. The technology uncer-

tainty channel is switched off.

H Real options application

Consider a robust counterpart to Model I in Miao and Wang (2007). We refer to this as the

flow-payoff model. We let the utility be linear in consumption and the income process be:

dY; = adt + odW;.
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For purposes of illustration, we set « = .1 and o = .3@ When the option is exercised, we assume
a payoff equal to the discounted expected value minus a prespecified cost I. In our illustration, we
set I = 10. We use the discounted expected value for comparability to a second model that we
consider. The risk free rate and subjective rate of discount are the same, which we set as .02. We
refer to this as the discrete-payoff model.

The post exercise value function satisfies:
max —6V? + dc + V2 (rw — ¢) = 0,
C

which can be solved by setting VO(w) = éw. The value function, V, prior to exercising the option

solves the HJB equation:

2
maxmhin —0V + dc + V(6w — ¢) + Vya + ohV, + gh2 + %Vyy.

Guess that V(w,y) = d[w + G(y)]. Then

2 25
0= —6G + Gya + %ny - ‘;T(Gyf (21)
where the minimizing h solves:
o
h* = —%Vy - %Gy. (22)

This equation for G essentially matches Miao and Wang| (2007)’s G function in their Proposition

1. The discounted expected value with income realization, ¥, is

3!

52
obtained by solving the Feynman-Kac equation:
o2
0=—0F+y+akF,+ EFyy'

Thus, value matching gives:
0G(y) =g+ % — 01,

and smooth pasting gives
6Gy(y) = 1.

We next change the payoff on the investment by letting it be continuous given by the Y process.

We refer to this as the flow-payoff model. The value function, V°, after exercising satisfies the HJB

35Miao and Wang| (2007) use these numbers in the illustration they report in their Figure 4.
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equation:

1
max mhin —6V° +dc+ Vy(dw +y —c) +aV) +ohV) + 502Vy‘fy + ghQ =0.
We guess that V°(w,y) = d[w + F(y)]. With this guess, we solve

o? o)

0=—0F+y+ Fa+ ?Fyy - 276(1:@/)2
where 5
0.0 o
h* = —EVy = —?Fy

The solution for F is:
Fly) - 1 n o o?
P=51Y75 24|
implying that h* = —o /.
As with the discrete-payoff specification, the value function prior to the option being exercised

solves with V(w,y) = 6[w + G(y)]. The minimizing h* is given by formula (22)). The value-

matching condition is:

o

_ _ _ «

and the smooth-pasting condition is:
0Gy(y) = 0F,(y) = 1.

Notice that the value matching condition is the same for both models in the limiting case in which
& — oo.

Figure plots the derivatives for each model specification and for alternative values of the
robustness parameter, £. For the discrete-payoff model the derivatives increase with &, resulting in
lower values of 4 when the option is exercised. For the stochastic flow-payoff model the derivatives

decrease with &, resulting in higher values of the threshold .
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(A) discrete-payoff model (B) flow-payoff model

Figure 13: Plots of 0G,, for different values of &.

We plot the pre-jump drift distortions h* in Figure The post-jump distortions are zero for

the discrete-payoff specification, and, by the smooth pasting condition, equal to the distortion at the

time the option is exercised for the flow-payoff specification. Recall that the h* are expressed drifts

in a standard Brownian increment. They are not extreme for these illustrations as the magnitude of

the local mean distortion never exceeds ten percent of the standard deviation. The drift distortions

prior to exercise are a bit larger in magnitude for the discrete-payoff specification.
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N \ . \
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(A) discrete-payoff model (B) flow-payoff model

Figure 14: Plots of h* for different values of &.

I Computational method

We provide an outline of the computational computational algorithm used to solve the HJB equa-

tions in what follows, and direct the reader to our online appendix for full details.
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I.1 Policy iteration

For simplicity, we denote the state space, control set, and distortion set by:
X = {logk,y,logr}, @ ={i*¥ &}, T ={h" h 10" ¢".

The value function ©(X) depends on the state X.

A pseudo-code of the numerical algorithm for solving the HJB equation via policy iteration is
given in Algorithm [I] The algorithm involves an iterative process that alternates between policy
improvement steps and policy evaluation steps. The subsequent sections then explain further details

for each step in the algorithm.

Algorithm 1 Solving the HJB equation via policy iteration.

Input: Initial guess for value function ©°, e = 10~7
Output: Optimal value function v*
0« oY
Repeat
Step 1: Compute optimal actions ®* from the first-order condition of the maximization
problem using v, ®, I'
Step 2: Compute optimal probability distortions I'* from the first-order condition of the
minimization problem using v, ®*, I’
Step 3: Update the value function 0* by solving (conditionally) the HJIB PDE with a
false transient method. o, ®*, I'* are used in the PDE.
Step 4: 0 —0* O —P* [ I

Until [0* — 0] < ¢

[.2 Updating rules for ® and I' at policy improvement steps

In solving HJB equations, we often encounter complex, highly non-linear equations for our optimal
control choices that do not admit analytical solutions. To address this challenge, we implement an
iterative numerical specification which we call a “cobweb” algorithm to approximate the optimal

control variables. The cobweb algorithm works as follows:
1. Start with an initial guess for the control variable.
2. Compute the corresponding values in the equations.

3. Update the control variable based on the discrepancies observed.
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4. Repeat the process until the control variable converges to a stable value.

This cobweb algorithm is an interior loop within our iterative algorithm [I The tolerance
criteria for the cobweb algorithm is determined by testing the trade-off between necessary accuracy
for stability and speed of deriving solutions.

We note that every probability distortion from misspecification aversion has an analytical ex-
pression as a function of the value function and it’s derivatives. These can be computed and plugged
in directly to the HJB expressions, and the iterative process for the HJB equation solution updates

these values as the value function is updated until convergence is achieved.

I.3 Solving the linear PDE equation at the policy evaluation step

Updating value functions, given the state variables, controls, and distortions, is done by solving
the linear PDE implicitly. To mitigate the potential instability of the non-linear HJB, we add a
false transient (time) dimension and iterate the solution with an implicit time stepping procedure
until the false time derivative converges to zero.In addition, we solve the linear system using a
stabilized Bi-Conjugate Gradient solver with the ILU preconditioner provided by PETSc, a widely
used software library developed by researchers at Argonne National laboratory to efficiently solve
sparse linear /nonlinear systemsEGl We outline how we construct the linear system from the HJB
equation in what follows.
First, note that we can write the HJB equation from our model using the following form:

0 0v 0% 0%0 %0

_ BAi 7T A~ 72 ~ ~
vay Y Big Yoo T Yagay TG

A@+B,;;Z+B D=o.

More generally, our system can be expressed in the conditionally linear form:

0 = Vi(x) + AV, Ve, Vo)V (@) + B(2; V, Vi, Vau ) Var ()
3 trIC(E: V, Vi, Vea) Vaa (0)C(53 V. Vi, V)] + D3 V, Vi, Vi)
where z is our state variable vector, V,(z) = ‘g—‘;(w) and Vi (x) = %(x) are used for notational
simplicity. The solution is obtained by finding a V(x) such that the HJB equality, first-order
condition, and V;(z) = 0 hold. Conditional on an initial guess, V°(x), we calculate the coefficients
A B, C and D based on the flow utility and the evolution of the state variables. We substitute

the calculated coefficients, rearrange the terms, and apply a backward finite difference to V,?(x) to

36We particularly thank the research professionals from UChicago’s Macro-Finance Research Program
- Bin Cheng, Pengyu Chen, and Zhaoyang Xu - and our coauthor Hong Zhang, who worked together to
integrate the PETSc software (see Balay et al.| (2025))) into our computational algorithm.
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obtain the final expression

Vieg) = Vo) +[Ax, VO, VO, VOV (2) + Bz, VO, VO, VOV (2)

? x ) xrx
1
+5trCla, VO, Ve V) Vi (2)Cla, VO, VE Vi) + D(w, VO, VL VA
We solve numerically for V(:U) from this linear system using the Preconditioned Bi-Conjugate
Gradient Stabilized method from jvan der Vorst| (1992).

1.4 Finite-differences scheme

The finite difference scheme used in our computations is described as follows. At interior points
in the state space, we apply central differences for both first- and second-order derivatives. At
boundary points corresponding to the minimum state values, we use forward differences, while at
the maximum boundary values, we apply backward differences again for both first- and second-order

derivatives.
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