THE BECKER FRIEDMAN INSTITUTE FOR RESEARCH IN ECONOMICS

BFI Working Paper Series
No. 2012-010

Intermediary Leverage Cycles and
Financial Stability

Tobias Adrian

Federal Reserve Bank of New York

Nina Boyarchenko
Federal Reserve Bank of New York

August 16, 2012

1126 East 59th Street
BECKER FRIEDMAN INSTITUTE Chicago, lllinois 60637
FOR RESEARCH IN ECOMNDODMICSE ;{;;?;gg-ggg?
THE UNIVERSITY OF CHICAGD i @uchi

bfi@uchicago.edu



mailto:bfi@uchicago.edu

Intermediary Leverage Cycles and Financial Stability *

Tobias Adrianfand Nina Boyarchenko

Federal Reserve Bank of New York
33 Liberty Street, New York, NY 10045

August 16, 2012

Abstract

We develop a theory of financial intermediary leverage cycles in the context of a
dynamic model of the macroeconomy. The interaction between a production sector,
a financial intermediation sector, and a household sector gives rise to amplification of
fundamental shocks that affect real economic activity. The model features two state
variables that represent the dynamics of the economy: the net worth and the leverage of
financial intermediaries. The leverage of the intermediaries is procyclical owing to risk-
sensitive funding constraints. Relative to an economy with constant leverage, financial
intermediaries generate higher output and consumption growth and lower consumption
volatility in normal times, but at the cost of systemic solvency and liquidity risks. We
show that tightening intermediaries’ risk constraints affects the systemic risk-return
trade-off, by lowering the likelihood of systemic crises at the cost of higher pricing of
risk. Our model thus represents a conceptual framework for cyclical macroprudential
policies within a dynamic stochastic general equilibrium model.
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1 Introduction

The financial crisis of 2007-09 demonstrated the important role of financial intermediaries
in the amplification of fundamental shocks, spurring a renewed interest in policies toward
financial stability. In this paper, we develop a dynamic stochastic general equilibrium model
that captures the leverage cycle of financial intermediaries and the relation between asset
returns and intermediary leverage in an empirically relevant way. Moreover, the model fea-
tures endogenous systemic solvency and liquidity risk, allowing us to study the impact of
macroprudential policies on the systemic risk-return trade-off. We thus provide a conceptual
framework capturing the systemic risk of the financial sector within a dynamic macroeco-
nomic model.

While our paper shares many features with the recently emerging literature! on financially
intermediated macroeconomies, we assume risk-sensitive intermediary funding constraints.
This assumption allows us to match empirical regularities about the intermediation and
pricing of credit. In particular, risk-based funding constraints give rise to the procyclical
leverage behavior emphasized by Adrian and Shin (2010a). In our setup, households can
invest in intermediary debt, or directly in the capital stock of the productive sector, which
generates the procyclical substitution between intermediated and directly granted credit
documented by Adrian et al. (2011a).

In our theory, there are two sources of uncertainty: productivity and liquidity shocks. As
there are two sources of uncertainty, equilibrium dynamics are represented by two state
variables. These state variables are the (relative) net worth of the financial sector and the
leverage of financial intermediaries. The role of the net worth variable goes back to the
seminal contributions of Bernanke and Gertler (1989) and Kiyotaki and Moore (1997), who
emphasize the easing of financial conditions when net worth is high. One contribution of
our paper is to complement the net worth variable with a second state variable, the leverage
of financial intermediaries. Movements in the leverage state variable are closely tied to

the liquidity shocks that households experience, as these leverage shocks represent funding

!Brunnermeier and Sannikov (2011, 2012), He and Krishnamurthy (2012a,b), Gertler and Kiyotaki (2012),
and Gertler et al. (2011) all have recently proposed equilibrium theories with a financial sector.



liquidity shocks to intermediaries.? In fact, Adrian et al. (2011b) and Adrian et al. (2010)
show that fluctuations in intermediary leverage are tightly linked to the time series and
cross section of asset risk premia. Adrian et al. (2010) document a negative relationship
between intermediary leverage growth and risk premia which we can generate in the model.
In addition, we can express the equilibrium pricing kernel as a function of shocks to leverage,
which as been demonstrated to be a good empirical asset pricing approach by Adrian et al.
(2011b).

Our model features systemic liquidity and solvency risk. Systemic liquidity risk occurs
when the intermediary issues debt with negative expected excess returns, while systemic
solvency risk occurs when intermediary’s net worth falls below a threshold. Because our
setup features a representative intermediary, its solvency and liquidity risks are systemic by
nature. We show that both notions of systemic risk exhibit the “volatility paradox” of Adrian
and Brunnermeier (2010): Times of low volatility tend to be associated with a buildup of
leverage, which in turn increases forward-looking systemic risk. We also study the systemic
risk-return trade-off: Low prices of risk today tend to be associated with larger forward-
looking systemic risk measures, suggesting that measures of asset price valuations are useful
indicators for systemic risk assessments.

Since our theory captures important empirical regularities about the dynamic interactions
between the financial sector and the macroeconomy, it provides a conceptual framework
for financial stability policies. In this paper, we focus primarily on one form of pruden-
tial policy, which concerns the tightness of intermediaries’ funding constraint. Changes in
the tightness of the risk based capital constraint can be viewed as changes to the capital
requirement faced by institutions. Our paper is among the few that consider the role of
(macro)prudential policies in dynamic equilibrium models explicitly (see Goodhart et al.
(2012), Angelini et al. (2011), and Bianchi and Mendoza (2011) for alternative settings).
Our main findings are intuitive. We demonstrate that tighter prudential requirements are
associated with more expensive credit intermediation and lower forward-looking systemic

default risk. While these implications are often discussed by policymakers, they are the

ZNotice that, unlike in Rampini and Viswanathan (2012), the second variable is leverage, and not house-
hold wealth, which mirrors recent empirical work.



result of complex interactions between the different parts of the economy that can, under
some circumstances, lead to results that run counter to simple intuitions. The interactions
between the households, the financial intermediaries, and the productive sector lead to a
highly nonlinear system. We consider the nonlinearity a desirable feature, as the model is
able to capture strong amplification effects. Our theory features both endogenous risk am-
plification (where fundamental volatility is amplified as in Danielsson et al. (2011)), as well
as the creation of endogenous systemic risk. The amplification effects are best understood in
comparison to a benchmark setup. As a benchmark, we adopt the same economic structure,
but restrict the capital constraint to be constant. 3

The benchmark model features constant investment, a constant price of capital, and a con-
stant risk-free rate. Fluctuations in output of the benchmark economy are entirely due to
productivity shocks, and output is fully insulated from liquidity shocks. In contrast, in our
model with a risk based funding constraint, liquidity shocks spill over to real activity, and
productivity shocks are amplified. While the existence of the financial sector generates more
fluctuations, intermediaries provide consumption smoothing services to households during
normal times. As a result, overall growth rates in the economy with the intermediary lever-
age cycles are higher, but systemic risk states with high volatility and low growth sometimes
occur. There is therefore a risk-return trade-off in comparing economies with various funding
constraints.

This paper is related to several strands of the literature. Geanakoplos (2003) and Fostel and
Geanakoplos (2008) show that leverage cycles can cause contagion and issuance rationing in
a general equilibrium model with heterogeneous agents, incomplete markets, and endogenous
collateral. Brunnermeier and Pedersen (2009) further show that market liquidity and traders’
access to funding are co-dependent, leading to liquidity spirals. Our model differs from
that of Fostel and Geanakoplos (2008) as our asset markets are dynamically complete and
debt contracts are not collateralized. The leverage cycle in our model comes from the risk-
based leverage constraint of the financial intermediaries and is intimately related to the

funding liquidity of Brunnermeier and Pedersen (2009). Unlike in their model, however, the

3Brunnermeier and Sannikov (2011, 2012), He and Krishnamurthy (2012a,b), Gertler and Kiyotaki (2012),
and Gertler et al. (2011) exhibit various alternative assumptions about intermediaries’ leverage constraints.



funding liquidity that matters in our setup is that of the financial intermediaries, not that
of speculative traders.

This paper is also related to studies of amplification in models of the macroeconomy. The
seminal paper in this literature is Bernanke and Gertler (1989), which shows that the con-
dition of borrowers’ balance sheets is a source of output dynamics. Net worth increases
during economic upturns, increasing investment and amplifying the upturn, while the oppo-
site dynamics hold in a downturn. Kiyotaki and Moore (1997) show that small shocks can
be amplified by credit restrictions, giving rise to large output fluctuations. Instead of focus-
ing on financial frictions in the demand for credit as Bernanke-Gertler and Kiyotaki-Moore
do, our theory focuses on frictions in the supply of credit. Another important distinction
is that the intermediaries in our economy face leverage constraints that depend on current
volatility, which give rise to procyclical leverage. In contrast, the leverage constraints of
Bernanke—Gertler and Kiyotaki-Moore are state independent.

Gertler and Kiyotaki (2012) and Gertler et al. (2011) extend the accelerator mechanism of
Bernanke and Gertler (1989) and Kiyotaki and Moore (1997) to financial intermediaries.
Gertler et al. (2011) consider a model in which financial intermediaries can issue outside eq-
uity and short-term debt, making intermediary risk exposure an endogenous choice. Gertler
and Kiyotaki (2012) further extend the model to allow for household liquidity shocks as in
Diamond and Dybvig (1983). While these models are similar in spirit to that presented in
this paper, our model is more parsimonious in nature and allows for endogenous defaultable
debt. We can thus investigate the creation of both systemic default and liquidity risk, and
the effectiveness of macroprudential policy in mitigating these risks.

Our theory is closely related to the work of He and Krishnamurthy (2012a,b) and Brunner-
meier and Sannikov (2011, 2012), who explicitly introduce a financial sector into dynamic
models of the macroeconomy. While our setup shares many conceptual and technical fea-
tures of this work, our points of departure are empirically motivated. We allow households to
invest via financial intermediaries as well as directly in the capital stock, a feature strongly
supported by the data, which gives rise to important substitution effects between directly
granted and intermediated credit. In the setup of He—Krishnamurthy, investment is always

intermediated. Furthermore, our model features procyclical intermediary leverage, while
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Figure 1: Economy structure

theirs is countercyclical. Finally, systemic risk of the intermediary sector is at the heart of
our analysis, while He-Krishnamurthy and Brunnermeier-Sannikov focus primarily on the
amplification of shocks.

The rest of the paper is organized as follows. We describe the model in Section 2. The
equilibrium interactions and outcomes are outlined in Section 3. We investigate the creation
of systemic risk in Section 4 and the amplifications and distortions due to the existence of
the financial intermediation system in Section 5. Section 6 concludes. Technical details are

relegated to the appendix.

2 A Model

We begin with a single consumption good economy, where the unique good at time ¢ > 0 is
used as the numeraire. There are three types of agents in the economy: producers, financial
intermediaries, and households. In the basic formulation, we abstract from modeling the
decisions of the producers and focus instead on the interaction between the intermediary

sector and the households. The basic structure of the economy is represented in Figure 1.

2.1 Production

We consider an economy with two active types of agents: financially sophisticated interme-

diaries and unsophisticated households. While both types of agents can own capital, only



financial intermediaries can create new capital through investment. We denote by K; the
aggregate amount of capital in the economy at time ¢t > 0 and assume that each unit of
capital produces A; units of the consumption good. The total output in the economy at

time ¢ is given by
)/t = Ath7

where the stochastic productivity of capital {A; = e*};>( follows a geometric diffusion

process of the form
dat = adt + UadZat,

where (Z4) is a standard Brownian motion defined on the filtered probability space

0<t<+o0
(Q, F,P). Each unit of capital in the economy depreciates at a rate A, so that the capital

stock in the economy evolves as
th - (It - /\k) tht,

where I; is the reinvestment rate per unit of capital in place. Thus, output in the economy

evolves according to

2

4y, = (]t —Mo+a+ %) Yydt + 0,Y,dZ,,.

Notice that the quantity A;K; corresponds to the “efficiency” capital of Brunnermeier and
Sannikov (2012), with a constant productivity rate of 1.

There is a fully liquid market for physical capital in the economy, in which both the financial
intermediaries and the households are allowed to participate. To keep the economy scale-
invariant, we denote by pp;A; the price of one unit of capital at time ¢ in terms of the

consumption good.



2.2 Household sector

There is a unit mass of risk-averse, infinitely lived households in the economy. We assume
that the households in the economy are identical, such that the equilibrium outcomes are
determined by the decisions of the representative household. The households, however, are
exposed to a preference shock, modeled as a change-of-measure variable in the household’s
utility function. This reduced-form approach allows us to remain agnostic as to the exact
source of this second shock: With this specification, it can arise either from time-variation
in the households’ risk aversion or from time-variation in households’ beliefs. In particular,
we assume that the representative household evaluates different consumption paths {Ct}tzo

according to
+oo
E [ / e~ &tend) Jog e, dt |
0

where pj, is the subjective time discount of the representative household, and ¢; is the con-
sumption at time t. Here, exp (—&;) is the Radon-Nikodym derivative of the measure induced
by households’ time-varying preferences or beliefs with respect to the physical measure. For
simplicity, we assume that {{;} t>0 evolves as a Brownian motion, correlated with the pro-

ductivity shock, Z,:

dgt - U{p{,adZat + ¢/ 1- pgadth

where {Z¢} is a standard Brownian motion of (€2, ;,P), independent of Z,;. In the current
setting, with households constrained in their portfolio allocation, exp (—&;) can be interpreted
as a time-varying liquidity preference shock, as in Allen and Gale (1994) and Diamond and
Dybvig (1983), or as a time-varying shock to the preference for early resolution of uncertainty,
as in Bhamra et al. (2010a,b). In particular, when the households receive a positive d&; shock,
their effective discount rate increases, leading to a higher demand for liquidity.

The households finance their consumption through holdings of physical capital, holdings
of risky intermediary debt, and short-term risk-free borrowing and lending. Unlike the

intermediary sector, the households do not have access to the investment technology. Thus,



the physical capital kj; held by households evolves according to

dkht - _/\kkhtdt

When a household buys kj; units of capital at price pg;A;, by Itd’s lemma, the value of

capital evolves according to

d(k?htpktAt) _ dA, 4 dprt 4 dkpy i <dpkt dAt>
knipri Ay Ay Dkt Epy Dkt 7 Ay ‘

Each unit of capital owned by the household also produces A; units of output, so the total

return to one unit of household wealth invested in capital is

Atk d (khtpktAt)
ARy = it gp SNPRE) At g1 ar - ke 1.
' \khtpktAt . Enipre A . ! aisat S
dividendjrprice ratio Capitglrgains

For future use, notice that, with this notation, we have

AP

1 o2
» = (MRk,t —— 4+ M —a— = — 04 (Okar — aa)) dt + (Okat — 0a) AZat + Ope 1dZgt.
et

Pkt 2

In addition to direct capital investment, the households can invest in risky intermediary
debt. To keep the balance sheet structure of the financial institutions time-invariant, we
assume that the bonds mature at a constant rate \,, so that the time ¢ probability of a
bond maturing before time t + dt is A\ydt. Notice that this corresponds to an infinite-horizon
version of the “stationary balance sheet” assumption of Leland and Toft (1996). Thus, the

risky debt holdings by, of households follow
dbpy = (By — No) b,

where [3; is the issuance rate of new debt. The bonds pay a floating coupon Cj; until maturity,
with the coupon payment determined in equilibrium to clear the risky bond market. Similarly
to capital, risky bonds are liquidly traded, with the price of a unit of intermediary debt at

time ¢ in terms of the consumption good given by py; A;. Hence, the total return from one



unit of household wealth invested in risky debt is

Cut + o) At d (b A
det = ( bt b) t7ht dt + —< hiDbt t) = ,LLRb,tdt —+ O-ba,tdZat + O-bf,tdzft'
briPot Ay , bnipet A B
dividond:;ricc ratio ca‘pit;lrgains

When a household with total wealth wy; buys kj; units of capital and by, units of risky
intermediary debt, it invests the remaining wp; — prekn: — Dpebpe at the risk-free rate ry, so

that the wealth of the household evolves as

dU)ht = Tftwht + pktAtkht (det — T’ftdt) + pbtAtbht (det — Tftdt) — Ctdt. (21)

We assume that the household faces no-shorting constraints, such that

kne > 0
bpe > 0.
Thus, the household solves
T o)
max [E e~ &Pt oo ¢, dt | | 2.2
{et:knt,bne} {/0 s ( )

subject to the household wealth evolution (2.1) and the no-shorting constraints.

2.3 Financial intermediary sector

There is a unit mass of risk-neutral, infinitely lived financial intermediaries in the economy.
In the basic formulation, we assume that all the financial intermediaries are identical and thus
the equilibrium outcomes are determined by the behavior of the representative intermediary.
We abstract from modeling the dividend payment decision (“consumption”) of the interme-
diary sector and assume that an intermediary invests maximally if the opportunity arises.
In particular, financial intermediaries create new capital through capital investment. Denote
by k; the physical capital held by the representative intermediary at time t and by #; A; the

investment rate per unit of capital. Then the stock of capital held by the representative



intermediary evolves according to

Here, @ (-) reflects the costs of (dis)investment. We assume that ® (0) = 0, so in the absence
of new investment, capital depreciates at the economy-wide rate ;. Notice that the above
formulation implies that costs of adjusting capital are higher in economies with a higher level
of capital productivity, corresponding to the intuition that more developed economies are
more specialized. We follow Brunnermeier and Sannikov (2012) in assuming that investment

carries quadratic adjustment costs, so that ® has the form

@ (i1) = g0 (V1 61— 1),

for positive constants ¢y and ¢;.
Each unit of capital owned by the intermediary produces A; (1 — ¢;) units of output net of
investment. As a result, the total return from one unit of intermediary capital invested in

physical capital is given by

(1 — Zt) Atkt d (ktpktAt) ( . 'it )
dryy = —————dt + ———= =dRy; + | ® (4;) — — | dt.
w kipri Ay | kipri Ay , " ( t) Dkt

dividend—price ratio capital gains

Compared to the households, the financial intermediary earns an extra return to holding
firm capital to compensate it for the cost of investment. This extra return is partially passed
on to the households as coupon payments on the intermediaries’ debt.

It should be noted that financial intermediaries serve two functions in our economy. First,
they generate new investment. Second, they provide capital that provides risk-bearing ca-
pacity to the households. Compare this with the notion of intermediation of He and Krish-
namurthy (2012a,b,c). In their model, intermediaries allow households to access the risky
investment technology: Without the intermediary sector, the households can only invest in
the risk-free rate. Instead, the households enter into a profit-sharing agreement with the

intermediary, with the profits distributed according to the initial wealth contributions.
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The intermediaries finance their investment in new capital projects by issuing risky floating
coupon bonds to the households. Denoting by 5; the issuance rate of bonds at time ¢, the

stock of bonds b; on a representative intermediary’s balance sheet evolves as

dbt - (Bt - )\b) btdt

Each unit of debt issued by the intermediary pays Cjy; units of output until maturity and one

unit of output at maturity. The total net cost of one unit of intermediary debt is therefore

given by
(Cot + No — Bipwt) Asby d (bippi Av)
dry, = dt + = dRy.
" \ bt Ay . bipr Ay "

dividend—price ratio capital gains

Thus, the cost of debt to the intermediary equals the return on holding bank debt for the
households.

Consider now the budget constraint of an intermediary in this economy. An intermediary in
this economy holds capital investment projects (k;) on the assets side of its balance sheet and
has bonds (b;) on the liability side. In mathematical terms, we can express the corresponding

budget constraint as

PrtArky = porAby + wy, (2.3)

where w; is the implicit value of equity in the intermediary. Thus, in terms of flows, the

intermediary’s equity value evolves according to

dw; = kipre Aedriy — beppe Ardry. (2-4)

In this paper, we assume that intermediary borrowing is restricted by a risk-based capital

constraint, similar to the value at risk (VaR) constraint of Danielsson et al. (2011). In

11



particular, we assume that

a\/ % Uend (o)) = wn, (2.5)

where ()2 is the quadratic variation operator. That is, we assume that the intermediaries
are restricted to retain enough equity to cover a certain fraction of losses on their assets.
Unlike a traditional VaR constraint, this does not keep the volatility of intermediary equity
constant, leaving the intermediary sector exposed to solvency risk. The risk-based capital

constraint implies a time-varying leverage constraint 6, defined by

_ Pt Ak _ 1

0, =
W ar] L <d(pktAt)>

dt PreAt

Thus, the ratio of the total VaR of asset to total assets is negatively related to intermediary
leverage, a feature documented by Adrian and Shin (2010a).

Finally, the representative intermediary maximizes equity holder value to solve

™D
max & {/ e_ptwtdt} , (2.6)
0

{k¢,Btit}

subject to the dynamic intermediary budget constraint (2.4) and the risk-based capital con-
straint constraint (2.5). Here, p is the subjective discount rate of the intermediary and 7p
is the default time of the representative intermediary. We assume that the intermediary

defaults when its equity falls below zero, so that
=i < .
™ %Izlg {w; <0}

When the intermediary defaults, a fraction 1 — K of intermediary capital is lost in the lig-
uidation process. A new intermediary is created to operate the remaining remaining cap-
ital, /?ak’TB. We assume that the new intermediary is initially all-equity-financed, so that
Wrp = RkTEPkTDATD-

In addition to solvency risk, the intermediary sector is also exposed to liquidity risk. We

12



define liquidity to be the state of the economy when the excess return on intermediary
debt falls below zero. That is, if we denote by 7; the random time at which the in-
termediary becomes liquidity-constrained, 7; is the first hitting time of the set Rp =

{(wy, 0) € R? : Lror — Tpe < 0}
T = %Izlg {troe — 7y <0}

This notion of liquidity risk captures the intuition that intermediaries are liquidity-constrained
when they have difficulty rolling over their debt obligations. Since the intermediaries in our
economy issue floating coupon debt, this corresponds to intermediaries promising negative
excess returns on their debt.

We also introduce the term structure of systemic solvency and liquidity risks to be, respec-

tively,

o (T) =P (1p < T (wy,0))
510 (T) = P (1 < T| (s, 0,)).

Here, 6; (T') is the time ¢ probability of default occurring before time 7', while 67, (T") is the
time ¢ probability of the intermediary becoming liquidity constrained before time T'. Notice
that, since the fundamental shocks in the economy are Brownian, and all the agents in the

economy have perfect information, the local solvency and liquidity risk is zero.

2.4 Equilibrium

Definition 2.1. An equilibrium in this economy is a set of price processes {pxt, Pot, Cbt}tzm a
set of household decisions {kn, but, ¢t },5o, and a set of intermediary decisions {ky, B, i, 01},

such that the following apply:

1. Taking the price processes and the intermediary decisions as given, the household’s
choices solve the household’s optimization problem (2.2), subject to the household bud-
get constraint (2.1).

13



2. Taking the price processes and the household decisions as given, the intermediary’s
choices solve the intermediary optimization problem (2.6), subject to the intermediary

wealth evolution (2.3) and the risk-based capital constraint (2.5).

3. The capital market clears:

Ky =k + Fp.

4. The risky bond market clears:

bt - bht'

5. The risk-free debt market clears:

Wht = Drt Arkne + pot Aibne.

6. The goods market clears:

Cy = At (Kt — itkt) .

Notice that the bond markets’ clearing conditions imply

Pt A Ky = wpe + wy.

Notice also that the aggregate capital in the economy evolves as

14



3 Solution

To solve for the equilibrium, we introduce two additional state variables. In particular, we

define the fraction of the total wealth in the economy held by the financial intermediaries as

Wy Wy

Wt = = .
Wy +whe P A

With this definition, the share of total wealth in the economy held by the households is
(1 —wt). The second state variable we use is 6;, the leverage of the intermediary sector. The

vector of state variables in the economy is then

(0, wy) .

Notice that, by construction, the household belief shocks are expectation-neutral, and thus
their level is not a state variable in the economy. Similarly, we have defined prices in the
economy to scale with the level of productivity, A;, so productivity itself is not a state variable
in the scaled version of the economy. We will characterize the equilibrium outcomes in terms
of these variables, with the equilibrium conditions determining the time series evolution of
6; and w; in terms of the primitive shocks in the economy, (Z,:, Z¢). In particular, we will

make use of the following representations

dw

Tt = ot + Opa1dZap + Ope 1dZe
t

do

e_t = poedt + 0gq1dZqy + Op¢ 1dZ¢;.
t

Notice that, by observing the evolution of A;, as well as the two state variables in the

economy, we can isolate the time series evolution of the shocks to household beliefs, (Z¢), -

Notice finally that the VaR constraint implies
—29—2 2 2
a f, "= Okat T Tl t-

Thus, the riskiness of the return to holding capital increases as intermediary leverage de-

15



creases. This relation forms the crux of the volatility paradox discussed in detail below:
Periods of low volatility of the return to holding capital coincide with high intermediary
leverage, which leads to high systemic solvency and liquidity risk. Thus, the riskiness of the
return to holding capital increases as intermediary leverage decreases. This relation forms
the crux of the volatility paradox discussed in detail below: Periods of low volatility of the
return to holding capital coincide with high intermediary leverage, which leads to high sys-
temic solvency and liquidity risk. We plot the theoretical and the empirical trade-off between
leverage growth and volatility in Figure 2. Clearly, higher levels of the VIX tend to precede
declines in broker-dealer leverage (right panel). In the model, this translates into a negative
relationship between contemporaneous volatility and expected leverage growth (left panel).
In the left panel of Figure 2, we show that this relationship survives both as intermediary
wealth is decreased (going from solid to dashed lines) and as the funding constraint is tight-

ened (going from blue to red). The negative relationship between broker-dealer leverage and

the VIX is further investigated in Adrian and Shin (2010b,a).*

3.1 Capital evolution

Recall from the intermediary’s leverage constraint that

0, — DAk ‘

Wy

Using our definition of w;, we can thus express the amount of capital held by the financial

institutions as

4While Adrian and Shin (2010b) show that fluctuations in primary dealer repo—which is a good proxy
for fluctuations in broker-dealer leverage — tend to forecast movements in the VIX, Figure 2 shows that
higher levels of the VIX precede declines in broker-dealer leverage. We use the lagged VIX as the VIX
is implied volatility and hence a forward-looking measure (though the negative relationship also holds for
contemporaneous VIX). Adrian and Shin (2010a) use the VaR data of major securities broker-dealers to
show a negative association between broker-dealer leverage growth and the VaRs of the broker dealers. All
of these additional empirical results are fully consistent with our setup.
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Figure 2: The trade-off between the growth rate of leverage of financial
institutions and local volatility. The left panel investigates the shift in the
trade-off as intermediary wealth share is decreased (going from the solid
line to the dashed line) and the risk-based capital constraint is tightened,
increasing « (going from the blue to the red lines). Data on broker-dealer
leverage comes from Flow of Funds Table L.129.

Applying It6’s lemma, we obtain
dky = w Ky dOy + 0, Kydw, + Oy d Ky + K (dby, dw)
Recall, on the other hand, that the intermediary’s capital evolves as
dky = (O (i) — M) kedt.

Equating coefficients, we obtain

Ofat = —Owayt
Oget — —Owet

M@t = CI) (Zt> (]_ - etWt) - Nwt + Uga,t + O-ggvt '
N - - A/_/

asset growth rate

risk adjustment

Thus, intermediary leverage is perfectly negatively correlated with the share of wealth held
by the financial intermediaries. This reflects the fact that capital stock is not immediately

adjustable, so changes in the value of intermediary assets translate one-for-one into changes
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in intermediary leverage. Notice further that the intermediary faces a trade-off in the growth
rate of its leverage, pg;, and the growth rate of its wealth share in the economy, ..

Figure 3 plots the growth of the share of intermediated credit as a function of total credit
growth, showing the strong positive relationship in the model and the data. This positive re-
lationship has been previously documented in Adrian et al. (2011a) and shows the procyclical
nature of intermediated finance. The middle panel of Figure 3 shows the procyclical nature
of the leverage of financial intermediaries. Leverage tends to expand when balance sheets
grow, a fact that has been documented by Adrian and Shin (2010b) for the broker-dealer
sector and by Adrian et al. (2011a) for the commercial banking sector. The lower panel shows
that the procyclical leverage translates into countercyclical equity growth, both in the data
and in the model. We should note that the procyclical leverage of financial intermediaries
is closely tied to the risk-based capital constraint. In fact, previous literature has found it
a challenge to generate this feature (see Brunnermeier and Sannikov (2011, 2012), He and
Krishnamurthy (2012a,b), Bernanke and Gertler (1989), Kiyotaki and Moore (1997), Gertler
and Kiyotaki (2012), and Gertler et al. (2011)).

In all three panels of Figure 3, the movement from the solid to the dashed lines represents a
decrease in intermediary wealth share. In the lower two panels, such a decline in intermedi-
ary wealth corresponds to a steepening of the corresponding relationship. Notice also that
tightening of the funding constraint (so that « is increased going from the blue lines to the
red lines) does not change the shape of the relation but, rather, shifts the relations to lower

ranges of intermediary leverage growth.

3.2 Household’s problem

Consider now solving for the optimal consumption and investment rules of the household,

given asset prices. Recall that the household solves

—+o00
V, = max E {/ e~ &t og e dt | |
{ct7kht7bht} 0
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Figure 3: Top panels: The share of intermediated credit increases as a func-
tion of total credit extended to nonfinancials, showing the procyclicality of
financial intermediation. Middle panels: the trade-off between the growth
rate of intermediary leverage and intermediary asset growth predicted by
the model (left panel) and observed empirically (right panel), showing the
procyclical leverage of financial intermediaries. Lower panels: the trade-off
between the growth rate of intermediary leverage and intermediary equity
growth predicted by the model (left panel) and observed empirically (right
panel). The figure investigates the shift in the trade-off as intermediary
wealth share is decreased (going from the solid line to the dashed line) and
the risk-based capital constraint is tightened, increasing « (going from the
blue to the red lines). Data on total credit to the nonfinancial corporate sec-
tor and the share of intermediated finance come from Flow of Funds Table

L.102. Data on broker-dealer leverage, equity, and assets come from Flow of
Funds Table L.129.
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subject to the household wealth evolution
d/l,Uht = Tftwhtdt + pktAtkht (de‘t — Tftdt) + pbtAtbht (det — Tftdt) — Ctdt
and no-shorting constraints

kpe > 0

bre > 0.

Denote by 7y = (priAikne) /wpe the fraction of household wealth invested in the physical
capital and by 7, = (pprAibnt) /wpe the fraction of household wealth invested in the risky
intermediary debt at time t. Accordingly, we can express the household’s budget constraint
as

dwht = Tftwhtdt + Wh Tkt (det - Tftdt) + Wht Tt (det — T'ftdt> — Ctdt.
We have the following result.

Lemma 3.1. The household’s optimal consumption choice satisfies

o¢
Ct = (ph - E) Wht-

In the unconstrained region, the household’s optimal portfolio choice is given by

. -1

Tkt Okat Okét Okat Obayt HREt — Tft
vt Obat Obgt Oket Obet MRbt — Tft
— 71 —
Okat Obayt Péa
2
Oket Ovg \/ I Pt a
Proof. See Appendix A.1. m

Thus, the household with the time-varying beliefs chooses consumption as a myopic investor
but with a lower rate of discount. The optimal portfolio choice of the household, on the other

hand, also includes a hedging component for variations in the Radon-Nikodym derivative,
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exp (—&;). Since intermediary debt is locally risk-less, however, households do not self-insure
against intermediary default.

Notice that, with the notation introduced above, we also have

_ pktAtk?ht _ pktAt (Kt - k’t) _ 1 — 0wy
Wht (1 - Wt) pktAth 1 —wy
Wt (975 — 1)

1—Wt

Tkt

Ty = 1 — T =

Thus, the household holds a non-zero amount of intermediary debt while intermediary lever-
age exceeds one, and a non-zero amount of capital while the unlevered value of intermediary
capital share is less than one. Using this result, we can express the excess return to holding

capital as

]_—Qtwt
]__(A)t/

— -~
compensation for own risk compensation for risk of correlated asset

+ 0¢ <Uka,t,0§,a + Oke /1 — p?,a)

-~
compensation for beliefs risk

we (0 — 1)

+ (Oka,tObat + Oke tObe t) 1—w
— Wy

2 2
MRkt — Tft = (Uka,t + ng,t)

N

Thus, the excess return on holding capital directly has three components. The first compen-
sates households for the direct risk of holding a claim to the volatile output stream, while
the second compensates households for the riskiness of holding the correlated asset (risky
intermediary debt). The remaining component is the hedging motive for holding capital
and compensates households for the risk associated with fluctuations in the Radon-Nikodym
derivative, exp (—&).

Similarly, the excess return to holding risky intermediary debt is given by

i 2 2 Wt (Qt — 1) 1-— 9twt
HRbt — Tft = (Uba,t + Ubg,t) —————— + (OkatObat + OkeObet) ———
1— Wt 1— Wt
h ~~ d ~~ d
compensation for own risk compensation for risk of correlated asset
2
+ o¢ (Uba,tp£,a T open /1 — Pg,a>-
A\ - 7

compensation for beliefs risk

As with the excess return to direct capital investment, the excess return on risky intermediary
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debt has three components. The first compensates households for the direct risk of holding
a claim to the volatile coupons, while the second compensates households for the riskiness
of holding the correlated asset (direct capital investment). As with capital, the remaining
component is the hedging motive for holding capital and compensates households for the
risk associated with fluctuations in the Radon-Nikodym derivative, exp (—&).

In Figure 4 and 5, we plot the equilibrium risk-return trade-off for capital and intermediary
debt, and investigate how the equilibrium outcome changes as intermediary wealth share in
the economy decreases (top panels), leverage increases (middle panels), and the risk-based
capital constraint becomes tighter (bottom panels). Consider first the impact of a decrease
in the intermediary’s wealth share in the economy. In the capital market, this leads to lower
expected excess returns figy: — 7, lower loading on the shock to productivity, ok, and
higher loading on the shock to household beliefs, o¢ ;. In the debt market, on the other hand,
a decrease in the intermediary’s wealth share in the economy leads to an increase in expected
excess return gy — 7, but also to a lower loading on the shock to productivity, oy, ¢, and
higher loading on the shock to household beliefs, oy¢ ;. Intuitively, as the intermediary owns a
smaller share of wealth in the economy, household beliefs become more prevalent, increasing
the sensitivity of excess returns to beliefs shocks. A decrease in intermediary wealth is
accompanied by a decrease in investment, making capital less valuable and decreasing the
expected excess return to holding capital. As financial intermediaries decrease the rate of
investment, they reduce their dependence on outside financing, making intermediary debt
more scarce in the economy and increasing the expected excess return to holding intermediary
debt.

When the intermediary increases its leverage, the equilibrium in the capital market is al-
most unchanged. In the debt market, however, this leads to lower expected excess returns
Irbt — T ft, lower loading on the shock to productivity, 04,4, and higher loading on the shock
to household beliefs, o4 ;. Intuitively, higher leverage increases the probability of default
and, thus, decreases the expected excess return to holding intermediary debt. The trade-off
between higher leverage (growth) and the excess return to intermediary debt is illustrated
further in the left panels of Figure 6. In particular, we see that the excess return to in-

termediary debt and capital increase as the growth rate of intermediary leverage decreases.
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Figure 4: Capital market clearing. “Demand” refers to the capital demand by
the households; “supply” refers to the capital demand by the financial institu-
tions. The upper panels investigate the shift in equilibrium as intermediary
wealth share is decreased (going from the solid lines to the dashed lines).
The middle panels investigate the shift in equilibrium as intermediary lever-
age is increased (going from the solid lines to the dashed lines). The lower
panels investigate the shift in equilibrium as the risk-based capital constraint
is tightened, increasing « (going from the solid lines to the dashed lines).

Furthermore, a decrease in the intermediary’s wealth share in the economy, w;, makes the
relationship between the growth rate of leverage and the excess return to intermediary debt
steeper. As a result, the excess return declines faster with an increased rate of leverage
growth, while a tightening of the risk-based capital constraint does not mitigate the severity
of the trade-off. The right panels of Figure 6 show that this negative relationship between
returns and lagged broker-dealer leverage growth holds empirically. In fact, Adrian et al.
(2010) document that broker-dealer leverage growth is a good empirical proxy for the time

variation of expected returns for a variety of stock and bond portfolios.
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Figure 5: Debt market clearing. “Demand” refers to the debt demand by the
households; “supply” refers to the debt supply by the financial institutions.
The upper panels investigate the shift in equilibrium as intermediary wealth
share is decreased (going from the solid lines to the dashed lines). The
middle panels investigate the shift in equilibrium as intermediary leverage is
increased (going from the solid lines to the dashed lines). The lower panels
investigate the shift in equilibrium as the risk-based capital constraint is
tightened, increasing « (going from the solid lines to the dashed lines).

The left panels of Figure 6 show that a tightening of the risk-based capital constraint does
impact the sensitivity of the returns to holding capital and intermediary debt to the funda-
mental shocks in the economy. In the capital market, an increase in « leads to an increase
in expected excess return and a decrease in sensitivity to the liquidity shock. In the debt
market, an increase in « leads to a decrease in expected excess return, as well as a decrease
in the sensitivity to productivity shocks and household liquidity shocks. Intuitively, as the
risk-based capital constraint becomes tighter, the financial intermediaries cannot take on as

much leverage, making the system more resilient to the transmission of shock to household
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Figure 6: Upper-left panel: the trade-off between the excess return to holding
capital and the growth rate of intermediary leverage. Lower-left panel: the
trade-off between the excess return to intermediary debt and the growth rate
of intermediary leverage. Upper-right panel: the quarterly return to holding
the S&P Financial Index as a function of lagged annual broker-dealer leverage
growth. Lower-right panel: the quarterly return to holding the Barclays
Bond Financial Index as a function of lagged annual broker-dealer leverage
growth. The figures in the left panels investigate the shift in equilibrium
as intermediary wealth share is decreased (going from the solid line to the
dashed line) and as the funding constraint is tightened (going from the blue
to the red line). Data on broker-dealer leverage come from Flow of Funds
Table L.129 and that on the return to the S&P Financial Index from Haver
Analytics and Barclays.

liquidity preference. This makes intermediary debt less risky, reducing the compensation for
the risk associated with holding intermediary debt. Since households are less able to insure

against liquidity shocks, capital becomes more risky from their viewpoint, increasing the

expected excess return to holding capital.

As an aside, notice that, while the economy is unconstrained, the household’s pricing kernel
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is given by

dAt 1-— Qtwt Wt (et — 1)
— = —redt — | ——— a - 7
At "t ( 1— Wt Tkt 1— Wt

1— Htwt Wt (9,5 — 1)
Y AU 1= p2 ) dZe.
( 1 — o, ket T o, bt + o Pé.a &t

While it is natural to express the pricing kernel as a function of the fundamental shocks

Obat + UfPE,a) dZat

¢ and a, these are not readily observable. Instead, we follow the empirical literature and
express the pricing kernel in terms of shocks to output and leverage. Define the innovation

to (log) output as
djy = 0, " (dlogY; — E;[dlog Yy]) = dZy
and the innovation to the growth rate of leverage of the intermediaries as

A ~1 (do do a
do, = (Uga,t + U(?g,t) : (_t - E, [—t}> Toast Ao + ooe.t AZet.

0, 0, - 2 2 2 2
Tpat T Opet Opar T et

Thus, we can express the pricing kernel as

dAt O'g t 1-— Gtwt Wt <9t — 1) N
—— = —rpdt — 4|1 o —_ \/1—pi, ) do
A, Tft + e \1—w, Oket T~ — o, bt + 0¢ Pea | Q0

1— Htwt Wt (9,5 — 1)
—\ & Cka 5 Yba a dy
( [ o, kot 1, Obet + 0¢pea | QY

Opar (1 — Oy Wt <9t - 1) / ~
+ ’ —|— B —— —|— 1 — p? d .
Toe t ( 1 —wy ket I —wy Tbet O Pea | CU1

Hence, the price of risk associated with shocks to the growth rate of intermediary leverage is

2
a@at 1-— Gtwt Wt (Qt — 1)
— 1 ) Tty T 1 — 2
Mor =4[ 1+ ( 1w, Thet Ty Ovee T oe /1= 0ga )

2
Oge t
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and the price of risk associated with shocks to output is

1 — Oy Ofa,t Wy (915 - 1) Ofa,t
Myt = ————— | Okat — p Oket | +———— | Obat — . Ope t

1 —wy 3 L=
OQait |/
+O_§ (pf,a_ U@:t ]'_pg,a) .

Thus, while the households are unconstrained, a two-factor Merton (1973) ICAPM holds,

with shocks to intermediary leverage driving the uncertainty about future investment oppor-
tunities.

Finally, notice that

dwpy B d (1 — wi) pre A Ky)

Wht (1 - Wt) PktAth

Thus, the expected rate of change in the financial intermediaries’ wealth share in the economy

is given by

Pt = (0r = 1) (rit — Prbt) — (OkatOwat + Ok tOuwet)

N (. S

Vv Vv
expected porfolio return compensation for portfolio risk
2
1—w O¢ 1 .
+ Ph — —= __+(I)('lt)¢9twt,
W 2 Dkt
~~ v

consumption provision to households

and the loadings of the financial intermediaries’ wealth share in the economy on the two

sources of fundamental risk are given by

Owat = (gt - 1) (Uka,t - Crba,t)

Ower = (0r — 1) (Orer — Ovet) -

That is, the risk loadings of the financial intermediaries’ relative wealth reflect the ability of
the financial intermediaries to absorb shocks to their balance sheets. The negative sign on
the volatility of bond returns reflects the fact that losses in the value of the bonds benefit

the intermediaries by reducing the liabilities side of their balance sheets.

27



3.3 Goods market clearing and price of capital

Recall that goods market clearing implies the households consume all output, except that

used for investment
Cy = At (Kt — itkt) .

Recall further that the only real choice the intermediary has to make (since financing is

restricted by the risk-based capital constraint) is in its optimal investment, given by

1
— = ® (4y),
Dkt (t)

such that the equilibrium rate of investment is given by

1 2 12
o (i)

As the price of capital increases, the book value of intermediary assets increases and the
intermediaries are able to invest at a higher rate. Thus, in equilibrium, we must have

o¢ Owor [ Bid3
I3 tWt
T

~
household demand total supply

The households” demand for the consumption good is driven by the households’ wealth share
in the economy, 1 — w;, and the capital price pg;. The supply of the consumption good, on
the other hand, is determined by the financial intermediaries’ wealth share in the economy,

wy, financial intermediaries’ leverage, 6;, and the capital price. Denoting

_ (v _2»
ﬂ_(¢3¢1(ph 2 )

the price of capital solves

4 49twt

0 = ppbiwr + Bpre (1 — wy) — prorayoL
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or

—B(1—w) + \/52 (1—w)®+ ﬁezﬁwt (¢1 + Orewr)

1
20,5(,{),5 (3 )

Pkt =
As an aside, notice that, for the intermediary to disinvest, we must have

PoP1
2o 5)
Thus, the intermediary disinvests when the household is a large fraction of the economy—
that is, when the intermediary has a relatively low value of equity. Notice that the time ¢
probability of the intermediary becoming illiquid before time 7' is given by

“).

2
— ' <1-_=
o (1) =P (tglgT% <1 B

Applying It6’s lemma and equating coefficients, we obtain

[dZat] : Bwto_wa,t = (QHtthkt +8 (1 - wt)) (Uka,t - Ua)

[ngt] : Bwtgwg,t = (2‘9twtpkt + 5 (1 - Wt)) Oket

1 o? .
[dt] . 0 = Qtwtpzt (2 <,uRk,t — p_ —a— 7(1 + )\k — Ogq (Uka,t — 0(1)) + q) (lt) (]_ — Qtwt))
kt
1 o2
+/8(]- - wt)pkt HRkt — — — a4 — —— + )‘k — Oq (Uka,t - Ua)
Pkt 2

4 .
— BPrwi ot — W‘p (i¢) (1 = Ooy) Opoy + Gtwtpit ((Ulm,t - Ua)2 + U;%&t)
0?1

— Bpiewt ((Okat — Oa) Owat + OketOuwert) -

Thus, in equilibrium, the financial intermediaries’ wealth ratio in the economy reacts to

shocks in the households’ beliefs in the same direction as the return to capital.

3.4 Equilibrium

We summarize the resulting equilibrium outcomes in the following lemma.
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Lemma 3.2. In equilibrium, the expected excess return on capital and risky intermediary
debt, as well as the expected return on intermediary equity, the risk-free rate, and the volatility
of intermediary equity and intermediary debt, depends linearly on the volatility of the return

to holding capital. In particular, we can express the endogenous variables as

frng = Ko (wr, 00) + Ko (Wi, 00) Orap + ey /1 — pZ Onet

Lrbe = Bo (Wi, 0;) + By (Wi, 0¢) Okar + Be (wi, 0;) ore
tot = O (wi, O) + Oy (Wi, 01) Opar + Of (wy, 0;) ke
por = So (wy, Or) + Sa (wr, 0t) Okar — O (wr, 0r) ke

= Ro (wi, 01) + Ra (Wi, 0t) Oray
20w + B (1 — wy) _ 20wipre + 5 (1 —0Ouwy)

T T B (-1 B (O —1)
ey — — 20ywipre + B (1 - Qtwt)g

bE,t Bwt (Qt — 1) k&t
—— 20,wepre + B (1 — wy) (04 )

at — T at — Ya

) /Bwt )
20wk + B (1 — wy)

Oget = — Bus Oke oty

where the coefficients (Ko, Ka, Bo, Ba, Be, Oo, Oa, O¢, So, Sas Ro, Ra) are non linear functions
of the state variables (wy,0y), given by (A.1)-(A.14). The loadings of the return to holding
capital on the shock to household beliefs, owe, and on the shock to productivity, ope:, are
given, respectively, by
0>
Oket = — ? = Okayt
-2

o :t——|—02<1+ L )
w2 “ wi (20,wipre + B (1 —wy)) )

Proof. See Appendix A.2. O

Notice that we pick the negative root in determining the exposure of capital to the house-
hold liquidity shocks, oj¢ . Intuitively, when the household experiences a negative liquidity

shock, such that dZ¢; < 0, the household discount rate is increased, making households more
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impatient and decreasing the return to holding capital.

Recall that the price of the risk associated with shocks to intermediary leverage is given by

- 1+‘7(§a,t (1—9twt wy (0 — 1)
.=

g + —0 + 0 1-— 2 .

Substituting the equilibrium expressions for oy, ¢, 0o and ope ¢, we obtain

no = 11 + (Okat — Ua)2 ( 20,wipry Oper + Oer /1 — p2 )
t — - it - al -
0es BL—w) & ¢

Since capital has a negative exposure to the households’ preference shocks, the price of
risk associated with shocks to intermediary leverage is positive, so leverage risk commands a
positive risk premium. While the sign of the risk premium is always positive, the dependence
of the price of leverage risk on the leverage growth rate is nonmonotonic. The empirical
literature strongly favors the positive price of leverage risk for stock and bond returns (see
Adrian et al. (2011b)) and a negative relationship between the price of risk and the growth
rate of leverage (see Adrian et al. (2010)).

Similarly, the price of risk associated with shocks to output is given, in equilibrium, by

1 — Oy Ofa,t Wy (915 - 1) Ofa,t
Nyt = ———— | Okat — Opet | + —— | Obajt — Ope t
- Oy, 1 —wy Op¢ t
Ofa,t 2
+0e | pea— ——1/1—p )
3 ( &.a Ooe 4 §a

O t g,
=out o (o= T 1o ).
,t

Unlike the price of leverage risk, the price of risk associated with shocks to output changes

signs, depending on whether the equilibrium sensitivity of the return to holding capital to
output shocks is lower or higher than the fundamental volatility. The time-varying nature of
the direction of the risk premium for output shocks makes it difficult to detect in observed
returns, suggesting an explanation for the poor performance of the production CAPM in the

data.’ Figure 7 shows the risk prices as a function of leverage growth, and Figure 8 plots the

For example, Jermann (1998) finds that, in a general equilibrium setting, both capital adjustment costs
and habit preferences on the part of consumers are necessary to generate reasonable levels of the equity risk

31



0.8 I 0.4 — — —
~ 0.7} ! / ’
& ! s 03} :
Py [ o '
g0.6 | < :
(0] | =
E.>’ 0.5 : B8 0.2f |
S 04 | 3 ‘
g ‘ 2 0.1 |
= \ o v |
O 03 ~ |
= T \
0.2~ : : : : : ol— : : : : :
13 14 15 16 17 18 13 14 15 16 17 18

Growth Rate of Leverage

Growth Rate of Leverage

Figure 7: Upper panel: the price of risk associated with shocks to leverage
(ne:) as a function of leverage growth. Lower panel: the price of risk as-
sociated with shocks to output (n,.) as a function of leverage growth. The
figure investigates the change in equilibrium as intermediary wealth share is
reduced (going from the solid line to the dashed line) and as the risk-based
capital constraint is tightened (going from the blue to the red line).

risk-return trade-off between the prices of leverage and output risks and the probabilities of

insolvency and illiquidity.

4 Solvency and Liquidity

We turn now to characterizing the term structure of the probabilities of default, d; (7), and
of liquidity, d; (T'). Recall that we have defined intermediary insolvency as the states of
the economy in which the expected excess return on holding intermediary debt falls below
0, such that pgp; — 75 < 0, while liquidity is defined as the states of the economy in
which the intermediary disinvests from the capital projects, such that 7; < 0. Although the
corresponding probabilities, d; (T') and 07, (T'), do not have closed-form solutions, we can
easily compute them using Monte Carlo simulations. In this section, we consider the term
structure of the probabilities of liquidity and of default, the distribution of outcomes leading

to liquidity and default, and the relation between local volatility and the probabilities of
liquidity and of default.

premium.
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Figure 8: Left panels: the trade-off between the price of risk associated with
shocks to leverage (ng;) and the probability of default (upper panel) and the
probability of illiquidity (lower panel). Right panels: the trade-off between
the price of risk associated with shocks to output (1,:) and the probability
of default (upper panel) and the probability of illiquidity (lower panel). For
the red lines, the risk-based capital constraint is tightened, increasing a.

4.1 Term structure of default and liquidity

We begin by considering the term structure of the probabilities of liquidity (left panels) and
of default (right panels), plotted in Figure 9. An increase in the intermediary’s wealth share
in the economy (upper panels) decreases both the probability of liquidity and the probability
of default. Intuitively, an increase in the intermediary’s wealth share in the economy implies
that the intermediary is further from the liquidity boundary. From the previous section, we
know that, while an increase in the intermediary’s wealth share in the economy reduces the
expected excess return to holding intermediary debt, it also reduces the volatility of the excess
return, making it less likely that the excess return to intermediary debt will become negative.

An increase in intermediary leverage (lower panels) has the opposite effect, increasing both
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probabilities. Once again, this acts through an increase in the volatility of the growth rate of
the intermediary’s wealth share in the economy (making liquidity more likely) and an increase
in the volatility of the excess return to intermediary debt (making default more likely). The
more interesting effect, however, is that of a tightening of the risk-based capital constraint.
While a higher o does make default less likely, it increases the probability of liquidity. From
the previous section, we know that a tightening of the risk-based capital constraint reduces
the expected excess return to intermediary debt, reducing equilibrium leverage and, thus, the
amount of funds financial intermediaries have to allocate to investment problems. While this
has a stabilizing effect in terms of default, it does increase the probability of the intermediary

disinvesting from capital projects.

4.2 The volatility paradox

We turn finally to the trade-off between the instantaneous riskiness of capital investment, as
measured by the local volatility of the return to holding capital, and the long-run fragilities in
the economy, as measured by the probabilities of liquidity and of default. Figure 10 plots the
trade-off between local volatility and the probability of the intermediaries becoming liquidity
constrained, and the trade-off between local volatility and the probability of default. As local
volatility increases, the probability of liquidity decreases. This relationship persists even as
the initial share of the intermediary’s wealth in the economy increases and even as the risk-
based capital constraint is tightened. Notice that, while an increase in the initial share of
the intermediary’s wealth in the economy has a negligible effect on the trade-off for lower
values of «, for a tighter risk-based capital constraint, an increase in the initial share of the
intermediary’s wealth in the economy leads to a steepening of the trade-off.

While the probability of default exhibits the same behavior for low levels of local volatility,
the relationship reverses for more volatile returns to holding capital, with the probability of
default increasing as the local volatility increases. Recall that an increase in local volatility of
the return to holding capital is associated with lower leverage. The relation between leverage
and the volatility of the return to intermediary debt, on the other hand, is not monotone:
Ceteris paribus, the volatility of the return to intermediary debt increases for only very low

levels of leverage. Since the probability of default is primarily determined by the volatility
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Figure 9: Term structure of the probabilities of liquidity (left panels) and of
default (right panels). The upper panels investigate the shift in equilibrium
as intermediary wealth share is reduced (going from the solid lines to the
dashed lines). The lower panels investigate the shift in equilibrium as the
intermediary leverage is increased (going from the solid lines to the dashed
lines). For the red lines, the risk-based capital constraint is tightened, in-
creasing .

of the excess return to intermediary debt, this results in a nonmonotone relation between

the probability of default and the local volatility of the return to holding capital.

4.3 Stress tests

By introducing preferences for the financial intermediary, we can extend our model to study
the impact of the use of stress tests as a macroprudential tool. By further introducing

preferences for the prudential regulator, the model also provides implications for the optimal
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Figure 10: Left panel: the trade-off between local volatility (z-axis) and
the probability of default (y-axis). Right panel: the trade-off between local
volatility (z-axis) and the probability of intermediaries becoming liquidity
constrained (y-axis). Red lines correspond to a tighter risk-based capital
constraint, while dashed lines correspond to a higher initial level of the in-
termediary’s wealth share in the economy, w;.

design of stress tests. We leave the formal treatment of these extensions for future work and
provide here a sketch of how stress tests can be incorporated in the current setting.
Recall that, in our model, intermediary debt is subject to the risk-based capital constraint,

which is a constraint on the local volatility of the asset side of the intermediary balance sheet

—1 / 2 2
0, >« Tiat T Ole v

Stress tests, on the other hand, can be interpreted as a constraint on the total volatility of

the asset side of the balance sheet over a fixed time interval

T
9;1 > ﬁ\/Et |:/ (O-l%a,s + O-I%E,S) d8:| :
t

Thus, in effect, stress tests can be thought of as a Stackelberg game between the policymaker

and the financial intermediary, with the policymaker moving first to choose the maximal al-
lowable level of volatility over a time interval, and the intermediary moving second to allocate
the volatility allowance between different periods. Under the assumption that the prudential
regulator designs stress tests to minimize total volatility, while the intermediary maximizes

the expected discounted value of equity, the optimization problem for the intermediary re-
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sembles the optimal robust control problem under model misspecification studied by Hansen
et al. (2006); Hansen and Sargent (2001); Hansen et al. (1999); Hansen and Sargent (2007),

among others

D
Vi(0) = max win | / e, (i, B, k) dsdg

subject to

T
‘9;1 > 19\// / (O-lga,s + U/%&s) dqst'
t

Notice that, in the limit at T" — ¢ 4 dt, this reduces to the risk-based capital constraint
described above. In the language of Hansen et al. (2006), this is a nonsequential problem
since the constraint is over a non-infinitesimal time horizon. The density function ¢ is a
density over the future realizations of the fundamental shocks (dZ,;, dZ¢;) in the economy,
and Q is the set of densities that satisfies the stress-test constraint. Hansen et al. (2006)
show how to move from the nonsequential robust controls problems to sequential problems.
In particular, for the constraint formulation, they augment the state-space to include the
continuation value of entropy and solve for the optimal value function that also depends on
this continuation entropy.

In our setting, we can reformulate the optimization problem of the financial intermediary as

D
Vi (9) = (max u e Py (i, B, k) dé}

subject to

95_1 > 2 2
. Jka,s + O—kE,s

T 9,2
07 >0y |E, [/ S—st].
t as

That is, the intermediary chooses an optimal capital plan at the time of the stress test

to maximize the discounted present value of equity subject to satisfying the intertemporal
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volatility constraint imposed by the stress test. Locally, the portfolio allocation decision
of the intermediary satisfies a risk-based capital constraint, albeit with a time-varying «.
However, along a given capital plan, the optimal decisions of both the households and the
intermediary are as described above. Stress tests are hence a natural but technically chal-

lenging extension of the current setup and are left for future exploration.

5 Distortions and Amplifications

In this section, we investigate how financial frictions amplify the transmission of funda-
mental shocks in the economy and distort equilibrium outcomes. The basic amplification
mechanism, illustrated in Figure 11, acts through the risk-based capital constraint of the
representative intermediary: A shock to the relative wealth of the intermediaries reduces the
equilibrium level of investment, reducing the price of capital, which makes the risk-based cap-
ital constraint bind more, reducing further the financial intermediaries’ relative wealth. The
amplification mechanism acts through the time-varying leverage constraint that is induced
by the risk-sensitive capital constraint. To understand the mechanism better, we describe
the equilibrium outcomes in an economy with constant leverage, and contrast the resulting

dynamics with those in the full model.
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5.1 Constant leverage benchmark

In this benchmark, we consider a more conventional economy, in which the financial inter-
mediaries face a constant leverage constraint. In particular, instead of facing the risk-based

capital constraint, the intermediaries face a constant leverage constraint, such that

Dt Arky

Wy

:0_7

where 6 is a constant set by the prudential regulator. The equilibrium asset prices are

summarized in the following lemma.

Lemma 5.1. In the economy with constant leverage and no shocks to households’ liquidity

preferences, the wealth share of the intermediary in the economy is locally riskless, such that

Owait = 0

Owet = 07
with the growth rate of the intermediary’s share given by
Mot = P (Zt) (1 — éwt) dt.

The expected returns to holding capital directly and to holding intermediary debt are given,

respectively, by

1 o2 ® (iy) (1 — Guwy) ( 40 Wy S
Pkt = — +a+ =% — A\ — = - Bt + Owp
ikt Prt 2 * Pkt (290Jtpkt + B (1 - Wt)) Q%(b% I —wy & okt
o? 1 1—w
£ t .
= _—— — —_— @
KRbt = HUREt T (ph 5 pkt> o (0 — 1) + @ (i),

with the riskiness of the returns equal to the riskiness of the productivity growth

Oka,t = Oba,t = Oq

O'kg,t = O'bg,t =0.
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Proof. See Appendix A.3. O]

Thus, when the financial intermediaries face a constant leverage constraint, the intermediary
sector does not amplify the fundamental shocks in the economy. Notice further that the
dynamics for the intermediary’s wealth share imply that the economy converges to a constant
intermediary wealth share, equal to the inverse of the leverage constraint #. In that steady
state, the intermediary sector owns all the capital in the economy, with the expected excess
return to holding capital given by

L 2
MRkt — T = —+ 0, — | pp — = —(I)(Zt),
Dk 2

and the expected excess return to holding bank debt given by:

2
HRbt — Tft = Og-

Hence, in the economy with constant leverage, there is no risk of either default or liquidity
crises. Notice, however, that the excess return to holding capital compensates investors for
the cost of capital adjustment. Thus, the financial system provides a channel through which
market participants can share the cost of capital investment.

The benefit of having a financial system with a flexible leverage constraint is, then, increased
output growth and more valuable capital, albeit at the cost of global stability. Figure 12 plots
the evolution of the growth rate of output and that of the price of capital in the full model
of Section 2 as well as those in the benchmark case discussed here. For the mean simulated
path, both the output growth and the price of capital in the full model are well above those
in the benchmark model during normal times. During periods when the intermediary is
liquidity-constrained, output growth in the full model is slower than in the benchmark as
the intermediary disinvests. Similarly, the disinvestment that accompanies liquidity episodes
causes the capital price in the economy to dip below that of the benchmark model.

Since the rate of investment and the capital price are constant in this benchmark, the volatil-
ity of consumption growth equals the volatility of productivity growth, and the expected

consumption growth rate equals the expected productivity growth rate. In our model, the
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Figure 12: Mean simulated paths of output growth rate (upper-left panel),
investment growth rate(middle-left panel), consumption growth rate (lower-
left panel), capital price (upper-right panel), volatility of the return to capital
(middle-right panel), and the volatility of consumption growth under the full
model in red and the corresponding benchmark quantities in black. The
mean is taken across 5,000 simulations, with each simulation terminating the
first time the financial system defaults along the path.

financial intermediary sector allows households to smooth consumption, reducing the instan-
taneous volatility of consumption during good times, but at the cost of higher consumption
growth volatility during times of financial distress. In particular, notice that, in the full

model, volatility of consumption growth is given by

<%>2 - (_—QQtwt (Okat — 04) + 0 >2 + (—%twt o )2
e 3 (1 _ wt)pkt ka,t a a 3 (1 _ wt)pkt ket |

which is lower than the fundamental volatility o2 when Okayt 18 bigger than o,. In the
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lower panels of Figure 12, we plot the mean simulated path of the consumption growth
and consumption volatility together with their counterparts from the economy without the
financial sector. The figure shows that, while the financial system is unconstrained, the
volatility of consumption growth in the economy with the financial sector is lower than in
the pure production economy. At the same time, the expected growth rate of consumption

is higher.

6 Conclusion

We present a dynamic, general equilibrium theory of financial intermediaries’ leverage cycle
as a conceptual basis for policies geared toward financial stability. In this setup, any change
in prudential policies has general equilibrium effects that impact the pricing of financial
and nonfinancial credit, the equilibrium volatilities of financial and real assets, and the
allocation of consumption and investment goods. From a normative point of view, such effects
are important to understand, as they ultimately determine the effectiveness of prudential
policies.

The assumptions of our model are empirically motivated, and our theory captures many
important stylized facts about financial intermediary dynamics that have been documented
in the literature. There is both direct and intermediated credit by households, giving rise
to a substitution from intermediated credit to directly granted credit in times of tighter
intermediary constraints. The risk-based funding constraint leads to procyclical intermediary
leverage, matching empirical observations. Our theory gives rise to the volatility paradox,
where times of low contemporaneous volatility give rise to high intermediary leverage and
increases in forward-looking systemic risk. Finally, high leverage growth is associated with
low expected asset returns, another feature that is strongly borne out in the data.

The most important contribution of the paper is to directly study the impact of prudential
policies on the likelihood of systemic liquidity and solvency risks. We uncover a systemic risk-
return trade-off: Tighter intermediary capital requirements tend to shift the term structure
of systemic downward, at the cost of increased risk pricing today. The impacts on contem-

poraneous volatility and contemporaneous leverage are ambiguous. Our setup further allows
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us to characterize the impact of policy changes on the dynamic evolution of endogenous real

and financial decisions.
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A Appendix: Proofs

A.1 Household’s optimization (Proof of Lemma 3.1)

Recall that the household solves the portfolio optimization problem:

+o0o
max E [/ e St Prt log cudt | |
0

{ctsmhe ot }
subject to the wealth evolution equation:

dwpy = 7w dt + Wpe T {(WRE — T5e) A+ Oka1dZgs + Ope 1 dZe 1 }
+ whemoe { (fLrps — Tf1) At + Opa 1 dZay + OpeydZe i} — cidt,

and the no-shorting constraints:
Tkt ot = 0.

Instead of solving the dynamic optimization problem, we follow Cvitani¢ and Karatzas (1992)
and rewrite the household problem in terms of a static optimization. Cvitani¢ and Karatzas
(1992) extend the Cox and Huang (1989) martingale method approach to constrained opti-
mization problems, such as the one that the households face in our economy.

Define K = R2 to be the convex set of admissible portfolio strategies and introduce the
support function of the set —K to be

d(x) =0 (x| K)=sup(—7'z)

TeK
_ 0, ek
| oo, xE K

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

T;t =7+ 0 ()
dth - (/vLRk,t + v + 0 (1_);3)) dt + Uka,tdZat + O'kg’tdZ&t
ARy, = (Wbt + var + 0 (U)) dt + 0pa 1dZgr + Ope e 4,

for each @, = [vy; vy’ in the space V (K) of square-integrable, progressively measurable
processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary
state-price density

dny

,r]v = - (rft + 5 (6t)) dt - (,L_[Rt - /f'ft + /Ut), (U;:it)_l dZt,
t

where

- HREt | . Okat Oket | . = Lt
Rt — ; ORt = 3 Zy = .
- { I Rbt ] ' { Obait  Obet ] t { Zei }
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The auxiliary unconstrained problem of the representative household then becomes

+0o0
max E [/ e St Prt]og ctdt}
0

Ct

subject to the static budget constraint:

“+o00
wpo = E [/ nfctdt] )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

veV(K)

+o0
min E [/ e~ PR (An?) dt} ,
0
where @ (x) is the convex conjugate of —u (—x)

u(zr) = SZl>1%) [log (zx) — zx] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Cvitani¢ and Karatzas
(1992) show that, for the case of logarithmic utility, the optimal choice of v satisfies

v; = arg min {25(35) + H(ﬁRt — Tt 55)/01_%1”2}

rzeK
. . 12
= argmin || (g —rp +2) o ||
rzeK
Thus,
vy = 0, MRkt — Tt = 0
Tt — MRkt MREg — T <0
Vo — 0, frpt — Tf > 0
Tt — HRbes MRot — Tt < 0

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

efgtfpht .
[Ct] 0= - /\nt )
Ct
or
efétfpht
Cy =
t A7)y
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Substituting into the static budget constraint, we obtain

E {/Jroo p } E {/Hﬂ e—és—phsd } e—&t—pnt
N Wey = nycsds| = ——ds| = o —o2/3)
L t t ' ¢ A (Ph - 05/2)

o¢
Ct = (,Oh - 7) Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (77? wht) _
1 Wht

1
—ppdt — d&; + §d§52

1
( Pn + 205) dt — o¢peadZos — oeq /1 — pzangt.

On the other hand, applying It6’s lemma, we obtain

d(njwn) _ ﬁ 4 YWht dwn dwht d77t

M Why Ny Wy Wpe MY

Equating the coefficients on the stochastic terms, we obtain

., . -1 /
= (fipe —7pe + Ut)/ (Ug?,tURt) — O¢ [pfa 1 - péa URtl
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A.2 Equilibrium outcomes (Proof of Lemma 3.2)

To summarize, in equilibrium, we must have

por = P (i) (1 — Osor) — oot + 0goy + ey

1— Htwt Htwt — Wy
prit = Tpe = (Thas + Thes) 1w + (OkatObat + Oke tObe,t) 1w

+ o¢ (Uka,tpg,a + opery /1 — Péa)
Gtwt — Wy 1— etwt
HRbt — Tt = (sza,t + U?g,t) 1w + (Okat0bat + Oke t0be 1) 1w
- - Wt

+ O¢ (Uba,tpf,a + Obet - pg,a>
Pt = (O — 1) (rre — trbt) + (OkatO0at + Thet00et)

1—w o2 1 4
+ t |:(ph — —5) _ — + (p (Zt) Qtwt]
Wt 2 Dkt

g = — (0: — 1) (Tkai — Tart)

oot = — (0 — 1) (Oher — Onet)
B (etwt - UJt) Obat = — (5 (1 - etwt) + zetwtpkt) Oka,t + (29twtpkt + 4 (1 - wt)) Oq
g (etwt - Wt) Obgt = — (5 (1 - gtwt) + 29twtpkt) Oket

252 _ 2 2
a l, "= Okat T Oket

_ 4
0 = Oy (1 — Gywy) D (4y) (pit - )

Db
1 B 02
+ Pt (20pwipre + B (1 — wy)) | porrs — o == + M — 0q (Okar — 0a)
kot

— Bprwipio, — Dt (Orwepre + B (1 — wy)) ((Ulm,t - 0a>2 + Ulzf,t) :

Notice that the first eight equations describe the evolutions of 6;w;, w;, the return of risky
intermediary debt Ry, and the expected excess return to direct capital holding in terms of
the two state variables, (fjw:,w;) and the loadings, oy, and ogey, of the return to direct
capital holding on the two fundamental shocks in the economy.® The final two equations,
then, express oy, and oge; in terms of the state variables.

Before solving the final two equations, we simplify the equilibrium conditions. Notice first
that

(Okat00at + Thet00er) = — (0 — 1) (Okat (Okat — Ovar) + Oket (Trer — Over))

6Recall from Equation (3.1) that we have also expressed the price of capital in terms of the state variables.
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and

(-2 2 1 — Oy

MRkt — HRbt = (Ukm + Oket = Oka,tObat — O—kf,to—b&t) ﬁ
— Wy

2 2 Oy — wy

_ (O‘ba’t + Ohet — OkaytTbai — ng,t(fbg,t) <
— Wt

+ o¢ ((Uka,t — Obart) Pea T (ng,t - Ubg,t) \/ 1- /1?7@) .

Thus,

Oy — wy

(MRKt — fiRbt) + (Oka,t00at + Thet0per) = — ((Uka,t - Uba,t)2 + (Okes — Ub{,t)2>

Qt—l 1—0.),5

+0¢ <(Uk:a,t — Obat) Pea + (Oher — Oer) /1 — P?,a> :
Using

B (Orwr — wt) (Okat — Obar) = (200wipre + B (1 — wy)) (Okar — 0a)
B (etwt — wy) (ng,t - Ubg,t) = (2(9twtpkt + 0 (1 —wy)) Oket
we can thus express the drift of w; as

1

52%

g¢

+ e (o + 8 (1= ) (10 = 00) pea+ oreiy /1= )
1l—w o? 1 '

+ t [(ph—i> _——I—(P(Zt)@twt} .

Wy 2 Pt

(20w + B (1 — wt))2 [(Uka,t - Ua)2 + UZg,t}

Mot = —

Substituting the risk-based capital constraint, this becomes

0—2
Ut = _BQ(,ut (29twtpkt + ﬁ (1 — wt))Q |:O'2 — QUaUka,t + ?}

g
+ 5_5 (20,wipre + B (1 — wy)) <(0ka,t ~ 0a) Pea + "WQ)
t

1—w o? 1 ,
—I— ! [(ph — —6) _ + q) ('Lt) Qtwt}
Wt 2 Pt

= O (W, 0;) + Oq (w, 0¢) Orar + Of (Wi, 0) Oe
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where

(A1)

0,2 Oe0aPta
00 (wt, et) = —52Wt (29twtpkt -+ ﬁ (1 — wt))2 |:O'Z + é:| — gﬁ—wpf’ (29twtpkt + ﬁ (1 — wt))
1—w oF 1 ,
+ ¢ {(Ph_ _§) ———{—q)(lt) Qtwt}
Wi 2 Dkt
20, O¢Pt.a
Oy (w, 0) = 5— (20wipre + B (1 — wi))? + <% (20wipre + B (1 — wy))
B Wt ﬁwt
oer/1— 7,
O¢ (wr,0,) = ———— 20,wipie + B (1 —wy)) .
Buwy
Substituting into the drift rate of intermediary leverage
pigr = P (ie) (1 — Opwor) — prut + 0gq 4 + ey
= 8o (wr, 0r) + Su (Wi, 01) Orar + Se (Wi Ke) ket
where
_ 20w +B(1—w)\? 02
So (Wi, 0r) = @ (ir) (1 — Orewr) — Op (wi, 0) + weipia 1 5 2 t—Q
Buwy «
20 1-—
Sa (C{)t7 Ht) = _20-11 < ttPkt + 6 ( wt)) - Oa (wty 6t>
Pwy
SE ((A}t, Qt) = —Of (Wt, 9t> .
Similarly, the excess return on capital is given by
1—06w Ouwy — w
MREt — Tt = (O-I%a,t + Ul%g,t) 1——£}tt + (Jka,to'ba,t + O'k,f,to-bﬁ,t) tlt_—ujtt
+ 0¢ (Uka,tl)g,a +okery /1 — p?,a)
. 6;2 1-— Qtwt 6 (1 — etCL)t) -+ QHtwtpkt 9;2 /8 (1 — Ck)t) + 2€twtpkt0 o
- - 5 aVka,t

yl_wt B(1—w) a? B(1—w)

+ O¢ (O-k:a,tpf,a + Okg A/ 1- pg,a>

— 2w, By 07 1 —wp) + 20w

B(1—w) a? B(1—w)
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The excess return on intermediary debt is given by

Oy — w 1— 6w
_ _ (A2 2 tWt t W
KRbt — Tt (Uba,t + Ubg,t) 1w o + (Oka,tObat + ng,tabg,t) 1~
+ 0¢ <Uba,tp£,a + ot/ 1 — 102@)
_ Orwp — wy B (1 — Oiwy) + 200ppe 2 ﬁ
1-— Wt 6 (Qtwt — wt) o?
" (Qtwt - Wt) <5 (1—w)+ 29twtpkt)2 2
1—w 5 (‘91;% - Wt) ¢
9 <‘9twt - Wt) B (1 - Qtwt) + QQtthkt) (ﬁ (1 - Wt) + 29twtpk:t)
_ Oka,t0a
1 —w 5 (Qtwt - Wt) B (Qtwt - Wt)
_ ( 1— Gtwt ) 6 (1 — etwlg) + 29twtpkt6’t__2 4 (1 — Qtwt> ﬁ (]. — Wt) —+ QQtwtpktO o
Qtwt — Wt B (1 — wt) o? 1-— Wt ﬁ (Qtwt — wt) B
B (1 — Owy) 4 20,0, pie B (1 —we) + 20,wppe }
+ 0 a | Tka,t + Ta
¢ [ 5 (Qtwt - Wt) hat 5 (Qtwt - Wt)

B (1 — Orwr) + 20,wippt -
5 (etwt - wt) ot

— e\ 1

Notice also that we can now derive the risk-free rate. Recall that, in the unconstrained
region, the risk-free rate satisfies the household Euler equation

oF: 1 [dec 1
¢ t
= 4 Bl ) et )
e (ph 2)+dt |:Ct:| dt

Applying It6’s lemma to the goods clearing condition, we obtain

th Ct

(de,)? . (dct,d§t>2] |

dCt = d (KtAt — itktAt)
= Atth + (Kt — Z'tkt) dAt — Atk'tdit — Atitdk‘t — kt <d7;t, dAt) .

From the financial intermediaries’ optimal investment choice, we have

2 2 2

. P 1 o

dZt = % (2 <,URk,t — p_ —a — ? + )\k — Ogq (Uka,t — Ua)) + (O-Im,t — O'a>2 + Uz&,t) dt
kt

d%cblpit

(Uka,t - Ua) dZat + 9

P11}
+ % O'k&tdZ&.
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o2 Oyw
_}:a+7‘1_)\k+ Lk

D (1) (1 —1
Ct 1-— /Z.tetwt (Zt) ( Zt)

Oy PAD1p3, 1 o2 9 5
- 2 (e T o))+ (par — o)+
(1 — itetwt) 4 H Rkt Dt “ 2 F (kat = 0a) Tt

1 <dCt>2_ Oy (b(Q)(blp%t ? 0wy ¢3¢1p12ft ?
—E a at = VYa .
dt [ C? ? 1-— itQtwt 2 <Uk ot “ ) * 1-— Ztetwt 2 ket

ded 27 0 2 2
M = 0¢ (Ua - ( t.a)t ) ¢0¢1pktaka,t) Pé.a

Cy
Oy ¢3¢1p2t
— 1—p2 .
o ((1 - itetwt) 2 okt Pea

Figure 13 plots the three components of the risk-free rate as a function of intermediary
leverage (upper left panel), the wealth share of the intermediary (upper right panel), and
the volatility of the excess return to capital (lower panels). We see that the precautionary
savings motive dominates the consumption growth component, and even more so as leverage
increases.

Recall that, in equilibrium, we have

1
—E
dt

o¢
1 — by = (Ph - ?> DPrt (1 - wt) )
so that
-1
1 ¢(2)¢1 2 ‘72 ¢3¢1 2 Dt
— _ -5 1 — — bR
1= i, 4 M pn= ) pue (=) 4 PHTB0—w)
and

Oy ¢(2)¢1 2 B (1 - Wt) + 204w Pre
1+ - DPrt =
1 — Ztetwt 4 ﬂ (1 — wt)
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Figure 13: Equilibrium risk-free rate as a function of intermediary leverage
(upper left panel), the wealth share of the intermediary (upper right panel),
and the volatility of the excess return to capital (lower panels). “Consump-
tion growth" refers to the component of the risk-free rate that’s due to the
expected consumption growth rate. “Precautionary saving" is measured as
the contribution to the risk-free of the variance of the consumption growth
rate. “Correlation with Liquidity Shock" is measured as the contribution to
the risk-free of the correlation between the consumption growth rate and the
liquidity shock d&;. The equilibrium risk-free rate is then given as the lower
boundary of the shaded region in each graph.

Substituting into the expression for the risk-free rate, we obtain

o? o2 1—wy) + 260,w 0,0 ‘ ‘

2 2 6 (]. — wt) 1-— itetwt
20w pit ( 1 ) 0w Pt < ) et—z )
- —— | == |0, + —5 — 204404
B(1—w) Hoakt Prt B(1—w) a? kst
2 (5 (1 —w)+ 29twtpkt>2 4Py 0oy (5 (1 —wy)+ 29twtpkt>
— 04 ka,t0a
5(1—%) 5(1—%) ﬁ(l—wt)

oo B (1 — we) + 2601wippe B 2Dt Opy ? Qt__z
e\ B —w) A —w)) a2

2D Oy 2Dkt Opy
+ —————0¢PeaOkat + = 0er/ 1 — P2 Oke -
B(1— ) Poahat T g )78V - T PeaTke



We can now solve for the return on capital. In particular, we have

2wibipre 0,7 B (1 —wy) + 20,wipr

= — A N 5 aOka a a 1— 2 )
UREt = Tt B —w) a2 + 31 —w) 040ka,t + O¢ (Uk tPga T Oke i/ Pt.a

of o2 B(1—w)+ 20w 0
£ p a t tWtPkt Wi . .
— (- Ta _ ) (i) (1 —
<ph 2 ) * <a+ 2 ’“) B(1—w) T g 2 ) (L =)
. QQtthkt ( s — 1 ) _ 30twtpkt 0;2 /6 (]. — Cdt) + 40twtpkto_ ok
B(1—w) ot Dt B(1—w) a? B(1—w) ot ka,t

0 wipri B (1 —wy) + 20w Pt 2 Appebpwe (B (1 — wy) + 20,w0ipie
e (5(1—wt> ' ( BL—w) ) ) "B w) ( B —w) >“’”’t”a
B (1 - wt) + 204w Prt 2D Oy 2 9,:_2
e ( B(1—w) ) B (6 (- w») a?

B (1 — wy) + 20w B (1 — wy) + 20,0k /
+ a a ]' — 3 :
3 (1 — Wt) O¢Pg,a0kat + 3 (1 — Wt) 0¢ Pe a0k t

Solving for pipk ., we obtain

Pris = Ko (Wi, 0r) + K (Wi, 01) Oar + ICe (Wi, 0) Ore s

where
ﬁ (1 — wt) ( Ug etwt . . 29twt )
Ko (i, 01) = T A S S
o (e 60) B (L= wy) + 20wipie o T T il (i) 2 B (1 —w)
(A7)

0'2 9twtpkt ( 4pkt9twt ) 6;2

ta+ 5= A — +t o %

2 b ﬂ (1 — (J.Jt) + 29twtpkt 6 (1 — Wt) o?

9 01w Pkt B (1 —wt) + 2601w ppe

— 04 + — 0a0¢pP¢a
(ﬁ (1 —wy) + 20, P ( B (1 —w) )) e
B (1 —wt) + 401wippe n Apri Oy,

B(1—w)+ 20twtpkt0a B(1— Wt)aa

ICg (UJt, Ht) = O0¢/ 1-— péa. (Ag)

We can now express the risk-free rate in the economy as

2wt0tpkt 0;2 /3 (]_ — wt) —|— 20twtpkt (
- a1 N 9 aYka a a 1 2 >
T MRE: + /3(1 t) 3 5(1 t) O0aOkat — O¢ | OkatPea T Oketn/ Pt a

= RO (wt, 0,5) + Ra (Wt7 et) Oka,t,

Ka (i, 0:) = 0¢pea + (A.8)
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where

. 2wt€tp]€t 0;2
Ro (wy, 0:) = Ko (wy, 0;) + 51— w) o (A.10)

B (1 - Wt) + 200w Pt

0,) = 0,) — - ) A1l
7?’a (wh t) ’Ca (wta t) 6 (1 — Wt) Oq O¢P¢a ( )
Substituting into the excess return on holding intermediary debt, we obtain
Lrbt = Bo (Wi, 01) + Ba (Wi, ) Oar + Be (Wi, 0) One s
where
By (wr, 0) = Reo (s, 01) + Oy — B (1 — Gywy) + 204w pre ? E (A.12)
0 ty Yt 0 ty t 1— W, ﬁ (etwt _ (.Ut) C¥2 .
(Qtwt - Wt) <5 1 - Wt + 29twtpkt> + e De a0 B (1 - Wt) + 20,wepe
1 —wy B (Orwy — wy) SPeata B (O — wy)
B(

1-— Gtwt 1 — etwlg + 29twtpkt 0
Oror — wy (1 —w) a?

B, (we,0) = Ro (0, 6)) + (11 _sz:t) B (1B (Zit+_2ii30tpktaa (A.13)
_9 <9twt - wt) (6 (1 - Qtwt) + 29twtplct> (5 (1 - Wt) + QQtthkt) o
I —w B (Opwr — wy) B (Opwr — wy) ¢
OePea (5 (1 - etwt) + 29twtpk:t)
’ B (etwt - Wt)
Be (wn 01) = Re (w1, 00) — gy [ 1 — i, 0L Ou) & 20epie, (A14)

B (Qtwt - Wt)
Notice that
Prt (200weprr + B (1 — wy)) Ke (wi, 0;) — Bpriwi Of (wy, 8;) = 0.

Using these results and the risk-based capital constraint, we can rewrite

| 4
0= Gtwt (1 - etwt) P (Zt> (pit - m)

1 02
+ Dkt (29twtpkt + 5 (1 - Wt)) (MRkt - p_ —a— 7 + A —0q (Ukat - Ua))
kt

— Bk, — Prt (Orwipre + B (1 — wy)) ((Uka,t - Ua)2 + U}%g,t)
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as

. 4
0= 0wy (1 — Qtwt) P (lt) (pit - ¢g¢%)
o2

1
+ it (201w0ppr + B (1 — wy)) (,URk,t - p_ —a— ?a + Mo — 04 (Okat — 0a)>
kt
9—2
— Bprtwitty, — Pt (Grwipre + B (1 — wy)) (# + 03 - 20ka,t%>
= Co (wi, 0;) + Cy (wy, O1) Oty

where

‘ 4 0,
Co (Wta 9t) = Oy (1 - 9twt) P (Zt> (Pit - ) — Dkt (Qtwtpkt + 3 (1 - wt)) (? + ai)

ofeh
(A.15)
2
+ Pkt (29twtpkt —+ ﬁ ]. — Wt (KO W, Ht p a + 7 + )\k) — ﬁpktwt(’)o (wt, 915)
kt
Co (Wi, 01) = pre (20wipre + B (1 — wi)) Kq (wr, 1) — BorawOg (wi, 0;) + DB (1 — wy) .
(A.16)
Solving for o, ¢, we obtain
o _ CO (wtu 9t>
TG (wi, 0r)

Substituting into the risk-based capital constraint, we obtain

0% Co (wi, 0\’
042 - ka,t + (Ca (wt; 61‘,) )

e (Cownt)Y
ket 052 Ca (wt, Qt) '

We can further simplify the above expressions by substituting for Ogy, O,, K, and K,. Notice

so that
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first that

Co (wt, 0r) = pre (200w0ipie + B (1 — wy)) Ko (wt, 01) — BorewOg (Wi, 0:) + D5 (1 — wi) 0
= Pre (20wipre + B (1 — wy)) (Ko (wy, 0) — Uépé,a)

+ Pkt { an 204wipr + (1 — wt)) + B (1 —w) Ua}

4pe 0,00
=pre | B (1 — wy) + 40wipre + ﬁ (20w + B (1 — wt))) Ogq
+ Dkt {—7 (20,wipre + B (1 — wt)) + 6 (1 —w) Ua}
20, w
== (1 _twt) (20,0pps + B (1= w1))”
Similarly,
. 2 4 9;2 2
Co (w, Ot) = Opwr (1 — Opwr) @ (ir) | Pty — W — Pit (Grwpr + B (1 — wy)) o2 + o,
0?1
1 2
+ it (201w0pr + B (1 — wy)) (’CO (Wi, 6;) — E —a+ % + )\k) — BpiwrOp (wy, Or)
¢
— B (1~ B) ® (i) (2 — % 4 o2
= Oy (1 — Q) @ (44) | iy — m — it (Grwrpre + B (1 — wy)) o + o,
B0t . .
1— _ Tt _
+ B (1= wi) 17— Ztetwtq’ (ie) (1 —ir)
AppiOroy \ 0,2 (B(1—w)+ 29twtpkt)2
— Qo ( 3+ ———— | 5 — oZpwe | O
tWtDt ( + 31— wt)) oz Tal ( WDkt + Bl —w)

—2

+ % (20ywipre + 5 (1 — Wt))Q (02 + 0;—2) — Bpre (1 — wy) @ (ir) Opor

Collecting like terms, we obtain

Co (Wt, 6t> = Oy (1 - etwt) @ (Zt) (Pit - @) — BDkt (1 - Wt) 00 ® (Zt) (1 - i)
1

1— ztetwt
0, A0
+ E% {(29twtpkt +5(1— Wt))2 — B (Qrwrpre + B (1 — wy)) — OpwrDie (35 + fkt—zjut) }
— Wy
2
+ ngkt (QQtthkt + 8 (1 - Wt)) - (29twtpkt + 8 (1 - Wt)) - (5 (1 wt) a QQtthkt)
5 (1 —w)
02 w
—#% 1 _tw (20w + B (1 — Wt))2
2pk we (201wipie + B (1 —wy)) +1 — wy

1—(JJt
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Thus

Co (Wt, et)
Ca (wb Qt)

-2

=1 402 (1 + Lo )
a? “ wi (20pwipre + B (1 —wy)) )

Okat = —

Figure 14 plots the equilibrium sensitivities of the excess return to capital (top panels), the
excess return to intermediary debt (middle panels), and the growth rate of the intermedi-
ary wealth (lower panels), as a function of intermediary’s wealth share in the economy w;
and intermediary leverage 6;. The sensitivity of the return to holding capital to both the
productivity and the household beliefs shock decreases in the leverage of the intermediary
sector, while an increase in the intermediary’s wealth share in the economy has little impact.
Intuitively, since total volatility of the return to holding capital is inversely proportional to
intermediary leverage, an increase in leverage has to lead to a decrease in volatility. The
sensitivity of the return to intermediary debt, on the other hand, has an inverse relationship
to the intermediary’s wealth share in the economy, with the total volatility of the excess
return to intermediary debt increasing as the intermediary owns a smaller fraction of wealth
in the economy. Intuitively, as the intermediary’s wealth share in the economy decreases,
shocks impact intermediary equity more, increasing the volatility of the return to holding
intermediary debt.

A.3 Constant leverage benchmark (Proof of Lemma 5.1)

We begin by solving for the equilibrium dynamics of the intermediaries’ wealth share in the
economy. Recall that the capital held by the intermediaries is given by

kt = Hwth.

Applying It6’s lemma, we obtain

% . dwt th
Ky

v, K,
= (pot + @ (i) Owy — M) At + 04701 + Oe1dZcy.

Recall, on the other hand, that intermediary capital evolves as

dk

k—t = (P (i) — Ap) dt.
t

Thus, equating coefficients, we obtain

Owa,t = 0
O-wf,t =0
Mot = ) (Zt) (1 — 9(.40t> .
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Figure 14: Loadings on the shock to productivity (left panels) and the shock
to beliefs (right panels) as a function of intermediary leverage 6; (x-axis)
and financial intermediaries’ wealth share in the economy w; (y-axis). Upper
panels: loadings (oka4, okes) of the return to capital; middle panels: load-
ings (Opat, Opet) of the return to intermediary debt; lower panels: loadings
(Cwa,ts Owe,) of the growth rate of intermediary equity.

Consider now the wealth evolution of the representative household. From the households’
budget constraint, we have

Wht 1—U)t ]_—(.Ut

d o? 1— 6 w (0 —1
Wnt = (T’ft — Ph + ?f) dt + i (det - Tftdt) + M (det - T’ftdt) .

On the other hand, from the definition of w;, we obtain

dwp, _ d((l - Wt)pktAth)

Wht (1 - Wt) Pt A Ky
. dpkt dAt th Wt d&)t 4 <dpkt dAt>

Dkt ’ A,

+ + —
Pkt Ay K 1 —wr wy
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Equating coefficients once again and simplifying, we obtain

Oba,t = Oka,t

Obet = Okt

1—w of 1 0
NRb,t—MRk,t+Wt(§_1) Pn — 5 _pkt + D (i) .

We now turn to solving for the equilibrium price of capital. The goods clearing condition in
this economy reduces to

052 o
Ph — ) (1 —wy) pre = 1 — 0wy

Substituting the optimal level of investment

1 = ¢1 <¢04¢ pkt 1) )

we obtain that the price of capital satisfies

2 2
(- -aom 12 ().

Then the price of capital satisfies

0 = Owipy, + B (1 — wy) pre — (th + ¢1)

¢o¢2

or:

B (1 =) /52 (1= w)” + 2t (B + 61)

Pkt =

2§wt
Applying [t6’s lemma, we obtain
dprt <dpk;t >2 dwy dprs 4 —dw,
0="0wpy [2—+(—) + — | +8(0 —w)pu— — ﬁp 0—.
okt ( Dkt Dkt Wt ( t) & Dkt 1 kt ¢0¢2 Wt
Equating coefficients and simplifying, we obtain
Oka,t = Oq
Oper =0
1 o? ® (iy) (1 — Buwy) ( 460 wy —
,uRk7:—+C_L+—a—)\k— — — Bpk —i—&up .
! Pt 2 Pkt (29thkt + 4 (1 - wt)) ¢8¢% I —wy ' okt
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Finally, consider the equilibrium risk-free rate. Notice that

% d ((1 — ite_wt) Ath)

Ct - (1 — ite_wt) Ath
. dAt th é&)t i ite_wt dwt Q_wt

— . _

+ —
At Kt 1— itewt !

and:

Using:

2
. 7 O¢
1-— Ztﬁwt = (ph - 7) (1 - wt)pk’tv

the risk-free rate is thus given by

o? 1 de 1 dc
_ _ € = 2l -
e (ph 2 ) " tht { Ct } dt]Et K Ct >}
o s )
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