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Abstract

To perform a Bayesian analysis for a set-identified model, two distinct approaches exist;
the standard Bayesian inference that assumes a single prior for non-identified parameters,
and the Bayesian inference for the identified set that assumes full ambiguity (multiple
priors) for the parameters within their identified set. Both of the prior inputs considered
by these two extreme approaches can often be a poor representation of the researcher’s
prior knowledge in practice. This paper fills this large gap between the two approaches
by proposing a framework of multiple prior robust Bayes analysis that can simultaneously
incorporate a probabilistic belief for the non-identified parameters and a misspecification
concern about this belief. Our proposal introduces a benchmark prior representing the
researcher’s partially credible probabilistic belief for non-identified parameters, and a set of
priors formed in its Kullback-Leibler (KL) neighborhood whose radius controls the degree
of researcher’s confidence put on the benchmark prior. We propose point estimation and
optimal decision involving set-identified parameters by minimizing the worst-case posterior
expected loss, i.e., solving conditional gamma-minimax. We clarify that the conditional
gamma-minimax problem is analytically tractable and simple to solve numerically. We
also derive analytical properties of the proposed robust Bayesian procedure in the limiting
situations where the radius of KL neighborhood and/or the sample size are large. Our
procedure can be also used to deliver the range of posterior quantities including the mean,

quantiles, and the probability, based on which one can perform global sensitivity analysis.
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1 Introduction

Consider a partially identified model where the distribution of observables can be indexed by
a vector of finite dimensional reduced-form parameters ¢ € & ¢ R%m(¢) dim(¢p) < oo, but
knowledge of ¢ fails to pin down the values of underlying structural parameters and the object
of interest. By the definition of the reduced-form parameters of the structural modelling in
econometrics (equivalent to minimally sufficient parameters in statistics), ¢ is identifiable (i.e.,
there is no ¢, ¢’ € ®, ¢ # ¢', that are observationally equivalent).

Following the parametrizations used in Poirier (1998) and Moon and Schorfheide (2012) for
set-identified models, let § € © denote the auxiliary parameters that are non-identified even
with knowledge of ¢ and a set of identifying assumptions. On the other hand, 6 is necessary in
order to pin down the value of a (scalar) object of interest & = (6, ¢) € R. We denote a sample
by X and the realized one by z. Since ¢ are the reduced-form parameters, the value of the
likelihood (x|, ¢) depends only on ¢ for every realization of X, equivalent to saying X L 6|¢.
The domain of #, on the other hand, can be constrained by the value of ¢ and/or the imposed
identifying assumptions that can depend on ¢. We refer to the set of 6 logically compatible
with the conditioned value of ¢ and the imposed identifying assumption as the identified set
of 6 denoted by ISyp(¢). The identified set of « is accordingly defined by the range of «(f, ¢)

when 6 varies over 1.5y (¢),

15a(¢) ={a(0,¢) : 0 € 154(9)} (1)

which can be viewed as a set-valued map from ¢ to R.
We will focus on several leading examples of this set-up in the paper and use them to

illustrate our methods.

Example 1.1 (Supply and demand) Suppose the object of interest o is a structural param-
eter in a system of simultaneous equations. For example, consider a static version of the model

of labor supply and demand analyzed by Baumeister and Hamilton (2015):
Aﬂl’t = U, (2)

where xy = (Awyg, Ang) with Aw, and Any the growth rates of wages and employment, re-

—Bq

spectively, A =

1
] with B, > 0 the short-run wage elasticity of supply and B; < 0
S
the short-run wage elasticity of demand and uy are shocks assumed to be i.i.d. N(0,D) with



D = diag(dy,d2). The reduced form representation of the model is
Ty = €t (3)

with E (g6}) = Q= A"'D (A_l),. The reduced form parameters are ¢ = (w11, wiz, wa2)', with
w;; the (i,7) —th element of Q. Let 3, be the parameter of interest. The full vector of structural
parameters is (B, B4, d1,dz), which can be reparametrized to (B4, w11, w12, wae).t Accordingly,
and the object of interest o is 6 = (3 itself. The identified

set of o when wia > 0 can be obtained as (see, e.g., Baumeister and Hamilton (2015)):

in our notation, 6 can be set to 3,

ISy (¢) = {a:wig/win < a < wap/win}. (4)

Example 1.2 (Impulse response analysis) Suppose the object of interest is an impulse-
response in a general partially identified structural vector autoregression (SVAR) for a zero

mean vector Ty:

p
Agxt = Z Aj.l‘t_j + Ut, (5)
j=1
where ug 1s 1.i.d.N (0, 1), with I the identity matriz. The reduced form VAR representation is

P
Ty = ZBjxt—l + e, e ~N(0,9),
j=1
The reduced form parameters are ¢ = (vec(By)', ... ,vec(By), w11, wiz, we) € ®, with ® re-
stricted to the set of ¢ such that the reduced form VAR can be inverted into a VM A(oco) model:

Ty = ZCjet*j' (6)
7=0

The non-identified parameter is 6 = (vec(Q)'), where Q is the orthonormal rotation matriz
that transforms the reduced form residuals into structural shocks (i.e., uy = Q' Qt_rlat, where Q.
is the Cholesky factor from the factorization Q = Q,.Q)},.). The object of interest is the (i,j)—th
impulse response at horizon h, which captures the effect on the i-th variable in xiyp of a unit
shock to the j-th element of u; and is given by a = e€,CrQr-Qe;, with e; the j — th column of
the identity matriz. The identified set of the (i,7) — th impulse response in the absence of any

identifying restrictions is
15a(¢) = {a = €;Ch U Qe; : Q € O}, (7)

where O is the space of orthonormal matrices.

1See Section ?? below for the transformation. If 8 4 is a parameter of interest, an alternative reparametrization

allows us to transform the structural parameters into (8, w11, w12, wa2).



Example 1.3 (Entry game) As a microeconometric application, consider the two-player en-
try game in Bresnahan and Reiss (1991) used as the illustrating example in Moon and Schorfheide
(2012). Let wf\;[ = B, +€ij, j = 1,2, be the profit of firm j if firm j is monopolistic in market
ie{l,...,n}, and 775 = Bj—v,+¢€ij be firm j’s profit if the competing firm also enters the mar-
ket i (duopolistic). The €;;’s capture unobservable (to the econometrician) profit components
of firm j in market i and they are known to the players, and we assume (€;1,€:2) ~ N (0, I3).
We restrict our analysis to the pure strateqy Nash equilibrium, and assume that the game is
strategic substitute, v,,vo > 0. The data consist of iid observations on entry decisions of
the two firms. The non-redundant set of reduced form parameters are ¢ = (¢11, boo, P10) » the
probabilities of observing a duopoly, no entry, or the entry of firm 1. This game has multiple
equilibria depending on (€;1,€;2); the monopoly of firm 1 and the monopoly of firm 2 are pure
strategy Nash equilibrium if €;1 € [—01, =01 + 1) and €2 € =By, —B5 + 72]. Let ¢ € [0,1]
be a parameter for an equilibrium selection rule representing the probability that the monopoly
of firm 1 is selected given (€;1,€2) leading to multiplicity of equilibria. Let the parameter of
interest be o = 7y, the substitution effect for firm 1 from the firm 2 entry. The vector of full
structural parameters augmented by the equilibrium selection parameter v is (81,71, B2, Va2, V),
and they can be reparametrized into (81,71, P11, Poo, P10)-> Hence, in our notation, 6 can be
set to 0 = (B1,71) and a = v,. The identified set for 6 does not have a convenient closed-form,

but it can be expressed implicitly as

ISy(¢) = {(51771) 7 20, min }H¢—¢(517717527’72’¢)H :0}7 (8)

526R27’Y22071/)6[071

where ¢ (+) is the map from structural parameters (81,71, B2, Y2, ¥) to reduced-form parameters

¢. Projecting 1S9(¢) to the v, -coordinate gives the identified set for o = ~y,.

Generally, the identified set only collects all the admissible values of « that meets the im-
posed identifying assumptions given knowledge of the distribution of observables (the reduced-
form parameters). In some contexts, however, it may not be the case that the identifying as-
sumptions imposed dogmatically exhaust all the available information that the researcher has.
A more common situation is that the researcher has some form of additional but only partially
credible assumptions about some underlying structural parameters or about the non-identified
parameter 6 based on economic theory, background knowledge of the problem, or empirical

studies that use different data. From the standard Bayesian viewpoint, the recommendation is

2See Section C below for concrete expressions of the transformation.



to incorporate this information into the analysis through specifying a prior distribution of (6, ¢)
or that of the full structural parameters. For instance, in the case of Example 1.1, Baumeister
and Hamilton (2015) propose a prior of the elasticity of supply [, that draws on estimates
obtained in microeconometric studies, and consider a Student’s t density calibrated to assign
90% probability to the interval 5, € (0.1,2.2). Another example considered by Baumeister
and Hamilton (2015) is a prior that incorporates long-run identifying restrictions in SVARs in
a non-dogmatic way, as a way to capture the uncertainty one might have about the validity
of this popular but controversial type of identifying restrictions. In the situations where ad-
ditional informative prior information other than the identifying restrictions is not available,
some Bayesian literature has recommended the use of the uniform prior as a representation of
the indifference among #’s within the identified set. For example, in SVARs subject to sign
restrictions (Uhlig (2005)) it is common to use the uniform distribution (the Haar measure)
over the set of orthonormal matrices in (7) that satisfy the sign restrictions. For the entry game
in Example 1.3, one of the prior specifications considered in Moon and Schorfheide (2012) is
the uniform prior over the identified set of 6.

At the opposite end of the standard Bayesian spectrum, Giacomini and Kitagawa (2018)
advocate adopting a multiple-prior Bayesian approach when one has no further information
about 0 besides a set of exact restrictions that can be used to characterize the identified set.
While maintaining a single prior for ¢, this set of priors consists of any conditional prior for 0
given ¢, g4, supported on the identified set 1Sp(¢). Giacomini and Kitagawa (2018) propose
to conduct a posterior bound analysis based on the resulting class of posteriors, that leads to an
estimator for IS, (¢) and an associated "robust” credible region that asymptotically converge
to the true identified set, which is the object of interest of frequentist inference. Being implicit
about the ambiguity inherent in partial identification analysis, one can also consider posterior
inference for the identified set as in Moon and Schorfheide (2011), Kline and Tamer (2016), and
Liao and Simoni (2013), to obtain similar asymptotic equivalence between posterior inference
and frequentist inference.

The motivation for the methods that we propose in this paper is the observation that both
types of prior inputs considered by the two extreme approaches discussed above - a precise
specification of my 4 or full ambiguity about 7|4 - could be a poor representation of the belief
that the researcher actually possesses in a given application. For example, the Student’s t prior
specified by Baumeister and Hamilton (2015) in Example 1.1 builds on the plausible values
of o found in microeconometric studies, but such prior evidence may not to be sufficient for

the researcher to be confident in the particular shape of the prior. At the same time, the



researcher may not want to entirely discard such available prior evidence for « and take the
fully ambiguous approach. Further, a researcher who is indifferent over values of 6 within its
identified set may be concerned about the fact that even a uniform prior on 1Sy (¢) can cause
unintentionally informative prior for a or other parameters. Full ambiguity for g, may also
not be appealing, if, for instance, a prior that is degenerate at an extreme value in ISy (¢)
appears less sensible than a non-degenerate prior that supports any 6 in the identified set. The
existing approaches to inference in partially identified models lack a formal and convenient
framework that enables one to incorporate any ”vague” prior knowledge for the non-identified
parameters that the researcher possesses and is willing to exploit.

The main contribution of this paper is to fill the large gap between the single prior Bayesian
approach and the fully ambiguous multiple prior Bayesian approach by proposing a method
that can simultaneously incorporate a probabilistic belief for the non-identified parameters and
a misspecification concern about this belief in a unified manner. Our idea is to replace the fully
ambiguous beliefs for 7y, considered in Giacomini and Kitagawa (2018) by a class of priors
defined in a neighborhood of a benchmark prior. The benchmark prior 7r;| s represents the
researcher’s reasonable but partially credible prior knowledge about €, and the class of priors
formed around the benchmark prior captures ambiguity or misspecification concerns about
the benchmark prior. The radius of the neighborhood prespecified by the researcher controls
the degree of confidence put on the benchmark prior. We then propose point estimation and
interval estimation for the object of interest « by minimizing the worst-case (minimax) posterior
expected loss with respect to the priors constrained to this neighborhood.

Our paper makes the following unique contributions: (1) we clarify that the estimation
for the partially identified parameter under vague prior knowledge can be formulated as a
decision under ambiguity in the form considered in Hansen and Sargent (2001); (2) we provide
an analytically tractable and numerically convenient way to solve the conditional gamma-
minimax estimation problem in general cases; (3).we give simple analytical solutions for the
special cases of a quadratic and a check loss function and for the limit case when the shape of

benchmark prior is irrelevant; (4) we derive the properties of our method in large samples.

1.1 Related Literature

Approaches of introducing a set of priors to draw robust posterior inference go back to the robust
Bayesian analysis of Robbins (1951), where the basic premise is that the decision maker cannot

specify a unique prior distribution for the parameters due to the limited prior knowledge or



limited ability to elicit the prior. Good (1965) argues that prior input easier to elicit in practice
is a class of priors rather than a single prior. When the class of priors is used as prior input,
however, how to update the class in light of the data is short of consensus. One extreme is
the Type-II maximum likelihood (empirical Bayes) updating rule of Good (1965) and Gilboa
and Schmeidler (1993), while the other extreme is what Gilboa and Marinacci (2016) call the
full Bayesian updating rule. See Jaffray (1992) and Pires (2002). We introduce a single prior
for the reduced-form parameters and a class of priors for the unrevisable part of prior. Since
any prior in the class leads to the same value of marginal likelihood, we obtain the same set of
posteriors no matter what updating rule we apply.

We perform minimax estimation/decision by applying the minimax criterion to the set of
posteriors, which is referred to as the conditional gamma-minimax criterion in the statistics
literature; see, e.g., DasGupta and Studden (1989), and Betré and Ruggeri (1992). The con-
ditional gamma-minimax criterion is distinguished from the (unconditional) gamma-minimax
criterion where minimax is performed a priori observing the data. See, e.g., Manski (1981),
Berger (1985), Chamberlain (2000), and Vidakovic (2000). An analogue to the gamma-minimax
analysis in the economics decision theory is the maximin expected utility theory axiomatized
by Gilboa and Schmeidler (1989).

The existing gamma-minimax analyses focus on identified models and have consider various
ways of constructing a prior class, including the class of bounded and unbounded variance priors
(Chamberlain and Leamer (1976) and Leamer (1982)), e-contaminated class of priors (Berger
and Berliner (1986)), and class priors built on a nonadditive lower probability (Wasserman
(1990)), a class of fixed marginal priors (Lavine et al. (1991)), to list a few. This paper focuses
on a class of set-identified models where the posterior remains to be sensitive even in large
samples due to the lack of identification. A class of priors proposed in this paper consists
of those belonging to a specified KL-neighborhood around the benchmark prior. As shown
in Lemma 2.2 below, conditional gamma-minimax with such class of priors is closely related
to multiplier minimax problem considered in Peterson et al. (2000) and Hansen and Sargent
(2001). When the benchmark prior covers the entire identified set, the KL-class of priors with
an arbitrarily large neighborhood can replicate the class of priors considered in Giacomini and
Kitagawa (2018).

Our analysis of obtaining the set of posterior means, probabilities, quantiles, etc. can be
used for global sensitivity analysis, where the goal of analysis is to summarize the sensitivity
of the posterior to a choice of prior. See Moreno (2000) and references therein. For global

sensitivity analysis, Ho (2019) also considers a KL-based class of priors similar to ours. Our



approach differs from his approach if applied to the set-identified models in the following
aspects. First, any priors in our prior class shares a prior for the reduced-form parameters,
while it is not necessarily the case in Ho (2019). Second, Ho (2019) recommends to set the
radius of the KL-neighborhood by reverse engineering in reference to a Gaussian approximation
of the posterior. We in contrast argue to pin down the radius of KL-neighborhood by directly
eliciting the range of prior means of a parameter for which we have reasonable prior knowledge
in the form of an interval.

The concern of robustness tackled in our approach is about misspecification of the prior
distribution in the Bayesian setting. In contrast, the frequentist approach to robustness typ-
ically concerns misspecification in the likelihood, moment conditions, or a specification of the
distribution of unobservables. Estimators that are less sensitive to such misspecification and/or
how to assess sensitivity thereof are analyzed in Armstrong and Kolesdr (2019), Bonhomme
and Weidner (2018), Christensen and Connault (2019), Kitamura et al. (2013), among others.

1.2 Roadmap

The remainder of the paper is organized as follows. In Section 2, we introduce the analytical
framework and formulate the statistical decision problem with the multiple priors localized
around the benchmark prior. Section 3 solves the multiplier minimax problem with a general
loss function. With the quadratic and check loss functions, Section 4 analyzes point and
interval estimations of the parameter of interest. Section 4 also considers the two types of
limiting situations: (1) the radius of the set of priors diverges to infinity (fully ambiguous
beliefs) and (2) the sample size goes to infinity. Section 5 discusses how to elicit the benchmark
prior and how to set up the tuning parameter that governs the size of the prior class. In Section

6, we provide one empirical and one numerical examples.

2 Estimation as Statistical Decision under Ambiguity

2.1 Setting up the Set of Priors

The starting point of the analysis is to express a joint prior of (6, ) by mggme, where g4
is a conditional prior probability measure of the non-identified parameter 6 given the reduced
form parameter ¢ and 7, is a marginal prior probability measure of ¢. Since o = (0, ¢) is a
function of ¢ given ¢ being fixed, 7g)4 induces a conditional prior distribution of « given ¢, 7y 4.

The set of identifying assumptions imposed characterizes 1.S,(¢), the range of « values that



is consistent with the given reduced-form parameter value ¢ and the identifying restrictions.
Any prior for (6, ¢) that satisfies the imposed identifying assumptions with probability one has
the support of 7,4 contained in the identified set 1.9,(¢), i.e., Tqg(a € 1S4(¢)) = 1, for all
¢ € ®. A sample X is informative about ¢ so that 7, can be updated by data to obtain a
posterior g x, whereas the conditional prior g4 (and hence 7Ta‘¢) can never be updated by
data and the posterior inference for o remains sensitive to the choice of conditional prior no
matter how large the sample size is. Therefore, for the decision maker who is aware of these
facts, misspecification of the unrevisable part of the prior 7, becomes a major concern in
conducting posterior inference.

Suppose that the decision maker can form a benchmark prior 71';‘ & for the unrevisable
part of the prior. This conditional prior for 6 given ¢ captures information about 6 that is
available before the model is brought to the data (see Section 6 for discussions on how to elicit
a benchmark prior). This benchmark prior induces the benchmark prior for « given ¢, denoted
by wzl Py If one were to impose a sufficient number of restrictions to point-identify «, this would
amount to have the benchmark prior of a given ¢ to be the point mass measure supported
at the singleton identified set, and having the posterior of ¢ induces the single posterior of «.
In contrast, under set-identification, 7TZ| 4 determines how the benchmark probabilistic belief is
allocated within the identified set I.S, (¢) if non-singleton.

We consider a set of priors (ambiguous beliefs) in a neighborhood of 7r§| 6" while maintaining
a single prior of ¢ - and find the estimator of o that minimizes the worst-case posterior risk as
the priors range over this neighborhood.

For the construction of a neighborhood around the benckmark conditional prior, we consider
the Kullback-Leibler neighborhood of m , with radius A € [0, 00):

m (ng ¢) = {WW : R(mgig ) < )\} , 9)
where R(ﬁ9|¢H7r2| ) = 0 is the Kullback-Leibler divergence (KL-divergence) from Toip 1O Tojg,

or equivalently the relative entropy of g4 relative to 7r3| Px

R(mois ) = / In (d”i¢> dry.
155(¢) dmg1

73(7r9|¢\|772| ») is finite if and only if 7g|4 is absolutely continuous with respect to s Otherwise,

we define R(w9|¢|]7r;‘ ) = oo following the convention. As is well known in information theory,
R(7r9|¢\|7rz|¢) = 0 if and only if g, = 75, (see, e.g., Lemma 1.4.1 in Dupuis and Ellis (1997)).
Since the support of the benchmark prior 71';‘ s coincides with or contained by 1.Sp(¢), any mg|4
belonging to H/\(TFZM)) satisfies mg|,(1Sp(9)) = 1.



An analytically attractive property of the KL-divergence is its convexity property in g4,
which guarantees that the constrained minimax problem (13) below has a unique solution
under mild regularity conditions. Note that the KL-neighborhood is constructed at each ¢ € ®

independently, and no constraint is imposed to restrict the priors in IT* (71';‘ ¢) across different
values of ¢, i.e., fixing mgy € I (7T§| ¢> at one value of ¢ does not restrict feasible priors in

I (71';‘ ¢) for the remaining values of ¢. We denote the class of joint priors of (6, ¢) formed
by selecting g4 € H)‘(sz)) for each ¢ € ® by

Hg\(f) = {7T9¢ = 7T9|¢7T¢) : 7'('9‘(]5 c HA(WZ|¢), V¢ c (I)} .

This way of constructing priors simplifies our multiple-prior analysis both analytically and
numerically, and it is what we pursue in this paper. Alternatively, one could consider to form
the KL-neighborhood for the unconditional prior of (6, ¢) around its benchmark, as considered
in Ho (2019).

In the class of partially identified models we consider, there are several reasons why we
prefer to introduce ambiguity to the unrevisable part of the prior 7y 4 rather than to the fully
unconditional prior 7. First, the major source of posterior sensitivity comes from g4, and
our aim is to make estimation and inference robust to the prior input that can not be updated
by the data. Second, if we allow for multiple priors also for ¢, we potentially distort the
posterior information about the identified parameter by allowing for a prior of w4 that fits
poorly to the data, i.e., m4 far from the observed likelihood. Keeping w4 fixed, we can ensure
that any posteriors equally fits the data, i.e., the value of the marginal likelihood is kept fixed.
Third, if we keep 74 fixed, the updating rules of for the set of priors proposed in the decision
theory under ambiguity, including, for instance, the full Bayesian updating rule axiomatized
by Pires (2004), the maximum likelihood updating rule axiomatized by Gilboa and Schmeidler
(1993), and the hypothesis-testing updating rule axiomatized by Ortoleva (2004), all lead to
the same set of posteriors. This means that the minimax decision decided after X is observed
is invariant to the choice of the updating rule, while it is not necessarily the case if we allow

multiple priors for ¢.

m (7’[’2| ¢) is increasing in A and, H‘X’(Tr;' ¢) = lim)_ o sup IT* (772| ¢> contains any proba-
bility measure that is dominated by 772| & i.e., the benchmark prior becomes relevant only for
determining the support of 7|, in the limiting situation of A — oco. The radius A is the scalar
choice parameter that represents the researcher’s degree of credibility placed on the benchmark

prior. Since our construction of the prior class is pointwise at each ¢ € ®, the radius A could

10



in principle differ across ¢, but we set A to a positive constant independent of ¢ in order to
simplify the analysis and its elicitation. The radius parameter A itself does not have an easily
interpretative scale. It is therefore hard to translate the subjective notion of “credibility” on
the benchmark prior into a proper choice of A. Section 6 below proposes a practical way to

elicit A in reference to a parameter for which partial prior knowledge is available.

2.2 Posterior Minimax Decision

We first consider statistical decision problems in the presence of multiple priors and posteriors
formulated by H)‘(wz| ¢). Specifically, we focus on point estimation problem for the parameter of
interest «, while the framework and the main results shown below can be applied to other sta-
tistical decision problems including interval estimation and statistical treatment choice (Manski
(2004)).

Let §(X) be a statistical decision function that maps data X to a space of actions D C R,
and h(0(X),a) is a loss function. In point-estimation of scalar parameter of interest, the loss

function can be, for instance, the quadratic loss
h(5(X),a) = (5(X) - a)?, (10)
or the check loss for the 7-th quantile
R(X),0) = p,(a—8(X)) (11)
pr(u) = Tu-1{u>0}—(1—7)u-1{u<0}.

Given a conditional prior 74 and the single posterior for ¢, the posterior expected loss is given
by
L[] how).a.0)dngs| drax. (12
@ [ JISe(¢)

Provided that the decision maker faces ambiguous beliefs for g4 in the form of multiple priors
HA(W;‘ ¢)’ we assume that the decision maker reaches an optimal decision by applying the

conditional gamma-minimax criterion, i.e., minimizes in §(z) the worst-case posterior expected

11



loss when g4 varies over H)‘(W§| ¢) for every ¢ € @,

Constrained posterior minimaz:

min max /[/ h(5($),a(97¢))d79¢] dmg|x
@ | JISy()

6(z)€D 7T0¢€H$¢

= min max h(d(ﬂj‘),a(e, qb))dﬂ-@ (15] d7r¢X (13)
5(r)€D[I>ﬂ9|¢er(n;¢) [/150(¢) | |

where the equality follows by noting that the class of joint priors Hé\qb is formed by an inde-
pendent selection of gy € H)‘(W;M) at each ¢ € ®. Since any mgy € H)‘(wzw)) has the support
contained in 1Sp(¢), the region of the integration with respect to 6 can be extended to the

whole parameter space © without changing its value;
[ ho@)a@.0)drg, = [ 3.0 0.0)dm,
159(9)
for mg)4 € HA(W;‘W).

Since the loss function h (d,« (6, ¢)) depends on 6 only through the parameter of interest
«, we may want to work with the set of priors for a given ¢ instead of that of 8 given ¢.
Specifically, we form the set of priors for 7,4 by forming the KL-neighborhood around 7'[‘2‘ &

the benchmark conditional prior for « given ¢ constructed by marginalizing 7r2| PRLXCE

() = {WW : R(majs ) < /\} ,

and consider the following constrained posterior minimax problem:

min max h(6(x), a)dm,s | dmex. 14
6(m)eD[1>m|¢em(n;;¢) [/Isa(¢) ) ) d’] X (14)

H’\(W(’;' ¢) nests and is generally larger than the set of priors formed by «|¢ -marginals of
Tl € H/\(7T2| ¢), as shown in Lemma A.1 in Appendix A. Nevertheless, the next lemma implies

that (13) and (14) lead to the same solution.

Lemma 2.1 Fiz ¢ € ® and § € R, and let A > 0 be given. For any measurable loss function
h(6,a(0,9)), it holds

max h(d,c (0, 0))dmgs| = max / h(d, )dmye| -
o1 €N (75,4) [/lse(¢>) @ Talg €My 5) | JISa(9) i

12



Proof. See Appendix A. =

This lemma implies that no matter whether we introduce ambiguity to the entire non-
identified parameterss 6 conditional on ¢ or only to the parameter of interest « conditional on
¢ with being agnostic about the conditional prior of |, ¢ , the constrained minimax problem
supports the same decision as optimal, as far as the common A is specified. This lemma therefore
justifies us to ignore ambiguity or robustness concern about the set-identified parameters other
than a and to focus only on the the set of priors of «|¢ which ultimately matters for the
posterior expected loss. A useful insight of this lemma is that, given 7y, elicitation of A can be
done by focusing on a set-identified parameter for which partial prior knowledge is available in
the form of the range of prior probabilities or the range of means. This parameter used to elicit
A can be different from the parameter of interest «, while it is useful to tune up the amount
of ambiguity to be incorporated into the robust estimation and inference for o. We discuss
further detail about elicitation of A in Section 6 and illustrate in the empirical application of

Section 7.

A minimax problem closely related to the constrained posterior minimax problem formu-

lated in (14) above is the multiplier minimaz problem:

Multiplier minimazx:

min max h(0(x), a)dmy iy — KR(To)s |70 dm g x, 15
6(@6@%} [ﬂa¢€H°°(ﬂZ|¢){/.TSa(¢) (8(z), @) 19 ( |¢H |¢)}] oI (15)

where £ > 0 is a fixed constant. The next lemma shows the relationship between the inner

maxization problems in (14) and (15):

Lemma 2.2 (Lemma 2.2. in Peterson et al. (2000), Hansen and Sargent (2001)) Fiz 6 € D
and let A > 0. Define

ra(d,9) = max ) [/Isa(¢) h(4, a)dwa|¢] . (16)

WQ‘¢€HA <7TZ‘¢

If ra(0,¢) < oo, then there exist k) (0,¢) > 0 such that

rA(d, ) = max {/ISQ(@ h(6,a)dmq g — K (6, @) (R(Tra\quﬂ'Zw) - )‘> } . (17)

7ra‘¢6H°°(7rZ|¢)

Furthermore, ifwg‘(b e (W;|¢) is a maximizer in (16), 7Tg|¢ also mazimizes (17) and satisfies

i (8.0) (R(xSygllmiyg) = A) = 0.
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In this lemma, k) (J,¢) is interpreted as the Lagrangian multiplier in the constrained op-
timization problem (16), whose value depends on A. Furthermore, k) (J,¢) that makes the
constrained optimization (16) and the unconstrained optimization (17) equivalent depends on
¢ and ¢ through 7'['2‘ 4 and the loss function h (0, ) (See Theorem 3.1 below). Conversely, if we
formulate the robust decision problem with starting from (15) with constant x > 0 independent
of ¢ and ¢, an implied value of A\ that equalizes (16) and (17) depends on ¢ and ¢, i.e., the
radii of the implied sets of priors vary across ¢ and depend on the loss function A (4, «). The
multiplier minimax problem with constant x appears analytically and numerically simpler than
the constrained minimax problem with constant A, whereas a non-desirable feature is that the
implied class of priors (the radius of KL-neighborhood) is endogenously determined depend-
ing on what loss function one specifies. Since our robust Bayes analysis sets the set of priors
(ambiguous belief) as the primary input which is invariant to the choice of loss function, we
consider the constrained minimax problem (14) with constant A rather than the multiplier min-
imax problem (15) with fixed . Such approach is also consistent with the standard Bayesian
global sensitivity analysis where the ranges of posterior quantities are computed with the same
set of priors no matter whether one focuses on the range of posterior means or quantiles. Nev-
ertheless, the relationship shown in Lemma 2.2 is useful for examining the analytical properties

of the constrained minimax problem, as we shall shown in the next section.

3 Solving Constrained Posterior Minimax Problem

3.1 Finite Sample Solution

The inner maximization in the constrained minimax problem of (14) has an analytical solution,

as shown in the next theorem.

Theorem 3.1 Assume for any § € D, h(0,a) is bounded on 1S.(¢), Ty — a.s., and the dis-
tribution of h (9, «) induced by o ~ ﬂ—Z"(b 1s nondegenerate. The constrained posterior minimax

problem (14) is then equivalent to

min/br)\ (6,9)dmyx, (18)

0€D

where rx (6, 0) = / h(5,a)d7rg‘¢,
1Sa(¢)

dn® = exp {h(d,a)/kr(0,0)} - dr
Talp f]Sa@)) exp {h((S, a)//{)\(é, ¢)} dﬂzw Talps
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and kx(8,¢) > 0 is the unique solution to

min /fln/ exp {h((;’ @) } d77j;|¢> + KAy
k>0 ISa(9) K

Proof. See Appendix A. =

Note that the statement of the theorem is valid for any sample size and any realization of X.
The obtained representation simplifies the analytical investigation and the computation of the
minimax decision, and we make use of it in the following sections. We can easily approximate
the integrals of the objective function in (18) using Monte Carlo draws of («, ¢) sampled from
the benchmark conditional prior 7'[':;‘ é and the posterior mg x. The minimization for ¢ can
be performed, for instance, by a grid search using the Monte Carlo approximated objective

function.

3.2 Large Sample Behavior of the Posterior Minimax Decision

Investigating the large sample approximation of the optimal decision can suggest further com-
putational simplification. Let n denote the sample size and ¢, € ® be the value of ¢ that
generated the data (the true value of ¢). To establish asymptotic convergence of the minimax

optimal decision, we impose the following set of regularity assumptions.

Assumption 3.2

(i) (Posterior consistency) The posterior of ¢ is consistent to ¢y almost surely, in the sense
that for any open neighborhood G of ¢g, Tgx (G) — 1 as n — oo for almost every

sampling sequence.

(i) (Nonnegative and bounded loss) The loss function h(d,«) is nonnegative and bounded,
0<h(d,a) <M < o0,
holds for every (0,a) € D x A.

(iii) (Compact action space) D the action space of 0 is compact.

15



(iv) (Nondegeneracy of loss) There exists Go C ® an open neighborhood of ¢, and positive
constants ¢ > 0 and € > 0 such that

. ~\ 2
Tolé ({ (h(d,a) - h) > c}) >e€
holds for all 5 € D, h € R, and ¢ € Gy.

(v) (Continuity of m44) The benchmark prior satisfies

as ¢ — ¢q, where B is the class of measurable subsets in A.

= sup

* (B)—7", (B 0
TV pen 7Ta|¢>( ) 7ra|<;50( )| —

=t
alg algg

(vi) (Differentiability of prior means) For each r € (0,00),

0
su —FE* (h(d,a))|| < oo,
5eD,¢IéGO o ol (1 ))’
o ., h((S,a)))H
su — h(d,a)exp | ——= < 00.
5eD,¢IéGO o a|¢< (6,2) p< K

(vii) (Continuity of the worst-case loss and uniqueness of minimaz action) ry (9, ¢y) defined
in Lemma 2.2 and shown in Theorem 3.1 is continuous in § and has a unique minimizer

mnd.

Assumption 3.2 (i) assumes that the posterior of ¢ is well-behaved and the true ¢, can be
estimated consistently in the Bayesian sense. The posterior consistency of ¢ can be ensured
by imposing higher level assumptions on the likelihood of ¢ and the prior for ¢. We do
not present them here for brevity (see, e.g., Section 7.4 of Schervish (1995) for details about
posterior consistency). The boundedness of the loss function imposed in Assumption 3.2 (ii)
can be implied if, for instance, we assume h(J,«) is continuous and D and A are compact.
The nondegeneracy condition of the benchmark conditional prior stated in Assumption 3.2
(iv) requires that IS,(¢) is non-singleton at ¢, and on its neighborhood Gy since otherwise
Wzl é supported only on IS,(¢) must be a Dirac measure at the point-identified value of a.
Assumption 3.2 (v) says that the benchmark conditional prior for « given ¢ is continuous at ¢,
in the total variation distance sense. When 7,4 supports the entire identified set [ Sa(@), this
assumption requires that 1.5,(¢) is a continuous correspondence at ¢,. This assumption also

requires that any measures dominating WZI o have to dominate wzl " for ¢ in a neighborhood
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of ¢y, as otherwise = 1 holds for some ¢ — ¢,. It hence rules out the

* *
‘WQW ~ Talg, TV
cases such as (1) I1S5,(¢) is a singleton (i.e., Tolg, 15 the Dirac measure) while 1.5,(¢) has the

nonempty interior with continuously distributed 7TZ| 8 for ¢’s in a neighborhood of ¢, and (2)
WZ‘ b0 and WZ| & ¢ € Gg are discrete measures with different support points.? In addition, the
differentiability of the prior means Assumption 3.2 (vi) imposes smoothness of the conditional
average loss functions with respect to ¢. Assumption 3.2 (vii) assumes that conditional on
the true reduced-form parameter value ¢ = ¢, the constrained minimax objective function is

continuous in the action and has the unique optimal action.

Under these regularity assumptions, we obtain the following asymptotic result about con-

vergence of the constrained posterior minimax decision.

Theorem 3.3 (i) Let 5y € arg mingep fq) A (0, ¢) dmg x. Under Assumption 3.2,

5,\ — 0y (¢g) = argminry (J, ¢p) ,
6eD

as n — oo for almost every sampling sequence.
(i1) Furthermore, for any <2> such that H<2> — gbOH —p 0 asn — 00, 6 ((25) € arg mingep (5, qAb)

converges in probability to dy (¢y) as n — oo.
Proof. See Appendix A. =

This theorem shows that the finite sample conditional gamma-minimax decision has a well-
defined large sample limit that coincides with the optimal decision under the knowledge of
the true value of ¢. In other words, the posterior uncertainty of the reduced-form parameters
vanishes in large samples and what matters asymptotically for the conditional gamma-minimax
decision is the ambiguity of the unrevisable part of the prior (the conditional prior of « given
¢) minimax posterior uncertainty. The theorem has a useful practical implication: when the
sample size is moderate to large so that the posterior distribution of ¢ is concentrated around its
maximum likelihood estimator (MLE) o ML, one can well approximate the exact finite sample

minimax decision by minimizing the ”plug-in” objective function, where the averaging with

3When a benchmark prior WZW is a probability mass measure selecting a point from ISy (¢) for every ¢ (i.e.,
the benchmark prior delivers an additional restriction that makes the model point-identified), the optimal d(z) is
given by the Bayes action with respect to the single posterior of y induced by such benchmark prior irrespective
of the value of k. This implies that robust estimation via the multiplier minimax approach is not effective if the

benchmark prior is chosen based on a point-identifying restriction.
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respect to the posterior of ¢ in (18) is replaced by plugging o v in 7y (6, ¢). This will reduce
computational cost of approximating the objective function since what we need in this case are

only MCMC draws of 6 (or «) from LT, (or ﬂa%“).

4 Range of Posteriors and Sensitivity Analysis

Our analysis so far focuses on minimax decision (estimation) with a given loss function h(d, «).
The robust Bayes framework with multiple priors is also useful to compute the range of the pos-
terior quantities (mean, median, probability) when the prior varies over the KL-neighborhood
of the benchmark prior. The range of posterior quantities offers a useful tool for global sen-
sitivity analysis. For instance, by reporting the range of posterior means, we can learn what
posterior results are robust to what size of perturbations specified by A to the prior input.

Given the posterior for ¢ and the class of priors II* (772| ¢), the range of posterior means of
f (@) is defined as

L)na¢61rlllil(ln;¢) </f(a)d7ra¢>> dmg)x, [I’Wawerg?z{vr;,d,) </f(oz)d7ra|¢> drgx |- (19)

For instance, the range of posterior means of « is obtained by setting f(a) = «, and the range
of posterior probabilities on subset B C B is obtained by setting f(a) = 1{«a € B}. The range
of posterior quantiles of a can be computed by inverting the range of cumulative distribution
functions of the posterior of a. The optimization problems to derive the bounds (19) are
identical to the inner maximization problems of the constrained minimax problem (14) with
h(6,a) replaced by f(«) or —f(«).

Applying the expression of the worst-case expected loss shown in Theorem 3.1 to the current
context, we obtain analytical expressions for the posterior ranges. By replacing h (4, «) in

) (0, ¢) defined in equation (18) with f(a) or —f(«), the range of posterior means of f(«) can

[[p </f(a)d7r£¢> d7r¢x,[b </f(a)d7rgl¢) dW¢|X] , (20)

where 7r£ P and Wzl » are the exponentially tilted conditional priors obtained as the solutions to

be expressed as
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the optimizations in (19):

P e (L) S
10 = Texp{~[(@)/w(d)}drsy, "

e ___ep{f@/r )}
alg = feXp{f(a)/”u(qb)}d”ZW alg?

K (¢) = argrﬁrgg{ﬂln/exp{_féa)} WZ|¢>+I€)\}7
K“(p) = argrgg{mln/exp{%@}d7r2¢+/£)\}

As we explain more details in Section 7 below, it is feasible to compute these quantities using

the Monte Carlo draws of («a, ¢) sampled from the benchmark conditional prior TI'Z‘ & and the
posterior of ¢.

Note that the range of prior means of f(«) is obtained similarly by replacing 74 x in (19)

M (/f(a)dwg|¢) dw¢,A </f(a)dwg,¢) dw¢], (21)

The range of prior mean or posterior for « (or other parameter) is a useful object for the

with the prior mg.

purpose of eliciting a reasonable value of X in light of the partial prior knowledge that the
researcher has for f(«). In Section 6 below, we discuss how to elicit A using the range of prior

means of «.

5 Minimax Estimation with Large \

This section presents further analytical results on the posterior minimax analysis for two com-
mon choices of statistical loss, the quadratic loss and the check loss. Maintaing the finite
sample situation of Section 3.1, we first focus on the limiting situation of A — oo, i.e., the case
when the decision maker faces extreme ambiguity, and argues how the minimax estimator for

a relates to the posterior distribution of the identified set 1.5,(¢), ¢ ~ 7y x-

5.1 Large A\ Asymptotics in Finite Sample

Informally speaking, as A — oo, the benchmark conditional prior WZ‘ é will affect the minimax
decision only through its support, since H‘X’(W:;' ¢) consists of any prior that shares the same

support as 7'(‘2‘ o To have precise characterization of this claim and formal investigation of the
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limiting behavior of 5 A as A — oo, we impose the following regularity assumptions restricting

the topological properties of 1.5, (¢) and the tail behavior of ﬁzl e

Assumption 5.1

(i) 1S.(¢) has a nonempty interior m4-a.s. and the benchmark prior marginalized to «, s Tl

is absolutely continuous with respect to the Lebesque measure mg-a.s.

(ii) Let (@), a* (¢)] be the conver hull of {oz: dT;Z;‘¢ > 0}. Assume [ (@), a* (¢)] is a

bounded interval, wy-a.s.

(1it) At mg-almost every ¢, there exist n > 0 such that [ (@), ax(@) + 1) C 1S.(¢) and
(a*(¢) — n,a*(¢)] C ISa(¢p) hold and the probability density function of Ty s real

analytic on [0 (), a.(9) +n) and on (a*(6) — n,a*(9)], i.c.,

d
%|¢ Zaka—a* NE for a € [a.(e), au(9) + 1),

dﬂ.a]qﬁ

§jb —a)f forac (a"(6) ~ n.a*(9))

(iv) Let ¢y be the true value of the reduced form parameters. Assume a.(¢) and o* (¢) are

continuous in ¢ at ¢ = @.

Assumption 5.1 (i) rules out point-identified models, as in Assumption 3.2 (iv) and (vi).
Assumption 5.1 (ii) assumes that the benchmark conditional prior has the bounded support
my-almost surely, which automatically holds if the identified set 1.S,(¢) is m4-almost surely
bounded. In particular, if the benchmark conditional prior supports the entire identified set,
ie., [ax(¢),a (¢)] is the convex hull of 1.S,(¢), Assumption 5.1 (iii) imposes a mild restriction
on the behavior of the benchmark conditional prior locally around the boundary points of the
support. It requires that the benchmark conditional prior can be represented as polynomial
series in a neighborhood of the support boundaries, where the neighborhood parameter n and
the series coefficients can depend on the conditioning value of the reduced-form parameters
¢. Assumption 5.1 (iv) will be imposed only in the large sample asymptotics of the next

subsection. It implies that the support of the benchmark conditional prior varies continuously

in ¢.
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The next theorem characterizes the asymptotic behavior of the conditional gamma-minimax
decisions for the cases of quadratic loss and check loss, in the limiting situation of A — oo with

a fixed sample size.

Theorem 5.2 Suppose Assumption 5.1 (i) - (iii) hold.
(i) When h(6,0) = (6 — a)?,
Jm [0y dmy = [ (6@ v (6 - a® ()] drx
holds whenever the right-hand side integral is finite.
(ii)) When h(d, ) = p, (o —9),
Jm [ 6.6) dmx = [ 0= )0 = 0u(e) V7 (0*(6) = )] droyx

holds, whenever the right-hand side integral is finite.
Proof. See Appendix A. m

Theorem 5.2 shows that in the most ambiguous situation of A — oo, only the boundaries
of the support of the benchmark prior, [ax (¢),a* (¢)], and the posterior of ¢ matter for
the conditional gamma-minimax decision. Other than the tails, the specific shape of ﬂ'z‘ & is
irrelevant for the minimax decision. This result is intuitive since larger A implies a larger class
of priors and at the limit A\ — oo, any priors that share the support with the benchmark prior
are included in the prior class, and the worst-case conditional prior in the limit is reduced to

the point-mass prior that assignes probability one to a.(¢) or a*(¢), the furthest point from §.

5.2 Large Sample Analysis with Large A

The next theorem 5.3 concerns the large sample (n — 0o) asymptotics with large .

Theorem 5.3 Suppose Assumption 3.2 and Assumption 5.1 hold. Let

0oo = argmin {Ali_{{.lo[bm (6,9) d%x(@}
be the conditional gamma-minimax estimator in the limiting case A — oo.

(i) When h(3,a) = (6 — @), 0so — 3 (a(gg) + a*(¢y)) as the sample size n — oo for
almost every sampling sequence.

(ii) When h(6,a) = p, (a—0), p.(u) = 7u-1{u>0} — (1 — Pu - 1{u <0}, doo —

(1 = 7) ax(pg) + Ta*(¢g) as the sample size n — oo for almost every sampling sequence.
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Proof. See Appendix A. =

Theorem 5.3 (i) shows that in the large sample situation, the minimax decision with the
quadratic loss converges to the middle point of the boundary points of the support of the
benchmark prior evaluated at the true reduced form parameters. When the benchmark prior
supports the entire identified set, this means that the minimax decision at the limit is to report
the central point of the true identified set. When the loss is the check function associated with
the 7-th quantile, the minimax decision at the limit is given by the convex combination of the
same boundary points with weights 7 and 1 — 7. One useful implication of this result is that,
in case of the check loss, solving for the optimal § can be seen as obtaining the robust posterior
7-th quantile of «, and the optimal § may be used to construct a robust interval estimate for
« that explicitly incorporates the ambiguous beliefs about the benchmark prior.

Another implication of Theorem 5.3 (ii) is that the limit of the minimax quantile estimator
0% (1) always lies in the true identified set for any 7, even in the most conservative case, k — 0.
This means that, if we use [0* (0.05),0%(0.95)] as a robustified posterior credibility interval for
«, this interval estimate will be asymptotically strictly narrower than the frequentist confidence
interval for «, as [0* (0.05),0%(0.95)] is contained in the true identified set asymptotically. This
result is similar to the finding in Moon and Schorfheide (2012) for the single posterior Bayesian

credible interval.

The asymptotic results of Theorems 5.2 and 5.3 assume that the benchmark prior is ab-
solutely continuous with respect to the Lebesgue measure. We can instead consider a setting
where the benchmark prior is given by a nondegenerate probability mass measure, which can
naturally arise if the benchmark prior comes from a weighted combination of multiple point-
identified models. This case leads to asymptotic results similar to Theorem 5.3. We present a

formal analysis in such discrete benchmark prior setting in Appendix B.

6 Eliciting Benchmark Prior and )\

To implement our robust estimation and inference procedures, the key inputs that the researcher
has to specify are the benchmark conditional prior 7r§| & and the radius parameter for the KL-
neighborhood. To be specific, we focus on the simultaneous equation model of demand and

supply introduced in Example 1.1, and illustrate how to choose them in that context.

22



6.1 Benchmark Prior

Our construction of the prior class takes the conditional prior of 8 given ¢ as the benchmark
prior 7T§| & The benchmark prior should represent or be implied by a probabilistic belief that
is reasonable and most credible. Depending on what parametrization facilitates elicitation
process, we can form the benchmark prior directly through the conditional prior 6|¢ and the
single prior of ¢, or alternatively construct a prior for 6, where 8 is a one-to-one parametrization
of (0, ¢) and it is typically a vector of structural parameters in our examples. In what follows,
we apply the latter approach to the simultaneous equation model of Example 1.1, as we think
eliciting the benchmark prior for demand and supply elasticities is easier than the former
approach of eliciting the reduced form parameters and the conditional prior of 0|¢, separately.

Let us denote the full vector of the structural parameters by 8 = (Bs, B4, d1,d2), and denote
its prior probability density by %g (Bss B4y d1,d2). As in Leamer (1981) and Baumeister and
Hamilton (2015), it is natural to impose the sign restrictions for the slopes of supply and
demand equations, 3, > 0, 3; < 0. These restrictions can be incorporated by trimming the
support of 775 such that 772 ({85 >0,8; <0}) = 1. In the context of aggregate labor supply
and demand, Baumeister and Hamilton (2015) specify the prior of 6 as the product of the
independent truncated Student ¢ distributions for (3, 3;) and the independent inverse gamma
distributions for (di,ds2)|(B,,3,4), of which the hyperparameters are chosen through careful
elicitation.

Having specified the prior for 0 and setting o = [, as a parameter of interest, let us
discuss how to obtain the benchmark conditional prior of a given ¢ = (w11,w12,w22). The
benchmark conditional prior of « given ¢ can be derived by reparametrizing 6 to (cr, ¢). Since
Q=A"'D (A_l)/7 we have that

dy + do ady + Pds ody + B%d,
Wil =-——3, Wi2=—""3, Wn=—"—"""35" (22)
(a—=p) (a—pB) (a—=p)
which implies the following mapping between (a, 3,dy,dz2) and (o, w11, w12, w22) :
= q, (23)
Qw12 — W
= ———— =[(a,9),
w1l — W12
2
di = wn (a - w) — w11 + 20wy — wae = dy (a,9),
Qw1 — W12
dz = a2w11 — 20[&)12 + woo = d2 (a, gb) .

Since the conditional prior 7,4 is proportional to the the joint prior of (o, @), the benchmark
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conditional prior 712‘ o satisfies

%
%(alcb) x 75 (a, B (e, ), di (e, §) , da (@, 9)) x |det (J (o, @)1, (24)

where J (o, ¢) is the Jacobian of the mapping (23), and |det (-)| is the absolute value of the
determinant. This benchmark conditional prior supports the entire identified set .S, (¢) if
75 (-) supports any value of («, 3) satisfying the sign restrictions. An analytical expression of
the posterior of ¢ could be obtained by integrating out « in the right-hand side of (24). Even if
the analytical expression of the posterior of ¢ were not easy to derive, it would be easy to obtain
posterior draws of ¢ by transforming the posterior draws of 8 according to Q = A~1D (A*I)/.
If ¢ involves nonlinear transformations of 0, a diffuse prior of 0 can imply an informative
prior of ¢. If so, in finite samples, this can downplay the sample information for ¢ by distorting
the shape of the likelihood of ¢. Given that our analysis can be motivated by a robustness
concern about the choice of prior of , one may not want to force the prior of ¢ to be infor-
mative as a result of transformation. Such concern might make the following hybrid approach
attractive. Draw ¢’s from the posterior of ¢ obtained from a non-informative prior of ¢ (e.g.,
Jeffreys’ prior) that is not compatible with the prior of 6. On the other hand, the prior of 6 is

used solely to construct the benchmark conditional prior of 7r(’;| s Via (24).

6.2 Robustness Parameter )\

The radius of the KL-neighborhood A > 0 is an important prior input that directly controls
the size of ambiguity in the robust Bayes analysis. Its elicitation should be based on the degree
of confidence or fear of misspecification that the analyst has on the benchmark prior. Since A
itself does not have interpretative scale, it is necessary to map it into some prior quantity that
the analyst can easily interpret and work with for eliciting A.

Along this line, we propose to elicit A by mapping it into the range of prior means and
finding the value of A such that the implied prior range matches best to available (partial) prior
knowledge. Thanks to the invariance of A with respect to reparametrization or marginalization
of as shown in Lemma 2.1, we can focus on one or a few of the subset parameters in 6 or
transformations of (6, ¢) to match the range of priors.

To be specific, let & = &(0, ¢) be a scalar parameter for which the analyst can feasibly
assess the range of its prior beliefs. Depending on applications, it can be different from the
parameter of interest a = a(f, ¢). Given the benchmark conditional prior 74|, and the single

prior 7y, for each candidate choice of A, we can compute the range of prior means of f(&)
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by applying the expression (21). We then select A that seems to best match with available
but imprecise prior knowledge about f(&). We implement this way of eliciting A in the SVAR

example of Section 7.

7 Empirical Example

This section applies our robust Bayesian procedure to the bivariate SVAR for the dynamic
labor supply and demand in the US analysed in Baumeister and Hamilton (2015). We use
the data available in the supplementary material of Baumeister and Hamilton (2015). The
endogenous variables are the growth rate of total US employment An; and the growth rate
of hourly real compenstation Awy, z; = (Ang, Aw). The observations are quarterly, and the
sample covers t =1970:Q1-2014:Q4.

7.1 Specification and Parametrization

The model is a bivariate SVAR of with eight lags L = 8.
L
Aoxy = ¢+ ZAlwt_1 +u.  ug ~N(0,D),
=1

—Bq

1
where Ay = . ] and D = diag(dy,ds) as defined in Example 1.1. The reduced form

S

VAR is .
xt=0b+ Z Bixi—1 + €,
=1
where b = Aj ¢ and B, = Ay 1A;. The reduced form parameters are ¢ = (Q,B), B =
(b, By,...,Br), and the full vector of structural parameters are (3,, B4, d1,d2, A), A = (¢, A1,..., AL).

We set the supply elasticity as the parameter of interest, o = (3, so that we express the

s

full vector of structural parameters as 6 = (a, B4, d1,d2, A). The mapping between 0 and (a, 9)

consists of those shown in (23) and

A= Ay (0,6) B = A0, ), (25)
_ 1 -
where Ag (o, ¢) = [ faler,®) Ll Hence, if the benchmark prior is specified in terms of 6,
—o
the conditional benchmark prior of a given ¢ is given by
dﬂZ{l(ﬁ
W(ahb) X Ty (O[, ﬁd (Oé, ¢) adl (aa (;S) 7d2 (Oé, ¢) ,A(Oé, Qb)) X |det (J (Oé, ¢))| ) (26)
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where 75 (o, 34,d1, d2, A) is a prior distribution for 0 that induces the benchmark conditional
prior of a|¢ and the single prior for ¢, and J(«, ¢) is the Jacobian of the transformations (23)
and (25).

7.2 Benchmark Prior

We construct the benchmark conditional prior 7r’;| o by setting the prior of 6 to the one used in

Baumeister and Hamilton (2015) and applying the formula (26). Decomposing a prior of 0 as

o = T(a,Bq) " T(di,do)|(,Bq) ~ TA|(d1,d2,0,84)

Baumeister and Hamilton (2015) recommends to elicit each of the components carefully by
spelling out the class of structural models that the researcher has in mind and/or referring to
the existing studies providing prior evidence about these parameters. In the current context of
labor supply and demand, the prior elicitation process of Baumeister and Hamilton (2015) is

summarized as follows

1. Elicitation of 7, g,): Independent truncated t-distributions are used as priors for «
and (3;, where the truncations incorporate the dogmatic form of sign restrictions; with
prior probability one, &« > 0 and $; < 0. Their hyperparameters are chosen based on
meta-analysis of microeconomic and macroeconomic studies estimating the labor sup-
ply and demand elasticities. Specifically, the meta-analysis of Baumeister and Hamil-
ton (2015) identifies interval a € [0.1,2.2] and 3, € [—2.2,—0.1], and they accordingly
tune the hyperparameters of the t-distribution so as to meet m,([0.1,2.2]) = 0.9 and
ng,([-2.2,-0.1]) = 0.9.

2. Elicitation of 74, 4,)|(a,8,): Independent natural conjugate priors (inverse gamma family)
are specified for d; and ds. To reflect the scale of the data in the choice of hyperparame-
ters, set the prior means to AOQA{), where 2 is the maximum likelihood estimate of the

reduced-form error variances F(es€}).

3. Elicitation of T |(4, dy,q,8,): Since the reduced-form VAR coefficients satisfy B = Ay LA,
elicitation of the conditional prior of A given («, 84, d1,d2) can be facilitated by available
prior knowledge about the reduced-form VAR coefficients. Prior choice for the reduced-
form VAR parameters is well studied in the literature as in Doan et al. (1984) and Sims
and Zha (1998). Building on their proposals, Baumeister and Hamilton (2015) specifies a

prior of B as a multivariate normal with prior means corresponding to (An;, Aw;) being

26



the independent random walk processes. The prior variances are diffuse for short lagged

coefficients and become tighter for the longer lagged coefficients.

As is evident from this description elicitation process, available prior evidence or knowledge
suggests only vague restrictions to the prior and certainly is not precise enough to pin down
the exact shape of a prior distribution. For instance, the elicitation of a and 3, relies on a
belief that some large amount of prior probability should be assigned to the ranges identified
by the meta-study, but it cannot pin down the shape of the priors to the t-distributions. In the
step of eliciting (di,ds) and A, the available prior knowledge suggest reasonable location and
scale of the prior distributions, but the reasoning for determining the shape of the prior comes
from computational convenience. In addition, the independence of the priors invoked in all of
the steps is convenient and simplifies the construction of the prior but is not innocuous. It is
important to be aware that prior independence among the parameters does not represent the
lack of knowledge about the prior dependence among them.

The issues raised here apply to many contexts of Bayesian analysis, and they can be a source
of robustness concerns about the posterior results. The situation is worse in the set-identified
models, since robustness concerns are magnified due to the lack of identification. Our robust
Bayes proposal can accommodate such robustness concern by forming the benchmark condi-
tional prior of 7r’;| 8 from the elicited prior of 6 following (26), setting a KL-neighborhood around
it, and performing robust Bayes inference and/or a conditional gamma-minimax decision that

is robust to misspecification of the unrevisable part of the prior within the KL-neighborhood.

7.3 Computation

The prior of 6 constructed in the manner of induces the prior of ¢, while the prior of 8 specified
in Baumeister and Hamilton (2015) does not lead to a conjugate prior of ¢ in the reduced-form
VAR. Obtaining an analytical expression of the posterior of ¢ is therefore not simple, while the
posterior draws of ¢ are easy to obtain by transforming the posterior draws of 6 obtained, for
instance, by the random-walk Metropolis-Hastings algorithm as in Baumeister and Hamilton
(2015). We hereafter denote the posterior draws of ¢ by (¢q,...,Pu)-

An algorithm that approximates the objective function in (18) is as follows.

Algorithm 7.1 Let posterior draws of ¢, (¢1,...,05), be given.

1. Foreachm =1,..., M, we approximate ry (9, ¢,,) = In flsa(¢ ) €XP {h(d,@)/k(9, Qﬁ)}dﬂ':;'d)

by importance sampling, i.e., draw N draws of o, (am1, ..., amnN) from a proposal distri-
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bution (probability density) 7o) (a|p) (e.g., the uniform distribution on 1S, (¢,,)) and

compute
X N w (i G) (8, i) exp {5, 0ti) /K8, D) }
[ (67 (Z)m) - N ’
> im1 W (Qmis Gy ) €xp {A(S, aimi) /K(S, By, }
where

CZT_O? (amiu /Bd (Oémi, ¢m) adl (ami) ¢m) )d2 (O[mi, ¢m)) X ‘det (J (ami7 ¢m))| )

dm,
dojo> (ami |¢m)

w (amia ¢m) =

2. We then approximate the objective function of the multiplier minimaz problem by

M

6, @)

=1

and minimize it with respect to 0.

If the limiting case A — oo is considered (either with a quadratic or check loss), Theorem
5.2 implies that Step 1 of Algorithm 7.1 can be skipped and we can directly approximate the

objective function to be minimized in § by

1 M
=3 [6- a6,V 6 - a(6,))]

for the quadratic loss case, where [a(¢,,), @(®,,)] is the lower and upper bounds of the identified

set of a if 7,4 supports the entire identified set.

If one is interested in the large sample approximation of the worst-case posterior expected
loss, Theorem 3.3 (ii) justifies to replace the objective function (27) with 7y (5, (AﬁM L), where

b arz is the maximum likelihood estimator of ¢.

8 Concluding Remarks

This paper proposes a robust Bayes analysis in the class of set-identified models. The class
of priors considered is formed by the KL-neighborhood of a benchmark prior. This way of
constructing the class of prior distinguishes the current paper from Giacomini and Kitagawa
(2018) and Giacomini et al. (2018). We show how to formulate and solve the conditional

gamma-minimax problem, and investigate its analytical properties in finite and large samples.
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We illustrate a use of our robust Bayes methods in the SVAR anaysis of Baumeister and
Hamilton (2015).

When performing the gamma-minimax analysis, there is no consensus about whether we
should condition on the data or not. We perform the conditional gamma-minimax analysis
mainly due to analytical and computational tractability, and we do not intend to settle this
open question. In fact, compared with the unconditonal gamma-minimax decision, less is
known about statistical admissibility of the conditional one. As DasGupta and Studden (1989)
argues, the conditional gamma-minimax can often lead to a reasonable estimator with good
frequentist performance. It remains to be seen further decision-theoretic justification of the
conditional gamma-minimax decision such as admissibility in the current setting of the set-

identified models.

Appendix

A Lemmas and Proofs

This appendix collects lemmas and proofs that are omitted from the main text.

A.1 Proof of Lemma 2.1

The next set of lemmas are used to prove Lemma 2.1. Lemma A.1 derives a general formula
that links the KL-distance of the probability distributions for # and the KL-distance of the
probability distributions for the transformation of 8 to lower-dimensional parameter a. Lemma
A2 shows the inclusion relationship between the KL-neighborhood of 7T2| # and the projection
of the KL-neighborhood of W;‘a onto the space of a-marginals. Lemma 2.1 in the main text

then follows as a corollary of these two lemmas.

Lemma A.1 Given ¢, let WZW be the marginal distribution for o induced from 7r2|¢ that has
a dominating measure, and o4 be the marginal distribution for a induced from g4 It holds

R(Taisllmlys) = — / 1y Rl 0 et + Rl (28)

[e3

where Tg|ag s the conditional distribution of 6 given (o, @) whose support is contained in

% dmg|q
O(a,9) ={0cO:a=a(b,¢)}, and R(W9|Q¢H7r9|a¢) = f@(a@) In ( 7+ ¢’> dmglae > 0. Ac-

ol

cordingly, R(T['a‘d)Hﬂ':;lqﬁ) < R(W(;‘d,Hﬂ'gl(b) holds. In particular, R(WQWHWZW) = R(ﬂ'gw”ﬂ';‘d)) if

and only if Tpjap = ﬂ;‘(w, Wz‘qs-almost surely.
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Proof. We denote the densities of g, and its a-marginal distribution 7,4 (with respect to

their dominating measures) by dﬂ“d'z(a) and dwgc‘l“(;(a). Note they satisfy dﬂadlz(a) = f@(a #) dn%(a) de.

Hence,

dmg,
R(T['a‘d)Hﬂ'Z‘d)) = / In (dﬂ-*l(ﬁ) (/ d71'9¢> da
ISa(9) Talé O(a,)

alo
dralp ATy d
= / / [ln (ﬂﬂ) +1n< sz)] drpdo
152(6) Jotag) | \ Aol ATy a1y
drgle AT d
15a(8) [Jowo) [ \ T dmyy, 1506)  \ 9751

B / / [ dmage/der - dmiy /9 -

where the second term in the fourth line uses fISa(<z>) f®(a o) £ (0)dmojpdor = f139(¢) f(0)dmg), for

dma)s + R(moisllma)4),

any measurable function f (). Since

1 _
d71'9|a¢ _ / d71'9|¢d0 dﬂ'@@ _ dﬂ'a|¢> 1 d7T9|¢,
do (o) do do da do

holds for 6 € O (v, ¢), we obtain

R(Tapollmy,) = / / In (dw"w) dgjapdm +/ In (d”9l¢> dry
alp il o - * Olag®ale * 0)¢
P1 als 15a(9) JO(aid)  \ DMgjag 7 Jisuw) ),

= —/ R(79jalT5jag)dTals + R(moislIT5))-
15a(9)

Since R(W@|Q¢H7T2|a¢) > 0, R(Wa|¢,|]7rg|¢) < R(mgjp|lmps) holds. This inequality holds with
equality if and only if fISa(¢) R(ﬁg‘a¢||7r;|a¢)d7ra|¢ = 0. That is, mgjq¢ = w;|a¢ for m,|4-almost

surely, or equivalently WZ‘ ¢—almost surely as 7,4 is dominated by 7r2;| s ™

Lemma A.2 Let ¢ and A > 0 be given. Consider the set of a-marginal distributions con-

structed by marginalizing mo| € m <7r2|¢> to o,

o = {Wa\¢> D Tg|g € i (7r2|¢)} .

On the other hand, for a-marginal of 7T2|¢, 7TZ|¢, define its KL-neighborhood with radius \,

I <7TZ|¢> = {ﬂ'a‘(ﬁ tR(TayglTays) < )\} .
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A A *
Then, TI* C TI (M ¢).

Proof. By Lemma A.1, 7y, € I1* implies R(wa|¢||7r’&‘¢) < \. Hence, 1" c 1 (sz). ]

Lemma A.3 Let ¢, §, and X\ > 0 be given. For any loss function h (3, (0, )), it holds

= max [/ h(5,a)d7ra¢] .
7Ta‘¢€H)‘ (7'(;‘(1)) Isa(d))

Proof of Lemma 2.1. At fixed ¢, h (0, (6, ¢)) depends on 6 only through «f(-, ¢). Hence,

max [/ h(é,a(9,¢))dW9¢] = max !/ h(5,o¢)d7ra|¢]
moro €l (5, ) L/ 150() Talp €I | J135(0)

ol
max [/ h(5,a)d7ra¢] ,
Talp €M (ﬂz\¢) ISa(¢)

where the inequality follows by Lemma A.2. To show the reverse inequality, let 7r3| ¢ be a

max [/ h(éva(gaﬁﬁ))dﬂﬂqﬁ
ISe(9)

7Tg|¢,€H)‘ <7rz‘¢)

IN

solution of max_ <”Z|¢> [ S 150 () h(d, oz)dwaw,} and construct the conditional distribution
of 0 given ¢ by
0 * 0
Mg, = T AT,
0l /ISa(¢) Olap™ ol

where ﬂ;‘a " is the conditional distribution of 6 given («, ¢) induced by 7r2| & Clearly, 71'3‘ 4 shares

the conditional distribution of 6 given («, ¢) with Tp|g> SO that by Lemma A, R(7r2|¢||7r§|¢) =
R(ﬂgw\\wzw) < \. Hence, Fg‘d) e (W;‘d)) holds, and this implies

/ h(5,a(9,¢))d7rg¢] > max [/ h(5,a)d7ra¢] .
1S5(¢) Talg€l (77,) [/ 18a(9)

¢

max
7T9|¢€H>\ <7T;‘¢)

A.2 Proof of Theorem 3.1

Proof of Theorem 3.1. Let ¢ and § = d(x) be fixed. Let k) (d,¢) be as defined in Lemma
2.2. Since k) (9, ¢) does not depend on 7,4, We treat x* = ky (J,¢) as a constant, and let us
focus on solving the inner maximization problem in the multiplier minimax problem (15).

We first consider the case where 7T:;| # is a discrete probability mass measure with m support

points (aq,..., Q) in 1S5,(¢4). Since the KL-distance R(ﬁa|¢|\7rz‘¢) is positive infinity unless
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Ta|¢ 18 absolutely continuous with respect to 77, ,, we can restrict our search of the optimal 7,4

¢’
to those whose support points (the set of points that receiving positive probabilities according

to ) are constrained to (av,...,am). Accordingly, let us denote a discrete m,), and the

discrete loss by
9i = Talg (Oéz) ) fZ = ﬂ-z‘qﬁ (OZZ) , hi= h((Sv ai)a for i = L...,m. (29)

Then, the inner maximization problem of (15) can be written as

g Do o (7). .
s.t. Zgi = 1.
1=1

With the Lagrangian multiplier £, the first order conditions in g; are obtained as
hi+k*Inf; — k" —Kk"Ing;, — & =0. (31)

If K* =0, hy = & for all i, which contradicts the assumption of non-degeneracy of h (d,a).

Hence, k* > 0. Accordingly, these first order conditions lead to

_ Jiexp (hi/K")
gi exp(1+ ¢/k*)

> je19; =1 pins down exp(l + §/k%) = > U, fjexp(h;/k*), so the optimal g; is obtained as

g = fiexp (hi/Kk*)
b fjexp(hy/KY)

Plugging this back into the objective function, we obtain

(32)

N fiexp(hi/K*)
¥ 2 | Frenpla/ ) Zfﬂexph/'ﬂ (33)

= k'ln ij exp(h;/K") |,
j=1
which is equivalent to x* In (fISa(dﬂ exp (h(d(z),a)/K*) dwzl¢) with discrete 77, .

We generalize the claim to arbitrary WZ‘ & Based on an analogy to the optimal g; obtained in

(32), we guess that 7rgé|¢ e I~ (W:;\qﬁ) maximizing {flsa(dﬁ h(é(z), a)dmyy — K R(WQWHWOM)}

satisfies
exp(h(d, a)/K*)
J15.(6) xP(A(8, @) /K*)dmy

dT['a‘(b ATy, o-ae. (34)
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with £* > 0. Since exp(h(d, a)/x*) € (0,00) for all @ € 1.5,(¢) and § € D by the assumption,
(34) implies that Wz‘ 8 is absolutely continuous with respect to ﬂ'gl &
R(ﬂ'a‘d)Hﬂ'Zl 4) < 0o is absolutely continuous with respect to ﬂg‘ - Therefore, the objective

and hence, any 7,4 with

function can be rewritten as

/ 6 « d7roc|¢ (ﬂ-a\d)Hﬂ-aqﬁ)
IS0 (¢

/ h(3,a)d (Tt ™) 1 iy d
a) Talp — K R Talé 7Ta - K / 0g | 7= | dmqg-
150 (9) 0 150(9) A5

Plugging in (34) leads to
—H*R(ﬂ'aMHﬂ'g‘d)) +/ exp(h(d, o) /K")dry, 4.
1Sa(9)

Since R(?Ta|¢||7rg|¢) > 0 for any 7,4 € 11 (ﬂz‘d)) and equal to zero if and only if 7,4 =
Fgl ¢ holds for almost every a, ﬂgl ¢ defined in (34) solves uniquely (up to a-a.e.) the inner

maximization problem. Hence, it holds

h(d,a)*
max {/ h(6, a)dm )y — K*R(Wa|¢||71'g|¢)} =k*In (/ exp < (9,0) ) Tole
7ra\¢€H°° (WZW) Isa(¢) Isa(¢) K

(35)

By Lemma 2.2, ng ¢ (@) derived in (34) solves the inner maximization problem of (13). Hence,

N——

the value function is given by

max {/ h(é,a)dﬁaM} = / h(é,a)dwg|¢
Talg€l (73,,) |/ 15a(@) IS4(9)

/ h(d, o) exp(h(é, a)/k") )
= 7T .
ISa () f[sa(¢) exp(h(d, O‘)/H*)dWad) olé

Also, by the Kuhn-Tucker condition stated in Lemma 2.2, A = 7%(773| ¢||7r2| ») holds, which leads

to the following condition for x*:

h(d,a) ex 0,) /K" )dr*
fi(k)=A+In (/Isa(¢) exp (h(3, a)/ﬁ*)dﬂ;|¢> fzia e p(5<a)//)</)d7)r alp _

Note that this condition is obtained as the first-order condition of

(k) =kIn (/Isa(¢) exp (h(d, )/ k) dwz|¢> + rA
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with respect to k. Note that lim,_¢ f}(x) = —o0 and lim,_. f}(k) = A > 0. Furthermore,
it can be shown that its second derivative of fy(k) in k equals to the variance of h (4, ) with
a ~ ng & which is strictly positive by the imposed nondegeneracy assumption of h (4, ).
Hence, fy(k) is strictly convex. Therefore, £* solving the first-order condition is unique and
strictly positive.

The conclusion follows by integrating this value function with respect to myx. ®

A.3 Proof of Theorem 3.3

The following lemmas A.4 - A.7 are used to prove Theorem 3.3.

Lemma A.4 Under Assumption 3.2 (iv), we have

(1) 561%’1(1;600 Var,,(h(6,a)) >0

(i) ,_nf B3, |{h(.0) ~ B, S (1(8,0))Y - 1{A(6, ) — EZ 4 (h(3,a)) > 0}| >0,

where E;‘M(-) and Vcw“:;'d)(') are the mean and variance with respect to the benchmark condi-
tional prior 7T:|¢

Proof of Lemma A.4. Let h = h(d,a). By Markov’s inequality and Assumption 3.2 (iv),

Varsy,(h) > ey, ({(h —E5,()* > c}) = ce > 0.

This proves the first inequality.
To show the second inequality, suppose it is false. Then, there exists a sequence, (8", ¢"),

v=1,2,..., such that

lim B [{R(87,@) — By (h(8”, )} - 1{h(8”, @) — Bl (h(8”,@)) > 0}] = 0.

V—00

By Markov’s inequality, this means for any a > 0,

lim %, ({h(é”, a) = E 0 (h(8”,a)) > a}) = 0. (37)

V—00

Assumption 3.2 (iv) then requires that

V—00

lim 77 ({h(él’, a) — EZ 0 (h(8”,a)) < —c}) > e (38)
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Equations (37) and (38) contradict E*

e [h(é”,a) — E;l¢u(h(5”,o¢))] = 0 for any v, since if
(37) and (38) were true,

Bl [1(67,0) — B2 (h(6”, )]

g/o mhe ({1007, 0) = Bl (h(6”,0)) = a} ) da — emtyye ({07, @) = Bayge (h(8", ) < —c})
<—ce/2<0 (39)
would hold for all large v. =

Lemma A.5 Suppose Assumption 3.2 (ii) and (iv) hold, and let X > 0 be given. Let kx(6, )
be the Lagrange multiplier defined in Lemma 2.2. We have

a(5,6) <

for all 6 € D and ¢ € O, and
0 < C1(A) < ka6, 9)

for all 6 € D and ¢ € Gy, where C1(\) is a positive constant that depends on \ but does not
depend on & and ¢.

Proof of Lemma A.5. We first show the upper bound. Recall ky(d, ¢) solves (see equation

(36))
A=—In (/exp <h(5/;°‘)> w;¢) + B2, [h(‘:a)], (40)

where Egl ¢() is the expectation with respect to the exponentially tilted conditional prior 7r3| &

By noting that the nonnegativity of h(J,«) implies first term in equation (40) is negative and
the boundedness h(d,a) < M implies the second term can be bounded by M/k, we have
M

A .
= R (5a ¢)

This leads to the upper bound.

To show the lower bound, let k* = k)(d,¢) be a short-hand notation for the solution of

(40). Define
W = @ —In (/ exp <h(i’*o‘)> wzl¢) . (41)

By rewriting equation (40), we obtain the following inequality:

A= Bgy(W) = By (W exp(10)
> E;M)[W(l + W) - 1{W > 0}] + E2|¢[W - 1{W < 0}]
= EZW(W) + E2|¢(W2 -H{W = 0}), (42)
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where the inequality holds by e* > 14 for z > 0 and e* < 1 for x < 0. By Jensen’s inequality

applied to In ( [ exp (h(i’a)) d7rj;| ¢>> and the nondgeneracy assumption of Assumption 3.2 (ii),
we have

i 1
0> B, (W) > ——ci, (43)

K

=M — (SEDI,I(lbeGo E6(h(0,a)) > 0.

For the second term in (42),

Lo W2 1w = 0)] > o, [ i > 0] >

e
W =h(d,a)— ;M)(h((sa @)),

=, iof  Euo [{h(& @) = B34 (h(8,0))}? - 1{A(6, @) — E4(h(5, @) > 0}| >0,

ﬁ@ >0, (44)

where the first inequality follows since W > W/ k* holds for any «, and the positivity of co
follows by Lemma A.4 (ii).
Combining (42), (43), and (44), we obtain

1 1
A> —— R
1+ (/@*)2

= pe Co.

Solving this inequality for x* leads to

— Ver+ 4
> c1+ 2§1+ 02501()\)

> 0.

Lemma A.6 Under Assumption 3.2 (ii) and (iv), we have

M
inf o > ce - _
6€D1£1¢€G0 Varg, 4 (h(5, ) = ce - exp < Cl(/\)> >0,

where Varg|¢(-) s the variance with respect to the worst-case conditional prior 7TZ[M> shown in
Theorem 3.1.

Proof of Lemma A.6. Let ¢ > 0 be the constant defined in Assumption 3.2 (iv), and
h = h(d, o) By Markov’s inequality,

Vard,(h(6,a)) > cEY, (1 {(h — B, (h)* > c})

> ¢ exp (—%) to (1{0 = B2, (0)? = c})
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where the second inequality follows by the lower bound of ky(J,¢) shown in Lemma A.5 and

Eg‘qs(f(a)) > exp <—%) E;|¢(f(a)) for any nonnegative random variables f(«). ®

Lemma A.7 Suppose Assumption 3.2 (ii), (iv), and (vi) hold. Then,

2 (0,¢) = Ka(d, Po)| < Ca(A)llP — ol (45)

holds for all § € D and ¢ € Gy, where 0 < Co(A) < 00 is a constant that depends on X\ > 0 but
does not depend on § and ¢.

Proof of Lemma A.7. By the mean value expansion of k) (4, ®), we have for ¢ € Gy,

0
K2(6,6) — (8, 60)| < sup {H Xy H} 16— doll.

6€D,peGo

8'”(5 ¢) H < Cy(N) < o0

We apply the derivative formula of the implicit function to kA(0,¢) defined as the solution

oo =3 fom (M) ) -, [0

Since |0g/0k| = Vara|¢( (0,a)/kA(9, 9)), we obtain

Hence, it suffices to find C2(\) that satisfies supsep geq,

to

sup (46)

0€D,peCGo

IrA(0, <l>)H < (M>2 SUPsep, g, 109/04 ||
— A

Do A ) infsep pe, Varg,(h(3,a))’

where the differentiability of g with respect to ¢ requires Assumption 3.2 (vi). By Lemma A.6,
the variance lower bound in the denominator is bounded away from zero. For the numerator,

we have

H H Ha¢ alé (h/k) H N Ha¢ alé [(h/K) - exp(h/K)] H H h//<a H ;‘d)[h//ﬂ-exp(h//@)]
E7, 4(exp(h/K)) E7, 4(exp(h/k)) [E7 5 (exp(h/k))]?

= <0?<1A> i 0?62)2 o <#@)>> seriec %Ezw(h)"

getio | () = ()]

where the second inequality follows by noting E;|¢(exp(h//1)) > 1 and E;W[h//i ~exp(h/k)] <
(M/C1(N)) exp(M/C1(N)), and the third inequality follows from Assumption 3.2 (vi). m

+ sup
d€D,peGo,kE[C1(N),M/ ]

= CQ()\) < 00,
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Proof of Theorem 3.3. (i) By Assumption 3.2 (iii) and (vii) and the consistency theorem

of the extremum estimator (Theorem 2.1 in Newey and McFadden (1994)), a minimizer of the

the finite sample objective function [y 7 (d,¢) dmgx converges to dy (¢) almost surely (in

probability) if [5x (-, ®) dm gy x converges to 7 (-, ¢y) uniformly almost surely (in probability).
To this goal, let

5x(6,0) = /exp (:A((%f:;)) Talo € [LeXp (%)} '

[b ra (8.6) dmgyx — 1 (6, o)

we consider bounding supgsep [7a (9, ¢) — ra (0, ¢p)| for ¢ € Go. In what follows, we omit the

Since

sup
0eD

S/SHPIU (6,0) —ra (9, ¢p)l dmgx,
®

0eD

arguments ¢ from 7y, sy, and k) unless confusion arises.

By Lemma 2.2 and equation (35) in the proof of Theorem 3.1, r)(¢) can be expressed as

TA(}) = Kx(P) In sy (@) + Kka(D)A.

Hence, we have

[72(0) — mA(¢0)] = Kr(D) Insx(P) — Kx(dg) Insx(dg) + (Ra(@) — Ka(dg))A
< k() [Insx(¢) — Insx(¢g)| + [ka(@) — ka(dg)|In sx(9) (47)
+ [kx(9) — Ka(do)| A

By noting In(z) <z — 1, Lemma A.5, and s)(¢) > 1, we have

M) Insx(¢) — Insx(cy)]

M [51(¢) = sA ()

_]\>\4 (¢)/\8,\ o) .o

() [ (2},

5 o(52) xS 22)

S% exp< > h( - FGA(%;
M2

M
SAQ(Aﬁ”(Q(A))'“” (G0l + iy 1mats — Tadsy I (48)

M
dmey + CiO )H%\% TalpllTV

Combining equations (47) and (48), and applying Lemma A.7, we obtain for ¢ € Gy,

sup |7 (6,0) = 7 (6, 60)| < = FCWlo=dol,  (49)

0eD 1( )‘

* *
7TO‘|¢ Tra‘(bo TV
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M M M
where 03()\) =+ m + m exp (m) Thus,

Asupm (6,9) —7a (5>¢o)’d%x</0 §Ug|7“A (6,0) —rx (0, ¢0)| dmg x + 2Mmy) x (G)
0 0€E

deD
< M / I, — 7%y lrvd
—_— T — 7T T
= OLN) Jg, ele T Maleo ITVETALX
+ O /G 16 — dolldmox +2Mmyx(G5).  (50)
0

The almost sure posterior consistency of 74 x in Assumption 3.2 (i) implies 74 x (G§) — 0 as

n — o0o. Also, viewing ||7T:;|¢ —Talg, lTv and [[¢ — g || as continuous functions of ¢ (Assumption

3.2 (v)), the continuous mapping theorem implies the other two terms in the right-hand side

of (50) converge to zero as n — oo almost surely. This completes the proof of claim (i).

Thw (5, <2>) — 7 (0, d)o)’ —p
0 as n — oo uniformly over . By the consistency theorem of the extremum estimator (Theorem

2.1 in Newey and McFadden (1994)), the claim follows. m

(ii) When &5 —p ¢, the continuous mapping theorem and (49) imply that

Proof of Theorem 5.2. Fixing § € D, let us partition the reduced-form parameter space ®

by
of = {¢e@:wz(5},
T PRCCESC

We write the objective function of Theorem 3.1 as

J

and aim to derive the limits of each of the two terms.

ra (6,6) dmgx + / ra (6,6) drgx

- +
8 (I’é

By Lemma A.5, as A — oo, we have k)(d,¢) — 0 at every (0,¢). Hence, to assess the
point-wise convergence behavior of ry(d, ¢) as A — oo at each (d, ¢), it suffices to analyzing the

limit behavior with respect to x — 0 of
o— 2 *
f(éfa)QeXp{( :) }dﬂ-odqb
5—a)? '
feXp{( = }d”fxw

r(d,0) =

For ¢ € @5, we rewrite 7, (0, ¢) as

JI6 = @)? = (8 — au(¢))?] exp {_ (6=ax(6)*=(5=a)? } ar,

[ exp {_ (9=a(9))2-(0-c)" } dry,

Tk (67 ¢) - (5 - a*(¢))2 +
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and shows that the second term in the right-hand side converges to zero.

For the denominator, let ¢(¢) = 2(6 — a(¢)) > 0 and note

[exp{-Be@f G0,

_ /ex(p) {c<¢><a —e@) (el } -
_ [ (e an9) ~ (@~ (@) .
/a*(qz*(@ { ()0~ 0(9)) — (o — a*<<z>>>2} ] ¢
" /a*(¢)+n P {_ K } Talé
-[ (i kk) exp{_M}dz
k=1
v (:i o {0 = l0) =2 R o -

where the third equality uses Assumption 5.1 (iii). The integrand of the second term in (52)
converges exponentially fast to zero as kK — 0 at every a € [a.(d) + n,a*(¢)]. Hence, by the
dominated convergence theorem, the second term in (52) converges exponentially fast to zero
as k — 0. We apply the general Laplace approximation (see, e.g., Theorem 1 in Chapter 2 of
Wong (1989)) to the first term in (52). Let £* > 0 be the least nonnegative integer k such that

ap, # 0. Then, the leading term in the Laplace approximation is given by

n [ 2
Z k c(p)z — 2 _ * Afx k*+1 k*+1
/0 ( - apz )GXP{—T}CZZ—F(]{I +1) <W>K —|—O(I"v' )
As for the numerator of the second term in the right-hand side of (51),

— ()2 — (5 — a)?
/ [(5_a>2_<5_a*(¢>)2]eXp{_<5 (@)" ~ (0~ a) } =

a*(4) c O — Qi — (v — 2
T A L B LT

«(d)+n K
_ [ Oodzk; ox c(p)z =27 »
[ (S ) (55}

S e o o2 e | D)@ — (@) — (@ au(9)*
o oo = o) + (o o) { ) bars,

40



where > 0% apz® = (—c(¢)z + 22) (Dpo o axz"). Similarly to the previous argument, the sec-
ond term in the right-hand converges to zero exponentially fast as k — 0 by the dominated

convergence theorem. Regarding the first-term, the Laplace approximation yields
n [ _ 2
Z =k c(9)z — = _ Afx k*+2 k*+2
/0 (kl arz ) exp {—T dz = F(k* + 2) _C((ZS)TH K + O(KJ )

Combining the arguments, the second term in the right-hand side of (51) is O(k). Hence,

lim s (9, 0) = (5 = o (9)°

for ¢ € &5 pointwise.

The limit for 7, (0, ¢) on ¢ € ®F can be obtained similarly, lim,_o 7, (§,¢) = (§ — a* ($))?,
and we omit the detailed proof for brevity.

Since 1 (8, ¢) has an integrable envelope (e.g., (6 — o (¢))* on ¢ € ;5 and (6 — o*(¢))? on

¢ € @;), the dominated convergence theorem leads to
i [ n@.0)imyx = [ limra(5.0)dmx + / e (0,6)
— [ G-au@ g+ [ 6ot @) drax
o5 2
= [ (6-au@)? v -a©)?) dmx,

where the last line follows by noting that (6 — av, (¢))? > (6 — a* (¢))? holds for ¢ € o5 and
the reverse inequality holds for ¢ € <I>§r.
(i) Fix ¢ and set h(d, o) = p, (o — §). Partition the parameter space ® by

+
CI)(;

{pe@:(1-7)ap)+1a™(¢) =6},
Oy = {pc®:(1—-1)a(p)+T1a"(P) <6},

and write [ 4 (6, 9) dmg|x as

J

We then repeat the proof techniques used in part (i). We omit the details for brevity. m

e (6,0) dgix + [D e (0.6) drg

S $

Proof of Theorem 5.3. (i) Let 7,(0, ¢) as defined in the proof of Theorem 5.2. Since A — oo

asymtptotics implies k£ — 0 asymptotics, we consider working with Ry, (0) = limx—o [5 7« (0, ¢) dTp|x s
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which is equal to R, (8) = [; 70 (3, ¢) dmyx where g (8, ¢) = (6 — a(9))* V(6 — a*(4))?. Since
the parameter space for o and the domain of § are compact, rg (d,¢) is a bounded function
in ¢. In addition, a.(¢) and a*(¢) are assumed to be continuous at ¢ = ¢, so ro (J,¢) is
continuous at ¢ = ¢,. Hence, the weak convergence of 74 x to the point mass measure implies
the convergence in mean

Ry (8) — Roo (6) = lim [(5— 0(8)2V (6 — a(6))?] dmgyx (53)

n—oo )

= (6 — ()’ V (6 — a(¢))

pointwise in ¢ for almost every sampling sequence. Note that Re, (0) is minimized uniquely
at 6 = %(a*(qﬁo) + a*(¢g)). Hence, by an analogy to the argument of the convergence of
extremum-estimators (see, e.g., Newey and McFadden (1994)), the conclusion follows if the
convergence of R, (§) to Rs () is uniform in 6. To show this is the case, define I(¢) =
[ (¢), a* (¢)] and note that (§ — . ())? V (6 — a*(¢))? can be interpreted as the squared
Hausdorff metric [dg (8,1 (¢))]? between point {6} and interval I(¢). Then

‘Rn (5) — R (6)| =

[ (i 6.2 00 = 5.1 002 50

IN

odiam (Q)L‘dH (0,1(9)) —du (3,1 (¢9))] dmy|x

< 2diam (a)/de (1(9), 1 (¢0)) dmyx,

where diam (o) < oo is the diameter of the parameter space of « and the third line fol-
lows by the triangular inequality of a metric, |dg (8,1 (¢)) — di (6,1 (¢))| < di (I(¢), 1 (¢g))-
Since dg (I(¢), I (¢y)) is bounded by the compactness assumption of the « space and is con-
tinuous at ¢ = ¢ by Assumption 5.1 (iv), [4du (I(6), I (dg)) dmgx — 0 as mgx converges
weakly to the point mass measure at ¢ = ¢,. This implies the uniform convergence of R, (§),
sups |Rp, (0) — Reo (0)| — 0 as n — oc.

We now prove (ii). Let [(6,¢) = (1—7)(d— () VT (a*(¢p) — §). Similarly to the quadratic

loss case shown above, we have

R (6) = Roo (6) = (1 = 7)(8 — au(gg)) V 7 (" (¢g) — &) = 10, ), (55)

which is minimized uniquely at § = (1 — 7) a(¢) + Ta*(¢pg). Hence, the conclusion follows if

sups |Rp, (0) — Roo (0)] — 0 is proven. To show this uniform convergence, define

IN

(1= 7)au(dg) + 72" (¢0)} (56)
(1 = 7)aw(gg) + 7™ (¢g) } -

Py = {9pe@:(1-7)a(e)+7a"(¢)
df = {pe®:(1—7)a(p) +71a%(d)

\
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On ¢ € ®y, 1(6,¢) — (6, ¢y) can be expressed as

1(6,9) = 1(9, ¢0) (57)
(1 =7) [ (@) —ax(@)], if 0 <(1—7)as(¢) +7a™(9),

= Tle"(8) = s (d)] = [0 — (@), i (1= T)au(@) + 7 (¢) <0 < (1= m)an(dg) + T ($fB)
7la” (¢) — a” (¢o)] if 6> (1 —=7)a.(¢g) +7a™(¢p)-

By noting that in the second case in (58), the absolute value of [(d, ¢) —1(d, ¢) is maximized at
either of the boundary values of ¢, it can be shown that [I(d, ¢) — 1(d, ¢y)| can be bounded from

above by [a. (6) — au(6o)] + |o* (9) — a* (¢)]. Symmetrically, on ¢ € B, [i(5,6) — (5, )
can be bounded from above by the same upper bound. Hence, sups |R, (§) — R (9)| can be

bounded by
sup R, () = Roo (0)] < sup / 1(6,8) — 16, 60)| dm s (59)

< /|04* ¢o)\d7f¢|x+/|04 ¢) — a” (¢o)| dmg|x,

which converges to zero by the weak convergence of 7y y, compactness of a space, and conti-
nuity of a, (¢) and a* (¢) at ¢ = ¢y. This completes the proof. m
B Asymptotic Analysis with Discrete Benchmark Prior

If the loss function h(d, «) is differentiable with respect to § at almost every «, the first order

condition for the minimization problem (18) is obtained as

9,05 exp {h(3, )/} )
[I’ [/Isa(qS) a‘;h(a’ ) (flsa(¢) exp {h(d,a)/r} d”:ub) ! a|¢] Ao =0 (60)

Suppose the benchmark conditional prior is a mixture of multiple probability masses (mul-

tiple point-identifying models). These point-identifying models are indexed by m =1,..., M,
and they differ in the sense that each model selects a different point in the identified set. De-
note the selection of « resulting from model m by a;,(¢) € ISy(a). A benchmark prior is

given by a particular mixture of these point mass measures,

M M
= Z Winla,,(¢)(@), wm >0 Vm, Z W, = 1,
m=1

m=1
where the weights (w1, ..., wys) specify benchmark credibility over each point-identified model.

The set of conditional priors concerned in (15) consists of any mixture of these point mass
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measures,
M
g (77(’;) = {Z Wi Lo, () (@) 1 (wh, ... why) € AM} ,
m=1

where Ay is the probability simplex in RM.
Denote (a1(¢g),---,an(dg)) by (au,...,an) for short, and label the models according to
a1 <ag < --- < ap. With a fixed £ > 0 and the degenerate posterior for ¢, the first order
condition (60) is simplified to
S (5 — ) oxp (8210
Sony w exp (=)

where the denominator does not affect the solution. The next proposition shows that, as

=0, (61)

k — 0, optimal § solving this first order condition converges to the mid-point of the two

extreme point-identified models, (a1 + aar) /2.

Proposition B.1 As x — 0, optimal 0 that solves (61) converges to (apr + o) /2.4

Proof. (sketch) Rewrite the first-order condition (61) as

M

(0 — ) exp (% +1In wm> = 0. (62)

m=1
As k — 0, the exponential term will shoot out to positive infinity, so in order for the first order
condition to be solved for some ¢ at small k, it must be the case that one exponential term
diverge to negative infinity and another exponential term diverges to positive infinity at the
same rate as kK — 0. Along this reasoning, consider equalizing the exponential terms for the

two extreme point-identified models, m =1 and m = M,

PRY _ 2
exp (@ —|—lnw1> = exp (% —i—lan) ,

which gives

« o1t oapy K w1
0 = — In[— .
2 2(ap — o) Wy

4In our Whiteboard 07, we obtain the result similar to this proposition for the case of two point-identified

models (M = 2) with benchmark weights wi — % and wi — % The current proposition extends it to the case

with more than two models and allows for arbitrary benchmark weights.
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* 2 * 2
Let H = w +Inw; = % + Inwys. It can be shown that, for m =2,..., (M — 1),

which diverges to negative infinity as x — 0.
We now show that 0* constructed above satisfies the first order condition at the limit x — 0.
Plug in 0" into the left-hand side of (62) and divide it by exp(H),

M-1 ((5*—06 )2
. - . W =), —H .
(0" —aq) + (0" —an —I—mZ:2 (0" — « exp( - +lnw )

As k — 0, all the exponential terms in the summation converge to zero, and (6" — ay) +

ailtoan
5

(6" — apr) — 0 since 6" — That is, the optimal decision at the limit is given by the

altan
2

mid-point decision , and optimal ¢ that solves (61) should converge to (a1 + apr) /2. m

For the check loss, we have the following results. Since p,(«a—J) is differentiable in § except
for the kink point, we can still rely on the first order condition (60), as far as the solution
exists (if a solution does not exist, it would probably imply that an optimum is occurring at
a nondifferentiable point). When 7 (¢) is a probability mass, we can ignore the denominator

term in (60), so that the first order condition is simplified to

/IS%(&) [(1 B T)exp{— (1 _TH) (a— 5)}1{a <6} —Texp{@} 1{a> 5}] dﬂgo(a()%:)o.

By noting that the §’s appearing in the exponential terms can be factored out from the integral,

we can rewrite this first-order condition as

7[5 exp (52) dmy (a)
(1-7) f_éoo exp (7(1:”) dT[‘ZO(OZ)
= 1,0

0 = kKln

(64)

If 7% («) does not involve any probability mass, then f-(J) is a continuous and weakly de-
creasing function in 0. Furthermore, f;(J) diverges to co as § approaches to the lower bound
of IS4 (¢y) and diverges to —oco as ¢ approaches to the upper bound of ISy («). Therefore,
the equation (64) has a unique solution for ¢ for every 7. We hereafter denote a unique root
of 6 = f+(6) by 6" (1) (if it exists).

45



The next sequence of propositions solve for §* (7) for various choices of benchmark prior

WZO(C)&).

Proposition B.2 Suppose 1S, (o) = [y, a] and 7[‘:;0(04) is uniform on [y,«]. Then, §* (1) =
(1 =7)y+7a for all T € (0,1). Note that x does not appear in 6* (7). This result implies
that 6 (1) coincides with the T-th quantile of 5, ().

Proof. Set 7T:;)0(04) =(y— 04)71 1@@] (a) in (64), and solve for 0 yields the result. m
Proposition B.3 Suppose that the benchmark prior is given by a mizxture of two point masses
at a1 and as with o < aa,

T, (@) = wla, () + (1 — w)1la, ().

Then

1—7)aq + Tag + kln (497
5% (1) = max ¢ a1, min (I=m)ar+ra; <“’(1—T))
&%)

This implies, as k — 0, §* (1) — (1 — 7) a1 + Tao.

Proof. For 0 € [a1, ag], the first order condition (63) can be written as

w(l —T)exp{(l _T)(‘S_O‘l)} _ —w)TeXp{M} ~0.

K K

This solves for

5*(7’):(1—7')041—1—7'042+ﬁln<

(E0la)

w(l—7)
Hence, if 0" (1) € [a1,a2], 6" (7) is the optimum, and otherwise, it can be shown that either

0 = a1 or § = as becomes an optimum. Hence, the conclusion follows. =

Proposition B.4 Suppose that the benchmark prior is given by a mizture of M point masses

at ap < ag < - < ayy,
M
mh (@) =) wnla,,(a).
m=1

Then, 0* (1) — (1 = 7) a1 + Tap, as K — 0.
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Proof. Let 6* = (1 —7)aq + 7o, and let m* € {1,...,(M — 1)} be the index such that
a; < 6 forall i =1,....,m* and a; > §* for all i = (m*+1),...,M. Then, if §* (1) €
[, Q= 41], the first order condition (64) should hold as

Qm =)

5(r) = rln | exp (5_*>< T )Z%m*ﬂwmexp(ﬂT)

K 1—7 Zm*:l Wy, €XP ((1—T)(il—am))

- wir + Z%:_TI,L*H Wiy, €XP <—T(am,:aM))
= §+kln < )
-

= wy + Zm*:z Wy, €XP (w)

— 0" ask—0.

Since 0% € [+, @m+4+1] by the construction of m*, §* (1) € [+, @m=+1] should hold for k

small enough. m

C Game Theoretic Model

For the entry game considered in example 1.3, the reduced form parameters ¢ relates to the

full structural parameter 0 = (3,71, B9, Vo, %) by

o1 = G(B1—711)G (B2 —72), (65)
P = (1=G(B1))(1—G(By)),
$10 = G(B1)[1 =GB+ G(B1 —71) [G(B2) — G(By — 72)]

+¢ [G(B1) — G(Br — 1)) [G(B2) — G(By —72)] -

where G(-) is the cdf of the standard normal distribution.
As a benchmark prior 75 (81,71, B2, V2, %) , consider for example Priors 1 and 2 in Moon and
Schorfheide (2012). Posterior draws of  can be obtained by the Metropolis-Hastings Algorithm

or its variant. Plug them into (65) the yields the posterior draws of ¢. The transformation
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(65) offers the following one-to-one reparametrization mapping between 6 and (81,71, 0):

pr = B (66)
7T = 7
_ 1 Poo _
b = 6 (1o =) =60,
_ -1 (q1_ Poo > _ -1 ( P11 ) —
72 G <1 1-G(8) G G(By — 1) =7 (B1,71,9) 5

_ LGB [yt on = G )]+ [GB) =GB =1l dw _ 5, ).

(G(8) — G(By — 1) [1 - G(B) — b0 — ik 61y

As in the SVAR example above, the conditional benchmark prior for 6 = (3;,7;) given ¢

satisfies

To|o (B1771) X T (51771762 (517¢) V2 (/8177174)) 7¢(/817717¢)) X ‘det (J(517717¢))‘7

where J (31,71, ¢) is the Jacobian of the transformation shown in (66). Solving for the multiplier
minimax estimator for v, follows similar steps to those in Algorithm 7.1, except for a slight
change in Step 1. Now, in the importance sampling step given a draw of ¢, we draw (81,7;)
jointly from a proposal distribution 7|4 (31,7;) even though the object of interest is v, only.
That is, to approximate 7y (J,¢) = In fISn(dﬂ exp {h(d,v,)/k} dwfhw), we draw N draws of
(B1,71), from a proposal distribution 7|4 (51,71) (e.g., a diffuse bivariate normal truncated to

v, > 0) and compute

Zf\; w (B4, 715, @) exp {h(d,v1;)/K}
Zij\il w (B4 V10> )

P (0,0m) = In

)

where
w (8 ) = 75 (81,71, B2 (B1, @), 2 (B1:71,8) s ¥ (B1, 71, 9)) % |det (J(By,71,9))]
LI er= 7o (B1,71) '
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