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Abstract

We use a model of impressionable voters to study multi-candidate elections under

different electoral rules. Instead of maximizing expected utility, voters cast their ballots

based on impressions. We show that, under each rule, there is a monotone relationship

between voter preferences and vote measures. The nature of this relationship, how-

ever, varies by electoral rule. Vote measures are biased upwards for socially preferred

candidates under plurality rule, but biased downwards under negative plurality. There

is no such bias under approval voting or Borda count. Voters always elect the socially

preferred candidate in two-way races for any electoral rule. In multi-candidate elec-

tions, however, the ability to elect a Condorcet winner varies by rule. The results show

that multi-candidate elections can perform well even if voters follow simple behavioral

rules. The relative performance of specific electoral institutions, however, depends on

the assumed behavioral model of voting.
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1 Introduction

Understanding the impact of electoral institutions has been a central concern of political

economy models. The canonical approach has modeled electoral competition as a non-

cooperative game where voters in a single district choose between a finite number of can-

didates with fixed policy positions. Voters are assumed to be rational and care about the

outcome of an election and, in some models, the cost of voting (e.g., Palfrey (1989), Myerson

& Weber (1993), Cox (1994), Fey (1997), Cox (1997), Myatt & Fisher (2002), Myatt (2007),

Myerson (2002)). Most papers focused on the analysis of plurality rule. A few others also

studied other electoral rules such as approval voting, negative plurality, run-off rules, and

so forth (e.g., Myerson & Weber (1993), Cox (1994), Cox (1997), Myerson (2002), Bouton

(2013), Bouton & Gratton (2015)).

A long tradition in political science has questioned the empirical validity of such rational-

choice models of voting (Kinder (1998), Bendor (2010), Bendor, Diermeier, Siegel & Ting

(2011), Achen & Bartels (2002), Achen & Bartels (2016), Cole, Healy & Werker (2012),

Gasper & Reeves (2011), Wolfers (2002), Healy, Mo & Malhotra (2010)), arguing that vot-

ing behavior is not well accounted for by rational-choice assumptions but that voters are

disinterested, lack even basic information as well as well-formed and persistent policy pref-

erences, and essentially vote how they “feel” (e.g., Achen & Bartels (2004), Achen & Bartels

(2016)).

In this paper we deviate from the standard model of a rational electorate and provide a

model that tries to formally represent voters as they are described in the behavioral political

science literature. That is, voters are not modeled as rational actors but as ”impressionable”

(Andonie & Diermeier (2019)). Voters do not optimize or rationally form beliefs, but use

simple feed-back heuristics in the tradition of aspiration-based adaptive models of voting

where voting propensities are shaped by positive and negative impressions during a cam-

paign (Bendor, Diermeier & Ting (2003), Bendor et al. (2011), Bendor, Kumar & Siegel

(2010), Andonie & Diermeier (2017), Diermeier & Li (2017)). Impressions have a systematic

component that captures a voter’s like or dislike of a candidate, but may also be influenced

by irrelevant external events. Impressions greater than a threshold (an ”aspiration level”),

are experienced as ”positive”; impressions that are lower than the threshold as ”negative”.

The adjustment of propensities favors candidates of which voters have positive impressions

to the detriment of candidates of which they have negative impressions. In addition to vot-

ing propensities for candidates voters have a propensity to abstain. Aspiration levels are

assumed to adjust to voter experience.

In a recent paper Andonie & Diermeier (2019) applied this approach to plurality rule
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elections. Here, we generalize the approach to various electoral rules. In general, voters

increase their propensity to cast a ballot that favors a given candidate, if they have a positive

impression of the associated candidate and decrease it otherwise.1 The details of the electoral

rules, however, matter. For example, under plurality rule, as well as negative plurality,

updating depends not only on the type of impression (positive or negative, for a given

candidate), but also on the number of candidates voters have positive or negative impressions

of. Under approval voting, in contrast, updating depends only on the type of impression

associated with the given candidate. In the case of the Borda rule, voters increase the

propensity of giving more votes to a candidate if they have positive impressions of the

candidate, or increase the propensity of giving less votes to a candidate if they have negative

impressions of the candidate. We will also discuss run-off elections where an electorate

narrows a field of candidates down to two and then uses majority rule to decide on the

winner.

For each of these electoral rules our model yields a stochastic dynamic process, and we

characterize each processes’ unique stationary distribution corresponding to the respective

electoral rule. We show that, under all rules, vote measures are proportional to the likelihood

of positive impressions of candidates. However, the precise nature of this relationship varies

across rules. Under plurality rule, outcomes are biased towards candidates voters like more,

effectively overstating their support in the electorate, while under negative plurality outcomes

are biased towards candidates voters like less. Under approval voting and Borda rule, vote

measures are unbiased.

We then consider various types of elections in order to explore the performance of different

electoral rules. First, we consider the case of two candidates. We show that under all electoral

rules the candidate that satisfies a utilitarian normative criterion wins. Voting behavior and

the distribution of votes across candidates, however, depend on the electoral rule.

Next, we consider multi-candidate elections. Specifically, we analyze various types of

elections that have been considered with models of rational voters. This will allow us to

compare the behavior of impressionable versus rational voters across various settings. It

will also enable us to assess the performance of various electoral rules with impressionable

voters and compare how their relative performance is different from the case of a rational

electorate.

First, we consider an election with three candidates, and two groups of voters (as in

Myerson (2002), examples 1 and 2). We show that, if the two groups of voters strongly

1The nature of the ballot depends on the electoral rule. It corresponds to a ”vote” under plurality rule,
or in run-off elections, an ”approval” under approval voting, a ”negative vote” under negative plurality, and
a ranking over candidates under the Borda rule.
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disagree on two of the candidates, but agree on a third ”compromise” candidate, voters are

more likely to elect the ”compromise” candidate under negative plurality, but less likely

under plurality rule. We then compare these results with the equilibria of the rational

voter model. Second, we consider elections with three candidates, and three groups of voters

and apply our model to the ”divided majority” election, analyzed by, e.g., Myerson & Weber

(1993), Cox (1997), Fey (1997), Myatt & Fisher (2002), Myatt (2007), Bouton & Castanheira

(2012), Bouton & Ogden (2017). We show that voters are most likely to successfully elect

a Condorcet winner under negative plurality rule provided the degree of division among

majority voters is sufficiently low. In the case of a deeply divided electorate, plurality rule is

most likely to lead to the election of a Condorcet winner. In the later sections of the paper,

we analyze the Borda count and runoff rules. We show that Borda rule is outcome equivalent

to approval voting. Under the run-off rule, we characterize the outcomes in the two rounds

and show that a socially preferred candidate may lose the election if there is an asymmetry

in the magnitude of preferences for candidates between voters that prefer and voters that

dislike the socially preferred candidate. We finally compare the outcomes of the runoff rule

with impressionable voters to those with rational voters, and discuss some empirical evidence

in support of the behavioral model.

The outline of the paper is as follows. In the next section, we introduce the model, and

the specifics of propensity updating for plurality, approval, and negative plurality rules. In

Section 3, we characterize the stationary distributions. In Section 4 we discuss the assump-

tions and robustness of the model. In Section 5, we consider examples of two-candidate

and multi-candidate elections. In Section 6, we analyse the Borda and runoff rules. This

is followed by a brief conclusion. All proofs are relegated to an appendix. A supplemental

appendix contains additional results.

2 The model

We consider elections with n candidates, and a continuum of voters of measure 1. The set of

candidates is given by N = {1, 2, ..., n}, and we denote candidates by i, j etc. In this section

we study three electoral rules: plurality, approval, and negative plurality. Each electoral rule

is associated with a set of ballots B, where voters vote (or abstain) by choosing an element

of the set B (see, e.g., Myerson & Weber (1993), Myerson (1999)).2

(1) Under plurality rule: B = {b = (b1, b2, ..., bn), where bj ∈ {0, 1} for all j = 1, 2, ..., n

and
∑

j bj ∈ {0, 1}}.

2The two remaining rules, Borda and runoff, are discussed later in Section 6.
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(2) Under approval voting: B = {b = (b1, b2, ..., bn), where bj ∈ {0, 1} for all j = 1, 2, ..., n}.

(3) Under negative plurality: B = {b = (b1, b2, ..., bn), where bj ∈ {0, 1} for all j =

1, 2, ..., n and
∑

j bj ∈ {n− 1, n}}.

The electorate is partitioned into subsets (i.e., types) of voters. A type θ of voters

is associated with the vector of fixed components: uθ = {v1θ , v2θ , ..., vnθ }, where viθ is the

fixed factor influencing voters’ impression of candidate i (described below). We consider an

election preceded by a political campaign. The time index t (t ≥ 1 and discrete) represents a

particular period in the campaign. At each time t ≥ 1, a voter of type θ forms an impression

of each candidate i ∈ N :

πtθ(i) = viθ + αεtθ(i)

viθ is the fixed component as specified in uθ, and εtθ(i) is the random component that con-

tributes to the impression πtθ(i); α ≥ 0 is a constant, and reflects the relative weight between

the two factors. The random component εtθ(i) is assumed to be independently and identically

distributed across voters, candidates and time, symmetric and uni-modal at 0. We let F (.)

be its distribution function. Examples include distributions such as the normal N(0, 1), the

uniform U [−1,+1], and various others.

Intuitively, the fixed component viθ captures voters’ likes or dislikes of the candidates

that are constant throughout a campaign. They can be based on the ideological positioning

of the candidates, but may also include others factors such as gender, physical appearance,

professional background, etc. The random component εtθ(i) captures events unrelated to

candidates that (temporarily) may affect a voter’s mental state. Examples include personal

circumstances, the weather or the success or failure of local sports teams etc., anything that

affects a voter’s mood. They may also include policy dimensions that vary over time and

impact a voter’s sense of well-being, but that are beyond the control of any of the candidates,

e.g., the global oil price in a mayoral race.3

The measure of voters of type θ is sθ, and, because the total measure of all voters is 1, we

have
∑

θ sθ = 1. The measure of type θ voters that cast a favorable ballot for candidate i is

denoted by Sθ(i), for each i ∈ N ;4 the measure of voters that abstain is denoted by Sθ(A). It

is useful to use a common language across the three rules, and, for this reason, we will refer

to Sθ(i) as ”vote measures”, though Sθ(i) may have different interpretations, depending on

3For examples of such factors see Gasper & Reeves (2011), Cole, Healy & Werker (2012), Achen & Bartels
(2002) and Wolfers (2002).

4Casting a ”favorable ballot for candidate i” corresponds to voting for i under plurality rule, approving
of i under approval voting, or not voting in opposition to i under negative plurality.
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the electoral rule (see footnote 4). We let S(i) =
∑

θ sθSθ(i) and S(A) =
∑

θ sθSθ(A) be

the total vote measures for each candidate i, and abstentions, respectively, where the same

interpretation and terminological convention as that for Sθ(i) apply. In each electoral rule,

there is a single winner, which is the candidate with the largest measure of votes. That is,

the winner is candidate i if S(i) > S(l) for all l 6= i.

A type θ voter’s behavior in period t is described by a probability distribution over the

set B, denoted by {rtθ(b)}b∈B, where rtθ(b) is the probability that the voter casts ballot b ∈ B
at time t. Because the size of the set B together with its structure depend on the specific

electoral rule, the number of variables of the distribution {rtθ(b)}b∈B differs across the electoral

rules. For example, under plurality rule the probability distribution would be described by

a set of n + 1 variables (as the size of B is n + 1); in case of approval voting it would be

described by a set of 2n variables (as the size of B is 2n), and so on. Since our interest is in

the election’s outcome, for each rule, we will track instead only a vector of n propensities,

denoted by ptθ := (ptθ(1), ..., ptθ(n)), where each component is defined as ptθ(i) :=
∑

b∈B bir
t
θ(b)

for each i ∈ N . The propensity to abstain, which is not part of the vector ptθ, is denoted by

ptθ(A).5 For each i ∈ N , ptθ(i) corresponds to the propensity of a voter of type θ of casting a

favorable ballot for candidate i. Similarly to the terminological convention for Sθ(i), we refer

to ptθ(i) as type θ’s ”vote propensity” for candidate i at time t. Note that, e.g., for plurality,

the vote propensities ptθ coincide with the corresponding probability distribution {rtθ(b)}b∈B.

This equivalence, however, does not hold, e.g., for approval voting. Using vote propensities

{ptθ(i)}i∈N instead of the actual distribution {rtθ(b)}b∈B considerably simplifies the analysis

and facilitates a comparison across electoral rules. The disadvantage is that we will not be

able to track the precise microbehavior of the electorate.6

The updating of propensities ptθ depends on voters’ impressions of candidates at time t.

An impression πtθ(i) of candidate i ∈ N can be positive or negative. Whether an impression is

coded as positive or negative depends on how the impression πtθ(i) compares to an aspiration

level atθ which, at each time t, tracks the aspiration of voters of type θ (e.g., Karandikar,

5The propensity to abstain ptθ(A) can be computed from the vote propensities ptθ and so does not need
to be tracked explicitly. We will show how to compute ptθ(A) from ptθ when we analyse the stationary
distributions.

6This disadvantage is present only under approval voting. To see this, suppose that, under approval
voting, there are three candidates and only one type of voters. Consider the following two distributions
over the set B: (1) a distribution where ballots (1, 1, 0) and (0, 1, 1) each have probability 1

2 of being cast;
(2) a distribution where ballots (1, 1, 1) and (0, 1, 0) each have probability 1

2 of being cast. Both of these
distributions yield vote propensities (p(1), p(2), p(3)) = ( 1

2 , 1,
1
2 ), i.e., an outcome where candidate 2 gets a

measure of 1 of approval votes, while candidates 1 and 3 get a measure of 1
2 . If we were to work directly

with the probability distribution {rtθ(b)}b∈B , we would be able to differentiate between the two cases, while
the distribution of vote propensities {ptθ(i)}i∈N is not able to do so.
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Mookherjee, Ray & Vega-Redondo (1998), Bendor, Diermeier & Ting (2003), Borgers &

Sarin (2000)). The impression of candidate i is ”positive” if πtθ(i) ≥ atθ and the impression

is ”negative” if πtθ(i) < atθ.

The dynamics of these two key variables, ptθ and atθ, are presented in the next section,

starting with aspirations.

2.1 Updating of aspirations

The updating of aspirations is invariant across electoral rules and depends only on the

set of impressions. Specifically, we use the rule proposed by Cho & Matsui (2005), where

aspirations are the arithmetic mean of previous impressions:

at+1
θ =

1

t

t∑
τ=1

πτθ

where πτθ is the average impression of all candidates in period τ , i.e., πτθ =
∑
j∈N πτθ (j)

n
. In

other words, the aspirations at time t + 1 are the average of impressions of all candidates

from τ = 1 to t. As we discuss later in Section 4, other updating rules, e.g., the Cyert-March

rule (Cyert & March (1963)), where at+1
θ = (1−λa)atθ+λaπ

t
θ, for some λa ∈ (0, 1), will imply

similar results. The advantage of the Cho-Matsui rule is that it makes the analysis simpler.

2.2 Updating of propensities

Next we consider the updating of propensities. We first define notation that will be used

in the equations for propensity updating. At any given time t, let us partition the set of

candidates N into two subsets: N = N t
pos ∪ N t

neg, where N t
pos = {j ∈ N : πtθ(j) ≥ atθ}, and

N t
neg = {j ∈ N : πtθ(j) < atθ}. That is, N t

pos is the set of candidates a voter has positive

impressions of, and N t
neg is the set of candidates a voter has negative impressions of. We

denote the cardinality of the subset N t
pos by:

I tθ := |N t
pos| =

∑
j∈N

1{πtθ(j)≥atθ}

i.e., I tθ counts the number of candidates of which a voter has positive impressions at time t.

For a given candidate i ∈ N , we define the related:

I tθ(−i) := |N t
pos| − 1{i∈Nt

pos} =
∑

j∈N,j 6=i

1{πtθ(j)≥atθ},
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i.e., I tθ(−i) counts the number of candidates, excluding candidate i, of which a voter has posi-

tive impressions. Analogously, we define similar variables counting the number of candidates

a voter has negative impressions of as J tθ := |N t
neg| and, analogously, for J tθ(−i). Because

the size of set N is n, we must have: I tθ + J tθ = n, and I tθ(−i) + J tθ(−i) = n − 1 for each

i ∈ N . Finally, for each candidate i ∈ N , we define I tθ(i) := 1{πtθ(i)≥atθ}, i.e., I tθ(i) indicates

whether the impression of candidate i is positive or negative, and denote the probability of

a positive impression of candidate i by qtθ(i) := Pr(πtθ(i) ≥ atθ). Therefore, the probability of

a negative impression of candidate i is 1− qtθ(i) = 1− Pr(πtθ(i) ≥ atθ).

With this notation defined, we now turn to the updating of propensities. In all three

electoral rules, voters update propensities based on the impressions they have of candidates.

In contrast to aspiration updating, however, the updating of propensities ptθ depends on the

electoral rule, i.e., it is a function of the set B.

Plurality Rule. Under plurality rule, the set of ballots is:

B = {b = (b1, b2, ..., bn), where bj ∈ {0, 1} for all j = 1, 2, ..., n and
∑
j

bj ∈ {0, 1}}.

In other words, voters can vote for a single candidate (e.g., b = (1, 0, ..., 0)), or they can

abstain (b = (0, 0, ..., 0)). The updating of propensities ptθ under the plurality rule is based

on the generalized Bush-Mosteller rule (Bush & Mosteller (1955)), and has been discussed

in Andonie & Diermeier (2019). We summarize the updating process here.

(1) If i ∈ N t
pos, i.e., the voter has a positive impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp

1

I tθ

(2) If i ∈ N t
neg, i.e., the voter has a negative impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i)

where λp ∈ (0, 1) is a parameter that reflects the relative weight of current impressions.

Intuitively, in period t + 1 voters become more inclined to vote for each candidate they

have a positive impression of, and less likely to vote for each candidate they have a negative

impression of. Specifically, propensities are adjusted linearly towards a distribution where

(a) the candidates i ∈ N t
pos have an equal probability, of 1

Itθ
, of receiving a vote, while (b)

the candidates i ∈ N t
neg have a probability of zero of receiving a vote. The updating process

thus depends on the type of impressions (positive, or negative) but not their respective
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magnitudes.7 Finally, we note that the adjustment process implies that the updating of

abstentions is given by pt+1
θ (A) = (1− λp)ptθ(A) + λp1{Itθ=0}, so voters become more inclined

to abstain only if they have negative impressions of all candidates in N .

Approval Voting. Under approval voting, the set of ballots is:

B = {b = (b1, b2, ..., bn), where each bj ∈ {0, 1} for j = 1, 2, ..., n}.

That is, for each candidate j ∈ N , voters can approve candidate j (i.e., bj = 1), or voters

can disapprove of candidate j (i.e., bj = 0). Disapproving of all candidates is considered an

abstention. Because under approval voting voters can vote for each candidate separately,

the rule for updating propensities ptθ simply corresponds to the standard Bush-Mosteller for

each component ptθ(i), i = 1, 2, ..., n (Bush & Mosteller (1955)).

(1) If i ∈ N t
pos, i.e., the voter has a positive impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp

(2) If i ∈ N t
neg, i.e., the voter has a negative impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i)

Therefore, for each candidate the propensity of approving a candidate increases linearly

towards 1 if the impression of candidate is positive. Conversely, the propensity decreases

linearly towards 0 if the impression of candidate is negative. In contrast to plurality rule,

under approval voting the updating of a propensity pθ(i) is based solely on the impression of

candidate i, but does not depend on the number of candidates a voter has positive impressions

of, i.e., it does not depend on I tθ. This is because, under approval voting, voters can approve,

or disapprove, each candidate separately. As in the case of plurality rule, the adjustment

process implies that the updating of abstentions is pt+1
θ (A) = (1− λp)ptθ(A) + λp1{Itθ=0}.

Negative Plurality Rule. Under the negative plurality rule, the set of ballots is:

B = {b = (b1, b2, ..., bn), where bj ∈ {0, 1} for all j = 1, 2, ..., n and
∑
j

bj ∈ {n− 1, n}}.

7Alternatively, we could consider a more complex updating rule where updating varies with the magnitude
of the voter’s impressions. That is, a voter with a ”very negative” impression of a candidate may decrease
that candidate’s propensity more heavily compared to the case of ”moderately negative” impressions, etc.
Adding such complexity, however, does not change the qualitative results of the analysis.
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That is, voters can vote in opposition to a single candidate (e.g., b = (0, 1, ..., 1)), or they

can abstain (b = (1, 1, ..., 1)). The negative plurality rule is, as the name indicates, the

opposite of the plurality rule: a voter can cast a ”negative” vote for one of the n candidates,

or abstain. In the negative plurality, it is more natural to use the vector (1, 1, ..., 1) for

abstention, because (1, 1, ..., 1) implies that the voter does not cast a negative vote for any

of the candidates. The process for the updating of ptθ is similar to that for plurality rule,

with the modification that voters cast negative votes.

(1) If i ∈ N t
pos i.e., the voter has a positive impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp

(2) If i ∈ N t
neg i.e., the voter has a negative impression of candidate i, then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp(1−

1

J tθ
)

Thus, the updating under negative plurality is based on a similar generalized Bush-

Mosteller process (Bush & Mosteller (1955)) as under plurality rule. In period t+ 1, voters

become more inclined to vote in opposition to each candidate they have a negative impression

of, and less likely to vote in opposition to each candidate they have a positive impression of.

Specifically, propensities are adjusted linearly towards a distribution where (a) the candidates

i ∈ N t
pos have a probability of 0 of receiving a negative vote, while (b) the candidates i ∈ N t

neg

have an equal probability of 1
Jtθ

of receiving a negative vote.8 Finally, the updating process

implies that the updating of abstentions is pt+1
θ (A) = (1− λp)ptθ(A) + λp1{Jtθ=0}, i.e., voters

become more inclined to abstain if they have positive impressions of all candidates.

3 Stationary distributions and their properties

Each rule defines a stochastic process with propensities and aspirations as the random vari-

ables. Therefore, to analyze the properties of the various electoral rules we need to char-

acterize the properties of its induced stochastic process. The most common approach is to

consider a process’s stationary distributions. As we will show below, for each of the three

electoral rules, the process has a unique stationary distribution. This is in marked contrast

8As under plurality rule, we could allow an updating process where the increase or decrease of propensities
depends also on the magnitude of impressions. But again, this will not change the qualitative results.
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to models with rational voters where multiple equilibria with qualitatively different prop-

erties are common. The characterizations of the stationary distributions are given in the

proposition that follows, where we will omit the time index from various variables, as their

distributions do not change with time t. The stationary distribution under plurality rule

has been analysed in Andonie & Diermeier (2019), and we include it in the proposition for

convenience.

Proposition 1 Under each of the three electoral rules, the stochastic process has a unique

stationary distribution in which the distribution of votes for each type θ of voters is:

(1) Under plurality rule: Sθ(i) = qθ(i)E[ 1
1+Iθ(−i)

] for each candidate i ∈ N .

(2) Under approval voting: Sθ(i) = qθ(i) for each candidate i ∈ N .

(3) Under negative plurality: Sθ(i) = 1− (1− qθ(i))E[ 1
1+Jθ(−i)

] for each candidate i ∈ N .

The proposition implies that the total measures of votes that candidates obtain in the

stationary distribution are:

(1) Under plurality rule: S(i) =
∑

θ sθqθ(i)E[ 1
1+Iθ(−i)

] for each candidate i ∈ N .

(2) Under approval voting: S(i) =
∑

θ sθqθ(i) for each candidate i ∈ N .

(3) Under negative plurality: S(i) = 1 −
∑

θ sθ(1 − qθ(i))E[ 1
1+Jθ(−i)

] for each candidate

i ∈ N .

The measure of voters that abstain in the stationary distribution can be computed

as: S(A) =
∑

θ sθ
∏

i∈N(1 − qθ(i)) under plurality rule and approval voting, and S(A) =∑
θ sθ

∏
i∈N qθ(i) under negative plurality rule.

We note that if viθ > vjθ then Sθ(i) > Sθ(j) under all three electoral rules.9 In other words,

under each of the three rules there is a monotone relationship between preferences and vote

measures. However, the nature of the relationship depends on the electoral rule. Under

the plurality rule, the distribution of vote measures is amplified towards candidates that

voters like better, i.e., candidates with larger viθ’s. Under negative plurality, the distribution

of vote measures is amplified towards candidates that voters like less, i.e., candidates with

9It is easy to see that if viθ > vjθ, then qθ(i) > qθ(j), E[ 1
1+Iθ(−i) ] > E[ 1

1+Iθ(−j) ] and E[ 1
1+Jθ(−i) ] <

E[ 1
1+Jθ(−j) ], and therefore Sθ(i) > Sθ(j) under each rule.
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lower viθ’s. The case of approval voting is intermediate; there is no bias towards either type

of candidate.

To see this formally, consider two candidates i, j ∈ N , and let us denote by Iθ(−i, j) :=∑
l∈N,l 6=i,j 1{πθ(l)≥aθ} the number of candidates, excluding i and j, of which a voter of type θ

has positive impressions. Then, we have the following result.

Proposition 2 Consider two candidates i, j ∈ N , and a type θ of voters. Then the differ-

ences in vote measures obtained by the two candidates among voters of type θ are as follows.

(1) Under plurality rule: Sθ(i)− Sθ(j) = (qθ(i)− qθ(j))E[ 1
1+Iθ(−i,j)

].

(2) Under approval voting: Sθ(i)− Sθ(j) = qθ(i)− qθ(j).

(3) Under negative plurality: Sθ(i)− Sθ(j) = (qθ(i)− qθ(j))E[ 1
n−1−Iθ(−i,j)

].

The differences Sθ(i) − Sθ(j) are proportional to qθ(i) − qθ(j) in all three rules. Their

associated weights are constant in the approval rule, while under plurality and negative

plurality rules the weights vary with the pair of candidates {i, j} for which the differences

are computed. More precisely, the associated weights decrease under plurality rule, and

increase under negative plurality with the number of candidates, other than i and j, that

yield positive impressions with voters, i.e., with Iθ(−i, j).
Let us first analyse the implications of Proposition 2 within a group of voters θ. Because

voters are more likely to have positive impressions of candidates associated with high values

of viθ in the vector of fixed components uθ than those with low values, Iθ(−i, j) is, on average,

lower when candidates i and j are at the top (according to the vector uθ), compared to the

case where candidates i and j are at the bottom. Therefore, within the group of voters θ, if

we control for the differences qθ(i)− qθ(j), under plurality rule the differences Sθ(i)− Sθ(j)
are large if candidates i and j are at the top, and small if the candidates are at the bottom.

Conversely, under negative plurality rule the differences Sθ(i)−Sθ(j) are small if candidates

i and j are at the top, and large if the candidates are at the bottom. Under approval voting

the differences in vote measures are unbiased. A proof of this observation can be found in

the appendix, in the section containing the proof of Proposition 2.

Similar implications hold when comparing differences in vote measures across groups.

Consider two groups of voters, θ′ and θ′′, and two candidates i and j. Under plurality rule,

controlling for the differences qθ(i) − qθ(j) between the two groups, the difference in vote

measures Sθ(i) − Sθ(j) will be larger for the group for which, on average, the number of

candidates, excluding candidates i and j, that yield positive impressions with that group is

12



lower.10 Under negative plurality, in contrast, the difference in vote measures Sθ(i)− Sθ(j)
will be larger for the group for which, on average, the number of candidates, other than

i and j, that yield positive impressions with that group is larger. Under approval voting,

the differences Sθ(i) − Sθ(j) are not influenced by impressions voters experience of other

candidates l 6= i, j, and so the differences in vote measures across groups are unbiased.

As we will see later, this result has important normative implications, such as the ability

of a divided electorate to reach a ”compromise” (Section 5.2), or the ability of an electorate

to elect a Condorcet winner in elections with a ”divided majority” (Section 5.3), or runoff

elections (Section 6.2).11

As a last observation, we note that impression-based voting is distinct from expressive or

sincere voting, where voters simply vote according to their preferences irrespective of strate-

gic incentives imposed by different voting rules (Schuessler (2000)). Rather, as in models

of rational voting, different voting rules induce different voting behavior and different out-

comes. However, in contrast to rational models these differences are not rooted in strategic

calculations by the electorate but in feed-back dynamics based on positive or negative im-

pressions associated with a particular candidate. This also holds for abstentions. Voters

do not rationally abstain as, e.g., in Palfrey & Rosenthal (1983) or Ledyard (1984), but, in

the case of plurality rule and approval voting, stay home because they sufficiently dislike

all candidates. Thus, abstention results from alienation not rational calculation. We will

explore these issues in more detail below.

4 Discussion of the model’s assumptions and its ro-

bustness

In this section, we discuss the behavioral assumptions, their role, and the model’s robust-

ness to alternative adjustment processes. Our behavioral voting model has its roots in the

”Law of Effect” (Thorndike (1898), Hilgard & Bower (1966))12: actions that are associated

with favorable experience are more likely to occur, those that are associated with negative

10This can be the case if, e.g., in one group candidates i and j are at the top of the vector of fixed
components uθ, while in the other they are at the bottom; or candidates i and j are placed in similar
positions in the vectors uθ across the two groups, but the magnitude of fixed components vlθ for candidates
l 6= i, j yield, on average, lower probabilities of positive impressions for one group than for the other. See
the two elections in the section on runoff rule for illustrations.

11A Condorcet winner beats all other candidates in pair-wise comparison. A Condorcet loser is beaten by
all other candidates in pair-wise competition.

12In their extensive survey of experimental evidence, Hilgard and Bower call this behavioral model ”the
most important principle in learning theory”(Hilgard & Bower (1966), p. 481).
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experience are less likely to occur. In the context of an election this means: voters are likely

to cast a ballot that favors candidate i if they have a positive impression of the candidate,

and likely to cast a ballot that hurts candidate i if they have a negative impression of the

candidate. The precise meaning of ”ballot that favors candidate i”, or ”ballot that hurts

candidate i” is defined by the electoral rule (see footnote 4). Next, we argue that it is the

nature of the three electoral rules, together with voting behavior that ”favors” candidates

with positive impressions, and ”hurts” candidates with negative impressions, that drive the

qualitative results of the model, and not the specific adjustment processes we use.

Aspirations. The Cho-Matsui rule (Cho & Matsui (2005)) is technically convenient for

our analysis. In particular, using the arithmetic mean implies, by the law of large num-

bers, that the random components of impressions are irrelevant in the limit, which makes

the characterization of the stationary distribution simple. We note that, in the station-

ary distribution, aspirations affect vote measures only through the probabilities of positive

impressions {qθ(i)}i∈N . Different updating processes for aspirations will imply different prob-

abilities {qθ(i)}i∈N in a stationary distribution, and so the measures of votes {Sθ(i)}i∈N will

differ as well. However, the qualitative properties of the stationary distribution, as described

in Propositions 1 and 2, will be the same.13 In other words, the insights and their implica-

tions in various elections are not sensitive to the specific adjustment process for aspirations

used.

Propensities. The Bush-Mosteller rule (Bush & Mosteller (1955)) is commonly used in

aspiration-based adaptive models. Our version extends the standard Bush-Mosteller rule to

the case of multiple impressions. It can, alternatively, be interpreted as follows (Andonie &

Diermeier (2019)). Suppose voters update their voting propensities for each of the n candi-

dates by the Bush-Mosteller rule. Depending on the electoral rule, the adjusted propensities

may not correspond to a probability distribution over the set of ballots. To correct for that,

we can divide by the sum of all propensities to obtain an actual probability distribution,

which is equivalent to the generalized rule in our model.14 In addition, we check the robust-

ness of our model’s results in two ways, summarized in the supplementary appendix. First,

we discuss a general, non-linear, adjustment process for propensities, and argue that the

vote measures in the stationary distribution have the same qualitative properties. Second,

we consider a simplified ”static” model, where voters cast ballots based on a single set of

impressions of candidates. Again, we argue that the vote measures generated in the static

13Different aspirations may shift all probabilities of positive impressions {qθ(i)}i∈N either up or down,
possibly in a non-linear fashion. However, this does not change the qualitative results of Propositions 1, and
2.

14See Andonie & Diermeier (2019) for the details under plurality rule. The same holds for the other rules.
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model have the same qualitative properties as those in the dynamic model.

5 Comparing electoral rules

In this section, we compare the various electoral rules. First, we will focus on comparing

the properties of the three electoral rules under the assumption of impression-based voting.

After that, we will compare the implications of the impressionable voter model with those of

the rational-choice approach (e.g., Weber (1978), Myerson & Weber (1993), Myerson (1999),

and especially Myerson (2002)), as well as sincere and expressive voting (Schuessler (2000)).

5.1 Two-candidate elections

We first consider a standard two-candidate election, i.e., N = {1, 2}, where the vector of

fixed components of each type θ is uθ = {v1θ , v2θ}.
The stationary distribution of this election is characterized in the proposition below.15

Proposition 3 Consider the election with two candidates described above. Then, in all

three electoral rules (plurality, approval and negative plurality), the process has a unique

stationary distribution where candidate 1 wins if
∑

θ sθF (
v1θ−v

2
θ

2α
) > 1

2
, and candidate 2 wins

if
∑

θ sθF (
v1θ−v

2
θ

2α
) < 1

2
.

Therefore, the proposition implies that all three electoral rules are equivalent with respect

to the winning candidate in two-candidate races. However, as we will see below, the behavior

of voters, and thus the measures of votes candidates 1 and 2 obtain, vary across the electoral

rules.

Let us now compare these results with models with rational voters (e.g., Palfrey & Rosen-

thal (1983), Palfrey & Rosenthal (1985), Krishna & Morgan (2015)). In the rational voter

model, the vectors uθ = {v1θ , v2θ} correspond to the utilities voters obtain when candidate 1,

or 2 respectively, wins. The sets of ballots are:

(1) Bp = {(1, 0), (0, 1), (0, 0)} under plurality rule.

(2) Ba = {(1, 0), (0, 1), (1, 1), (0, 0)} under approval rule.

15Two-candidate elections under plurality rule with impressionable voters have been analysed in detail in
Andonie & Diermeier (2019). Here, we focus on the comparison among the three rules. For other properties
of the model, e.g., turnout, comparison to the Quantal Response Equilibrium (McKelvey & Palfrey (1995)),
etc. see Andonie & Diermeier (2019).
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(3) Bn = {(1, 0), (0, 1), (1, 1)} under negative plurality.

Voters that participate in the election are subject to a small cost of voting c > 0. When

the electorate is rational, it is clear that the three electoral rules are all equivalent in terms of

equilibrium behavior.16 Krishna & Morgan (2015) studied the equilibria of this model under

uncertainty about voters’ preferences, costs of voting and number of voters, and showed

that as the number of voters grows large, the ”utilitarian candidate” wins. That is, if, e.g.,∑
θ sθv

1
θ >

∑
θ sθv

2
θ then candidate 1 wins.

Consider now the impressionable voter model. As we have shown above, under impression-

based voting all rules predict the same winning candidate as well. The condition under which

candidate 1 wins in the behavioral model is:
∑

θ sθF (
v1θ−v

2
θ

2α
) > 1

2
. When ε ∼ U [−1,+1], this

is equivalent to the utilitarian condition from the rational voter model.17 Even though the

impressionable voter model predicts the same winner, voters’ behavior differs across the

three electoral rules. Our analysis from above shows only that the difference in vote mea-

sures S(1) − S(2) is the same across the three rules, but it does not imply that the actual

measures of votes of the two candidates are the same too. Consider, for example, plurality

rule and approval voting. Using Proposition 1, voters of each type θ will distribute their

votes as follows:

(a) Under plurality rule: Spθ (1) = qθ(1)(1− 1
2
qθ(2)) and Spθ (2) = qθ(2)(1− 1

2
qθ(1)).

(b) Under approval voting: Saθ (1) = qθ(1) and Saθ (2) = qθ(2).

This difference between the measures of votes in the plurality and approval voting rules

can be explained by the differences in voters’ behavior when voters have a positive impression

of both candidates. (In all other cases, e.g., when they have a positive impression of one

candidate, and negative impression of the other etc., voters behave identically in the two

electoral rules). Under plurality rule, if voters have positive impressions of both candidate 1

and 2, they will ”split” their vote between candidates 1 and 2 (i.e., choose (1, 0) or (0, 1) with

equal probability); while under approval voting, voters will instead vote for both candidates,

i.e., (1, 1). Due to this difference in voters’ behavior, the measures of votes of the two

candidates will also differ. In particular, the measures of votes for a given candidate will be

16Under approval voting, a voter that decides to vote will never vote for (or approve) both candidates,
therefore (1, 1) can be eliminated from the set Ba. In the negative rule, choosing action (1, 1) (i.e., abstention)
is the same as choosing action (0, 0) in the other rules. Therefore, all sets B are the same in the three rules,
and so their equilibria and associated behavior of voters will also be the same.

17This equivalence may not hold for other distributions. (See Andonie & Diermeier (2019) for details and
a discussion).
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larger under approval voting as compared to plurality rule. Similar arguments explain the

differences between negative plurality and the other rules.

5.2 Multi-candidate elections with ”divisive” candidates

We now proceed to the analysis of multi-candidate elections. First, we consider an election

with three candidates, which is a generalization of an example developed by Myerson (2002).

We refer to this election as the ”two faction” election. Voters can belong to one of two

groups: group 1, or group 2. Group 1 is associated with the vector of fixed components:

u1 = {1, 0, v}, and its share is s1 = 50%; while group 2 is associated with the vector:

u2 = {0, 1, v}, and its share is also s2 = 50%. The parameter v is a negative or positive real

number. If v < 0, then all voters unanimously oppose candidate 3; this election corresponds

to example 2 of Myerson (2002) (p. 238), called ”one bad apple”, in reference to candidate 3.

If v > 1 however, then all voters unanimously prefer candidate 3; this election corresponds

to example 1 of Myerson (2002) (p. 234) and is called ”above the fray”, again in reference

to candidate 3. For intermediate ranges v ∈ (0, 1), candidates 1 and 2 can be a viewed as

”divisive” candidates, and candidate 3 as a ”moderate”, or ”compromise” candidate between

the two groups. As v increases that compromise candidate becomes more valuable for both

groups. This intermediate case is not discussed by Myerson (2002).

We analyze the stationary distribution of this election. Because s1 = s2 = 50%, and the

vectors u1, u2 are symmetric across groups 1 and 2, the vote measures that candidates 1 and

2 obtain are the same in all three electoral rules: S(1) = S(2). Therefore, to establish which

candidate wins, it is sufficient to study the sign of the difference S(1) − S(3). This is done

in the following proposition.

Proposition 4 Consider the two faction election with impressionable voters. Then the sta-

tionary distributions under the three rules have the following properties:

(1) Under plurality rule, there exists a threshold v∗p ∈ (1
2
, 1) such that if v < v∗p then

S(1) − S(3) > 0, so candidate 1 or 2 wins; and if v > v∗p then S(1) − S(3) < 0, so

candidate 3 wins.

(2) Under approval voting, there exists a threshold v∗a = 1
2

such that if v < v∗a then S(1)−
S(3) > 0, so candidate 1 or 2 wins; and if v > v∗a then S(1)− S(3) < 0, so candidate

3 wins.

(3) Under negative plurality rule, there exists a threshold v∗n ∈ (0, 1
2
) such that if v < v∗n

then S(1) − S(3) > 0, so candidate 1 or 2 wins; and if v > v∗n then S(1) − S(3) < 0,
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so candidate 3 wins.

Thus, if v > 1 then the ”above the fray” candidate (candidate 3) wins in all three rules.

Second, if v < 0 then the ”bad apple” candidate (candidate 3) loses in all three rules.

Third, consider the case of v ∈ (0, 1). As v∗n < v∗a < v∗p, then plurality rule advantages

the two ”divisive” candidates (candidates 1 and 2), while negative plurality advantages the

”moderate” candidate (candidate 3). Approval voting is in between, and does not advantage

either ”divisive” or ”moderate” candidates.

This result applies more generally. Informally, we define a candidate as being ”divisive”

if only a minority group supports that candidate, while the other voters strongly oppose

the candidate. Conversely, we define a candidate as being ”moderate” if he has consis-

tent support across the electorate. More formally, a ”divisive” candidate is ranked first

by a minority group, but ranked last by the rest of electorate. A ”moderate” candidate

is consistently ranked high, though not necessarily first, by all voters. In this setting, a

”moderate” candidate is a ”Condorcet” winner, as he would win over ”divisive” candidates

in two-candidate competitions. Our analysis suggests that a ”moderate” candidate is most

likely to be elected under negative plurality, and least likely under plurality rule.18

The results of Proposition 4 are direct implications of our earlier observation on the

differences in the distribution of vote measures under the three electoral rules (Proposition

2). To see this, suppose v = 1
2
. Under plurality rule, the differences in vote measures are

larger at the top and smaller at the bottom. As voters of group 1 rank the three candidates

in order: 1, 3 and 2 and at equal distance of each other in terms of the fixed components

vi1, i.e., 1− 1
2

= 1
2
− 0, the corresponding impression probabilities are also at equal distance

from each other, i.e., q1(1) − q1(3) = q1(3) − q1(2). Then, Proposition 2 implies that the

difference in vote measures S1(1)−S1(3) is larger than the difference S1(3)−S1(2). Similarly,

within the group 2 of voters where the three candidates are ranked in order: 2, 3 and 1, and

at equal distance of each other, in terms of the fixed components vi2, i.e., 1 − 1
2

= 1
2
− 0,

the corresponding impression probabilities are also at equal distance from each other, i.e.,

q2(2)−q2(3) = q2(3)−q2(1). Then, Proposition 2 implies that the difference in vote measures

S2(2) − S2(3) is larger than S2(3) − S2(1). When votes are aggregated, because of the

symmetry between the two groups of voters, candidates 1 and 2 will have equal measures of

votes and larger than that of candidate 3. That is, when v = 1
2
, S(1) = S(2) > S(3). As the

measure of votes for candidate 3 increases with v, the threshold of v above which candidate

3 wins must be v∗p >
1
2
.

18In the supplementary appendix we develop a general model with more than two ”divisive” candidates,
and more than two groups of voters and show that these insights carry over to the more general case.
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Consider now negative plurality, and suppose again v = 1
2
. Under negative plurality,

differences in vote measures are smaller at the top, and larger at the bottom. Then, based

on a similar argument as above, for voters in group 1, the difference in vote measures

S1(1)− S1(3) is smaller than the difference S1(3)− S1(2). Analogously, for voters in group

2, the difference in vote measures S2(2) − S2(3) is smaller than S2(3) − S2(1). When votes

are aggregated, this implies that if v = 1
2
, then S(1) = S(2) < S(3). Again, as the measure

of votes that candidate 3 receives increases with v, the threshold of v above which candidate

3 wins must now be v∗n <
1
2
.

Finally, under approval voting, the distribution of votes within the two groups of voters

is unbiased. Following an analogous argument as in plurality, and negative plurality rules,

this implies that if v = 1
2

then all three candidates obtain the same measures of votes

S(1) = S(2) = S(3). Thus, the threshold in the approval rule is v∗a = 1
2
.

Consider now the rational voter model. Suppose first that v > 1, i.e., the ”above the

fray” election analyzed in Myerson (2002) (example 1, p. 234). The rational voter equilibria

of this case are given in the following proposition.

Proposition 5 (Myerson (2002)) Consider the two faction election with rational voters and

v > 1. Then:

(1) Under plurality rule, there are two equilibria: (a) One equilibrium where voters in group

1 vote for candidate 1, and voters in group 2 vote for candidate 2, and so candidate 3

loses the election. (b) A second equilibrium, where all voters (from both groups) vote

for candidate 3, and so candidate 3 wins.

(2) Under approval voting, there is a unique equilibrium where all voters approve only

candidate 3, and so candidate 3 wins.

(3) Under negative plurality, there is a unique equilibrium where voters in group 1 vote

in opposition to candidate 2, and voters in group 2 vote in opposition to candidate 1.

Therefore, in equilibrium, candidate 3 wins.

Thus, with rational voters, only under plurality rule there exists an equilibrium where

the candidate that voters unanimously prefer, candidate 3, does not win. In the other two

electoral rules, candidate 3 always wins in equilibrium. In comparison, with impressionable

voters, candidate 3 wins under all three electoral rules.

Suppose second v < 0, i.e., the ”one bad apple” election. Again, we first summarize the

equilibria when voters are rational, from Myerson (2002) (example 2, p. 238).
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Proposition 6 (Myerson (2002)) Consider the two faction election with rational voters and

v < 0. Then:

(1) Under plurality and approval rules, there is a unique equilibrium where voters in group

1 vote for candidate 1, and voters in group 2 vote for candidate 2, and so candidate 3

loses the election.

(2) Under negative plurality, there is a unique equilibrium, where candidate 3 has a positive

probability of winning.19

In the rational voter model, negative plurality rule allows for an equilibrium where the

candidate that all voters oppose (candidate 3) may win. In the impressionable voter model,

in contrast, candidate 3 loses for certain.

Finally, as mentioned above, Myerson (2002) does not analyse the intermediate case of

v ∈ (0, 1). Nevertheless, we can characterize the rational voter equilibria for plurality, and

negative plurality, respectively, as follows. Consider first plurality rule. If v ∈ (0, 1), then

for any two candidates i, j ∈ {1, 2, 3}, the rational voter model has an equilibrium where

only candidates i and j obtain votes (Proposition 1, Myerson (2002)). As an example, in the

equilibrium associated with candidates 1 and 3 obtaining votes, voters of group 1 vote for

candidate 1 and voters of group 2 vote for candidate 3, and so the outcome is that of a tie

between candidates 1 and 3. The other equilibria are similar. We note that these equilibria

are not sensitive to the value of parameter v, in the sense that the set of equilibria and

equilibrium behavior are the same for all v ∈ (0, 1). In contrast, the impressionable voter

model has a unique stationary distribution, which is qualitatively distinct from the rational

voter equilibria and is sensitive to the value of v.

Consider now negative plurality. If v ∈ (0, 1), in any equilibrium of the rational voter

model all candidates are ”serious” (Proposition 2, Myerson (2002)).20 Specifically, if v < 1
3
,

then the rational voter model has one (unique) equilibrium where the three candidates obtain

the same measures of votes, and they all have a positive probability of winning. However, if

v > 1
3
, then candidate 3 wins for certain in equilibrium. Again, the stationary distribution of

the impressionable voter model differs from the ”rational voter” equilibrium. For example,

19In the example from Myerson (2002) the utilities of the two groups of voters are u1 = {9, 6, 0} and
u2 = {6, 9, 0}. Under negative plurality, there is a unique equilibrium where voters in group 1 distribute
their negative votes between candidates 2 and 3, and voters in group 2 distribute their negatives votes between
candidates 1 and 3. In equilibrium S(1) = S(2) = S(3) and all candidates have a positive probability of
winning. Myerson (2002) calculates that the probability candidate 3 wins is 4.4%.

20A candidate is called ”serious” if, given there is a tie for the election’s winner, he has a positive probability
of being in a tie, as the number of voters grows large.
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if v is low, then in the impressionable voter model candidate 3 loses, while in the rational

voter model candidate 3 has a positive probability of winning.

The ”above the fray” and ”one bad apple” elections are particularly well-designed to as-

sess the performance of uniformly preferred or disliked candidates. In such settings, elections

with impressionable voters perform as well as or better than elections with rational voters.

Disliked candidates are never elected under any rule, while uniformly preferred candidates

always win for each electoral rule. By considering the case of v ∈ (0, 1) we can also discuss

the case of compromise candidates. As we can see, the implications of each model are qual-

itatively different, and the respective performance of each rule in general depends on the

parameters of the model. We will explore this feature in more depth in the next section.

The result of Proposition 4 also helps us illustrate the differences between the impres-

sionable voter and the sincere or expressive voting models, where voters vote for (or against)

the candidate they rank first (or last) in their vectors of preferences (Schuessler (2000)). To

see the differences between sincere and impression-based voting, suppose that v ∈ (0, 1) and

consider first plurality rule. If voters are sincere, then voters of group 1 vote for candidate

1, and voters of group 2 vote for candidate 2. Thus, candidates 1 and 2 obtain the same

measures of votes, and candidate 3 obtains a measure of 0 votes. In the impressionable voter

model, in contrast, most voters of group 1 vote for candidate 1, but some vote for candidate

3; similarly, most voters of group 2 vote for candidate 2, but some vote for candidate 3.

Further, unlike in the sincere voting model, the candidate that wins depends on the value of

v: for v < v∗p candidates 1 or 2 win, while for v > v∗p candidate 3 wins.

Similarly, under negative plurality, if voters are sincere, then voters of group 1 vote in

opposition to candidate 2, while voters of group 2 vote in opposition to candidate 1. Thus,

candidate 3 wins. Impressionable voters, on the other hand, vote as follows. Most voters of

group 1 vote against candidate 2, but some vote against candidates 3. Analogously, most

voters of group 2 vote against candidate 1, but some vote against candidate 3. The candidate

that wins, i.e., that obtains the lowest measure of ”negative” votes, is candidate 3 if v > v∗n,

and candidates 1 or 2 otherwise.21

5.3 Multi-candidate elections with a Condorcet winner or loser

This second multi-candidate election we study is an extension of the previous election, where

we have the three candidates: 1, 2 and 3 together with the groups of voters 1, and 2 as

previously described, where u1 = {1, 0, v} and u2 = {0, 1, v}. We add now a third group

21Under approval voting, the concept of ”sincere” voting is ambiguous. See, e.g., Myerson & Weber (1993)
(footnote 11, p. 113), or Nunez (2014), for possible definitions of ”sincere” voting under approval voting.
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of voters, group 3, which is associated with the vector of fixed components u3 = {0, 0, w}.
The measures of groups 1, 2 and 3 are: s1 = s2 = s and s3 = 1 − 2s, respectively, where

s ≤ 1
2
.22 We focus on the case of v < 0 and w > 0.23 In this election, voters of groups 1 and

2 rank candidate 3 last, while voters of group 3 rank candidate 3 first in their vectors of fixed

components. When s < 1
4
, voters in group 3 represent more than 50% of the electorate. In

this case, candidate 3 is a ”majoritarian” candidate (Myerson (2002)), or a Condorcet winner.

Conversely, when s > 1
4
, the combined measure of groups 1 and 2 is larger than 50%, and so

candidate 3 is a Condorcet loser. For s ∈ (1
4
, 1
3
) the election features a ”divided majority”

(Bouton & Castanheira (2012), Bouton & Ogden (2017)), a setting which has been studied

by e.g., Myerson & Weber (1993), Cox (1997), Fey (1997), Myatt & Fisher (2002), Myatt

(2007), Bouton & Ogden (2017). We refer to this election as the ”three faction” election. The

goal of our analysis then is to order the three electoral rules by their likelihood (according

to the respective stationary distribution) that the majoritarian candidate (candidate 3) is

elected, when s < 1
4
, or the Condorcet loser (candidate 3) is defeated, when s > 1

4
.

By previous results (Propositions 1), the process has a unique stationary distribution.

Because the election is symmetric from the perspective of candidates 1 and 2, the measures

of votes that candidates 1 and 2 obtain are the same, i.e., S(1) = S(2). Therefore, the sign

of the difference S(1) − S(3) determines which candidate wins. Let φ ∈ {p, a, n} index the

respective electoral rule. Then, for a fixed v, we denote by wφ the threshold value of w where

candidates 1 and 3 get the same measures of votes in the corresponding electoral rule, i.e.,

where S(1)− S(3) = 0.24 The equation characterizing the threshold wφ can be written as:

s(S1(1)− S1(3)) + s(S2(1)− S2(3)) = (1− 2s)(S3(3)− S3(1)). (1)

22The assumptions that the measures of groups 1 and 2 of voters are the same, and that the component
of impressions voters of groups 1 and 2 associate with candidate 3, i.e., parameter v, is the same for the two
groups, are made for simplicity. The ordering of the three rules characterized in Lemma 1 does not change
if the measures of groups 1 and 2 are not the same, or the impression component v differs across the two
groups. (See the discussion after Lemma 1).

23Other cases that may be interesting are as follows. (1) If v > 1 and w > 0 then candidate 3 is ”ranked”
first by all voters. The analysis of this case is similar to that of v > 1 from the previous section, with similar
conclusions. (2) If v < 0 and w < 0 then candidate 3 is ”ranked” last by all voters. Again, the analysis of
this case is similar to that of v < 0 from the previous section. (3) If v > 1 and w < 0 then voters of groups
1 and 2 ”rank” candidate 3 first, while voters of group 3 ”rank” candidate 3 last. The analysis and insights
are similar to the case we discuss in this section.

24The threshold wφ depends on various parameters such as v, F (.), α, etc. To simplify notation, we will
write wφ. It is possible that a value of w with this property does not exist. For example, if s ∈ ( 1

4 ,
1
3 ), then

in the plurality rule, a wp with this property exists for any v < 0; in the approval rule, a wa exists only for
v with va < v < 0; while in the negative rule, a wn exists only for v with vn < v < 0. Moreover, the two
cutoffs of v for the existence in the approval and negative rules are such that va < vn < 0.
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The left side represents the relative support of groups 1 and 2 for candidate 1, which depends

on v. The larger the (absolute) value of v, the larger the relative support of groups 1 and

2 for candidate 1. The right side represents the relative support of group 3 for candidate 3,

which depends on w. The larger the value of w, the larger the relative support of group 3

for candidate 3. This implies that if w > wφ, then candidate 3 wins under the respective

rule; while if w < wφ, then candidate 3 loses. The following lemma compares the thresholds

across the three electoral rules.

Lemma 1 Consider the three faction election with impressionable voters, where v < 0,

w > 0. The ordering of the thresholds wp, wa and wn in the stationary distribution is as

follows.

(1) If s ≤ 1
3

then there exists a cutoff for v denoted by v∗, with v∗ ∈ (−1, 0), such that:

(a) If v ∈ (−∞, v∗) then wp < wa < wn.

(b) If v = v∗ then wp = wa = wn.

(c) If v ∈ (v∗, 0) then wn < wa < wp.

(2) If s > 1
3

then wp < wa < wn.

Lemma 1 follows from our observation on the differences in the distribution of votes under

the three rules (Proposition 2). To see this, consider, for example, the case where s ≤ 1
3

and

v is large in absolute value (case (1a) in the lemma). Using Proposition 2, under approval

voting the difference in measures of votes of candidates 1 and 3 is:

Sθ(1)− Sθ(3) = qθ(1)− qθ(3)

That is, candidate 2 does not impact the difference in measures of votes between candidates

1 and 3. In contrast, under plurality rule, the difference in measures of votes of candidates

1 and 3 is:

Sθ(1)− Sθ(3) = (qθ(1)− qθ(3))E[
1

1 + Iθ(2)
]

Thus, under plurality rule, the difference is weighted by E[ 1
1+Iθ(2)

], which decreases with

qθ(2), the probability of positive impression of candidate 2. As voters of groups 1 and 2 have

a high likelihood of having a positive impression of candidate 2, while voters of group 3 have
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a low likelihood,25 it follows that the weights are small for voters of groups 1 and 2, and large

for voters of group 3. This implies that, for a given set of values of v and w, the difference in

vote measures Sθ(1)− Sθ(3) is smaller for voters of groups 1 and 2, and larger for voters of

group 3 under plurality rule relative to approval voting. Given that the thresholds wa and

wp require these differences in vote measures to be balanced between groups 1, 2 and group

3 in the respective rule (see equation 1), this implies that the threshold wp under plurality

rule is lower than the threshold wa under approval voting. Under negative plurality, the

difference in measures of votes of candidates 1 and 3 is:

Sθ(1)− Sθ(3) = (qθ(1)− qθ(3))E[
1

2− Iθ(2)
]

Here, in contrast to plurality rule, the difference is weighted by E[ 1
2−Iθ(2)

], which increases

with qθ(2), the probability of positive impression of candidate 2. Following a similar line

of reasoning as in the case of plurality rule above, this implies that the threshold wn under

negative plurality is larger than the threshold wa under approval voting. The intuition for

the other cases described in the lemma is similar.

The proof of Lemma 1, as sketched above, also shows why the assumptions that measures

of groups 1 and 2 are the same (s1 = s2 = s), and that the impression parameter v is the

same for the two groups, are not essential. Suppose, for example, that group 1 is larger than

group 2, i.e., s1 > s2, and that the impression components these two groups associate with

candidate 3, i.e., v1 and v2, are large (in absolute value). Then, an analogous argument as

the one described above (for the case of s ≤ 1
3

and v large, in absolute value) implies that

the ordering of the thresholds is the same as that for the case where s1 = s2 and v1 = v2:

wp < wa < wn.26

To describe the implications of Lemma 1 intuitively we note that the absolute value of

v, denoted by |v|, captures the degree of ”division” between groups 1 and 2. The division

between groups 1 and 2 is over candidates 1 and 2, as both groups equally oppose candidate 3.

25Specifically, the probabilities of positive impression of candidate 2 are such that: q1(2), q2(2) > 1
2 and

q3(2) < 1
2 . This follows because v is large (in absolute value), and therefore the probabilities of positive

impression of candidate 2 for groups 1, and 2 are: q1(2), q2(2) > 1
2 . At the same time, the corresponding

probability for group 3 is q3(2) < 1
2 because group 3 of voters rank candidate 2 last.

26If either the measures of voters of groups 1 and 2, or the impression parameters v1 and v2 are different
across groups 1 and 2, then the measures of votes that candidates 1 and 2 obtain may not be the same
anymore. In this case, we define the thresholds wφ by comparing the measure of votes of the candidate
among candidates 1 and 2 that has the largest measure of votes, against that of candidate 3. For example,
if group 1 is smaller than group 2, i.e., s1 < s2, but v1 = v2, then candidate 2 will obtain a larger measure
of votes than candidate 1, i.e., S(1) < S(2). In this case, the thresholds wφ are defined by the equation
S(2)− S(3) = 0.
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When |v| is ”large”, groups 1 and 2’s differences over candidates 1 and 2 are small compared

to their strong opposition of candidate 3. Conversely, when |v| is ”small”, groups 1 and 2’s

differences over candidates 1 and 2 appear large, in comparison to their common opposition

of candidate 3.

First, consider the case where s < 1
4
, so the election has a ”majoritarian” candidate

(candidate 3). If voters of the opposition groups 1 and 2 are not divided (i.e., |v| is ”large”),

then plurality rule outperforms the other two rules, in the sense that in the plurality rule

the majoritarian candidate can win under the broadest range of parameters’ values.27 On

the other hand, if voters of the opposition groups 1 and 2 are sufficiently divided (i.e., |v| is

”small”), the majoritarian candidate is most likely to win under negative plurality.

Second, consider the ”divided majority” election, where 1
4
≤ s < 1

3
. The Condorcet loser

(candidate 3) is most likely to lose under negative plurality if voters of the majority groups 1

and 2, who oppose the election of candidate 3, are not divided i.e., |v| is ”large”. Conversely,

if voters of the majority groups 1 and 2 are sufficiently divided, i.e., |v| is ”small”, then the

Condorcet loser (candidate 3) is most likely to lose under plurality rule.

Third, consider the case where the election has a Condorcet loser, and where s ≥ 1
3
.

Then the Condorcet loser (candidate 3) is most likely to lose under negative plurality, as the

threshold wφ below which candidate 3 loses is largest in negative plurality.

In sum, the degree of division among the voters, measured by the absolute value of v,

influences which rules are most likely to elect the Condorcet winner or defeat the Condorcet

loser.

Let us now review the equilibria of the election with rational voters. Myerson & We-

ber (1993) consider the election discussed in this section, and describe its equilibria under

plurality, approval and Borda rules (but not negative plurality), for s = 0.3, and s = 0.49.

In their model, the utilities (which correspond to the vectors of fixed components in the

impressionable voter model) of the three groups of voters are: u1 = {10, 9, 0}, u2 = {9, 10, 0}
and u3 = {0, 0, 10}. As the differences over candidates 1 and 2 of voters in groups 1 and 2

are small relative to their strong opposition of candidate 3, we consider the division between

groups 1 and 2 to be small.28 The rational voter equilibria are as follows.

27Indeed, Lemma 1 implies that, if, for a given set of values of the model’s parameters (e.g., fixed com-
ponents v, or w, distribution F (.), weight α, etc.), candidate 3 wins under negative plurality, or approval
voting, then he must also win under plurality rule. However, this allows the possibility that candidate 3 wins
under plurality rule, but loses under negative plurality, or approval voting, for some values of the parameters
that fall under the case considered. In other words, the set of parameters’ values under which candidate 3
wins is largest under plurality rule, followed by approval voting, and is smallest under negative plurality.

28If we adjust the utilities of groups 1 and 2 to fit the electoral model of this section, then the value of v
is v = −9 < v∗.
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Proposition 7 (Myerson & Weber (1993)) Consider the three faction election where the

utilities of the three groups are: u1 = {10, 9, 0}, u2 = {9, 10, 0} and u3 = {0, 0, 10}, and the

measures of groups 1 and 2 are s = 0.3 each, while the measure of group 3 is 1 − 2s = 0.4.

If voters are rational, then:

(1) Under plurality rule, there are three equilibria:

(a) One equilibrium, where voters in groups 1 and 2 vote for candidate 1, and voters

in group 3 vote for candidate 3. In this equilibrium, thus candidate 1 wins.

(b) A second equilibrium, where voters in groups 1 and 2 vote for candidate 2, and

voters in group 3 vote for candidate 3. In this equilibrium, thus candidate 2 wins.

(c) A third equilibrium, where voters in group 1 vote for candidate 1, voters in group

2 vote for candidate 2, and voters in group 3 vote for candidate 3. In this equi-

librium, thus candidate 3 wins.

(2) Under approval voting, there are three equilibria:

(a) One equilibrium, where voters in group 1 vote only for candidate 1, voters in group

2 vote for both candidates 1 and 2, and voters in group 3 vote only for candidate

3. In this equilibrium, thus candidate 1 wins.

(b) A second equilibrium, where voters in group 1 vote for both candidates 1 and 2,

voters in group 2 vote only for candidate 2, and voters in group 3 vote only for

candidate 3. In this equilibrium, thus candidate 2 wins.

(c) A third equilibrium, where two-thirds of voters from group 1 vote only for candidate

1, and the remaining one-third voters vote for both candidates 1 and 2; two-

thirds of voters from group 2 vote only for candidate 2, and the remaining one-

third voters vote for both candidates 1 and 2, and finally all voters from group 3

vote only for candidate 3. In this equilibrium, all three candidates have positive

probability of winning.

Proposition 8 (Myerson & Weber (1993)) Consider the three faction election where the

utilities of the three groups are: u1 = {10, 9, 0}, u2 = {9, 10, 0} and u3 = {0, 0, 10}, but now

the measures of groups 1 and 2 are s = 0.49 each, and the measure of group 3 is 1−2s = 0.02.

If voters are rational, then:

(1) Under plurality rule, the equilibria are identical to the equilibria described previously for

s = 0.3.
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(2) Under approval voting, there is a unique equilibrium where voters in group 1 vote only

for candidate 1, voters in group 2 vote only for candidate 2, and voters in group 3 vote

only for candidate 3. In this equilibrium, thus candidates 1 and 2 have equal probability

of winning.

Let us compare these equilibria with the stationary distributions of the impressionable

voter model. Consider first the ”divided majority” election where s = 0.3, and where

candidate 3 is a Condorcet loser. The rational voter model has multiple equilibria under

both plurality and approval rules. In these equilibria, candidates 1 or 2 can win for certain,

however candidate 3 can win as well. In the impressionable voter model however, there is

a unique stationary distribution, under both plurality and approval rules. Lemma 1 implies

that approval rule outperforms plurality rule, in the sense that candidate 3 loses under a

broader set of parameter values in the approval rule than in the plurality rule. For example,

if the weight on the random factor, α, is ”small”, then candidate 3 wins under plurality, but

loses under approval rule. On the other hand, if α is ”large”, then candidate 3 loses under

both plurality and approval rules.29

Consider now the case of s = 0.49, where again candidate 3 is a Condorcet loser. In the

rational voter model, both plurality and approval rules do not have equilibria where candidate

3 wins. In the impressionable voter model, there is a unique stationary distribution under

both plurality and approval rules. Again, Lemma 1 implies that approval rule performs

better than plurality rule. However, given the overwhelming dominance of groups 1 and 2,

and the ”small” division between these two groups, the difference between the performance

of plurality and approval rules is negligible. For example, if ε ∼ N(0, 1), then numerical

analysis of the difference S(1) − S(3) indicates that candidate 3 loses under both plurality

and approval rules for all α ≥ 0. Thus, in this case, both the rational and impressionable

voter models predict the defeat of the Condorcet loser.

In sum, the ordering of the three electoral rules by their likelihood to elect a Condorcet

winner or prevent a Condorcet loser from winning differs between the impressionable and

rational voter models. Thus, an evaluation of the performance of the three rules depends

on the underlying behavioral model of voting. From a normative point of view, however, a

rational electorate does not outperform an electorate where voting is based on impressions.

Finally, there is one important feature of the impressionable voter model, which is not

29If α → 0, then it can be shown that S(1) − S(3) → −0.1 under plurality rule, and S(1) − S(3) → 0.2
under approval voting. On the other hand, if α → +∞ then S(1) − S(3) converges to zero, from above,
under both plurality and approval rules. Therefore, if the distribution function F () is continuous, then, e.g.,
if α is sufficiently small, then S(1) − S(3) < 0 under plurality rule, and S(1) − S(3) > 0 under approval
voting.
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present in the rational voter model. Consider, for example, plurality rule. In a model with

rational voters, for any two candidates i, j ∈ N , generically, there is an equilibrium where

only candidates i and j obtain votes (Proposition 1, Myerson (2002)). This implies that

the set of equilibria depends, in general, only on the ordinal preferences of voters, not their

magnitude. For example, in the ”divided majority” election, where v < 0, w > 0, and

s ∈ (1
4
, 1
3
), under plurality rule, the rational voter model has the same three equilibria (see

Proposition 7) irrespective of the values of v and w. In contrast, the stationary distribution of

the impressionable voter model depends on the magnitude of the fixed components {viθ}i∈N .

As an example, in the ”divided majority” election under plurality rule, candidate 3 wins

if w > wp, while either candidate 1 or 2 wins if w < wp. Thus, the impressionable voter

model implies that, in addition to the structure of the electorate, and ordinal preferences,

the magnitude of preferences plays an important role on the outcome of election.30

6 Other electoral rules

In this section, we discuss two additional electoral rules: the Borda rule and runoff elections.

As we will see each one is closely related to a previously discussed rule.

6.1 Borda rule

In the Borda rule, the set of ballots is:

B = {b = (b1, b2, ..., bn), with b a permutation of (0, 1, .., n− 1) or (0, 0, ..., 0)}.

That is, voters can give each candidate a number of votes from 0 to n−1 (e.g., b = (0, 1, .., n−
1)), or voters can abstain (b = (0, 0, .., 0)). Then, for the Borda rule, we assume the following

adjustment for propensities.

(1) If i ∈ N t
pos (and so N t

pos 6= ∅), i.e., the voter has a positive impression of candidate i,

then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp

n− 1 + n− I tθ
2

(2) If i ∈ N t
neg and N t

pos 6= ∅, ie., the voter has a negative impression of candidate i, but

30In a recent paper, Bouton & Ogden (2017) consider a model of ethical voting under plurality, and runoff
rules, and find that the set of equilibria of their model depends on the magnitude of voters’ preferences as
well. We discuss the runoff rule in the next section.
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the voter has a positive impression of at least one candidate, then:

pt+1
θ (i) = (1− λp)ptθ(i) + λp

n− (I tθ + 1)

2

(3) If N t
pos = ∅, i.e., the voter has negative impressions of all candidates, then for each

candidate i ∈ N :

pt+1
θ (i) = (1− λp)ptθ(i)

Intuitively, in period t+1, voters become more likely to give a high number of votes to each

candidate they have a positive impression of and a low number of votes to each candidate they

have a negative impression of. Specifically, the propensities are adjusted linearly towards a

distribution where (a) the candidates i ∈ N t
pos have an equal probability of receiving any

number of votes between n− 1 and n− I tθ, while (b) the candidates i ∈ N t
neg have an equal

probability of receiving any number of votes between n − (I tθ + 1) and 0. As in the other

rules, voters would rather abstain if they have negative impressions of all candidates, i.e.,

the equation for the updating of abstentions is pt+1
θ (A) = (1− λp)ptθ(A) + λp1{Itθ=0}.

As in the other electoral rules, the updating of propensities depends only on the type

of impressions, i.e., positive or negative impressions, but not on the magnitude of such

impressions. This simplifies the analysis. In an alternative adjustment process, voters may

use their impressions {πtθ(i)}i∈N to rank the candidates and update propensities ptθ based

on these impression-wise rankings. The qualitative properties of the stationary distribution,

however, are similar. See the supplementary appendix for details.

Finally, aspirations are updated as discussed in Section 2.1.

The stationary distribution under Borda rule is characterized in the proposition below.

Proposition 9 Under Borda rule, the stochastic process has a unique stationary distribution

where the distribution of votes for each type θ of voters is: Sθ(i) = n−1
2

(1−
∏

j∈N(1−qθ(j)))−
1
2

∑
j∈N qθ(j) + n

2
qθ(i) for each candidate i ∈ N .

Therefore, in the stationary distribution for Borda rule, the total measures of votes are:

S(i) =
∑

θ sθ(
n−1
2

(1−
∏

j∈N(1− qθ(j)))− 1
2

∑
j∈N qθ(j) + n

2
qθ(i)) for each candidate i ∈ N .

The measure of voters that abstain is: S(A) =
∑

θ sθ
∏

i∈N(1 − qθ(i)), the same as under

plurality and approval voting.

As in the other electoral rules, under Borda rule, candidates associated with higher viθ’s

in the electorate obtain more votes, i.e., if viθ > vjθ then Sθ(i) > Sθ(j). We note that
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approval and Borda rules are outcome equivalent, because the measures of votes in the

two rules are linear transformations of one another. This is easy to see by comparing the

difference between the measures Sθ(i) and Sθ(j) of two candidates i and j, in the two rules.

In the Borda rule, this is: Sbθ(i) − Sbθ(j) = n
2
(qθ(i) − qθ(j)). In the approval rule, this is:

Saθ (i) − Saθ (j) = qθ(i) − qθ(j). Therefore, Sbθ(i) − Sbθ(j) = n
2
(Saθ (i) − Saθ (j)) for each type θ.

This implies a similar relation between the total measures of votes:

Sb(i)− Sb(j) =
n

2
(Sa(i)− Sa(j))

for each two candidates i, j ∈ N . We thus have the following corollary.

Corollary 1 In the unique stationary distributions of the Borda rule and approval voting,

for any two candidates i, j ∈ N : Sbθ(i)− Sbθ(j) = n
2
(Saθ (i)− Saθ (j)) for each type θ of voters.

Thus, the vote measures in the Borda rule are linear transformations of the vote measures

in the approval rule.

Therefore, because of this equivalence between the Borda and approval rules, all proper-

ties of the approval rule, as we previously discussed in the context of various examples, also

apply to the Borda rule.

Finally, we note that, in contrast to the impressionable voter model, Borda and approval

rule have different equilibria in the rational voter model. As an example, consider the

”divided majority” election, from Section 5.3. As shown in Myerson & Weber (1993), under

Borda rule, the rational voter model has a continuum of equilibria, where the three candidates

obtain the same measures of votes, and all have positive probabilities of winning. On the

other hand under approval voting, there are multiple equilibria as well (Proposition 7), but

their qualitative properties are different.

6.2 Runoff rule

As our final example of electoral rules, we discuss the runoff rule (e.g., Bouton (2013)). The

runoff rule consists of a sequence of, at most, two ”plurality rule” elections. In a first stage,

the candidate with the largest measure of votes is the winner provided his share of votes

(out of the total votes) exceeds a threshold h.31 In case that the share of the candidate with

the largest measure of votes does not exceed h, then the first two candidates compete in a

subsequent (runoff) election. The election’s winner is the candidate with the largest measure

31The most common threshold is h = 0.5, but other thresholds are also used, typically below 0.5 (Bouton
(2013)).
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of votes in the runoff stage. If a second election is needed, it usually takes place shortly after

the first election, e.g., within 1-2 weeks. This feature of the runoff rule will be important

later in our analysis.

The analysis of the runoff rule proceeds as follows. We will first characterize the stationary

distributions of votes in the two stages of the runoff rule. Second, we will analyse the

normative properties of run-off elections with impressionable voters.

6.2.1 Stationary distributions

To distinguish between variables referring to the first and second rounds of the runoff rule,

we will use Roman numeral I in variables that refer to round one, and numeral II in variables

that refer to round two. For example, SI(1) denotes the measure of votes candidate 1 obtains

in round one, while SII(1) denotes the measure of votes candidate 1 obtains in round two,

and so on. For variables whose values are the same in the two rounds, e.g., the aspirations

aθ, or the probabilities qθ (see below for details), superscripts I and II are unnecessary and

so, to simplify notation, are dropped.

We assume that the number of candidates in the initial election is n ≥ 3.32 The stationary

distribution of the first round is the same as the stationary distribution of a plurality rule

election. By Proposition 1, the measures of votes and abstentions are:

SI(i) =
∑
θ

sθqθ(i)E[
1

1 + Iθ(−i)
] for each candidate i ∈ N

SI(A) =
∑
θ

sθ
∏
i∈N

(1− qθ(i))

We assume, for convenience, that candidate 1 has the largest measure of votes among the n

candidates in round I : SI(1) > SI(j) for each candidate j ≥ 2. Using Proposition 2, this

condition can be written as:

SI(1)− SI(j) =
∑
θ

sθ(qθ(1)− qθ(j))E[
1

1 + Iθ(−1, j)
] > 0 for each j ≥ 2 (2)

The condition for a second round election is SI(1) < h
∑

i S
I(i), i.e., the share of votes of

candidate 1 is lower than h. Since
∑

i S
I(i) = 1− SI(A), and using the equations for SI(1)

32If n = 2 then there is no difference between the runoff and plurality rule.
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and SI(A) from above, we can write this condition as:

∑
θ

sθ{qθ(1)E[
1

1 + Iθ(−1)
] + h(1− qθ(1))

∏
i≥2

(1− qθ(i))} < h (3)

The left hand side of the inequality increases with qθ(1), and decreases with qθ(i), for each

i ≥ 2. In addition, the probability qθ(1) is proportional to the fixed component v1θ , while

probabilities qθ(i) are proportional to viθ, for each i ≥ 2. Then, intuitively, the condition

for a second round election (i.e., for conditions 2 and 3 to hold) is that the average fixed

component v1θ of candidate 1 across all voters is larger than the same average for each

candidate i = 2, 3, ..., n, but not much larger. If this is the case, then there will be a runoff

election, where we assume, for convenience, that candidate 1 confronts candidate 2.

Let us now discuss the second round. If the period separating the two rounds is sufficiently

long, then the second election would reduce to a plurality rule election with two candidates.

However, typically, the runoff election is organized shortly after the initial election, e.g.,

one or two weeks after the first round. As the period separating the two rounds is short,

the time available to adjust aspirations and propensities will be limited. To capture this

feature of runoff elections we make two assumptions as to the adjustment of aspirations and

propensities in the second round. First, we assume that voters’ aspirations in the second

round are the same as their aspirations in the stationary distribution of the first round, i.e.,

aθ, for each type θ. Second, we assume that voters vote in the second election based on a

single set of impressions of the two candidates, i.e., voters adjust propensities in one iteration.

Specifically, given a set of impressions {πθ(1), πθ(2)} in the second round, we assume that

voters use a process analogous to that of the generalized Bush-Mosteller rule to cast their

vote. Specifically, if they have a positive impression of candidate 1 and negative impression

of candidate 2, they vote for candidate 1; if they have positive impressions of both candidates

1 and 2, they are equally likely to vote for each candidate, and so on. These two assumptions

have the following implications. First, as the aspirations of voters do not change between

the two rounds, the probabilities of positive impression of candidates i = 1, 2, also do not

change, i.e., the impression probabilities qθ(1), and qθ(2) are the same as the probabilities in

the stationary distribution of the first round. Second, the measures of votes of candidates 1
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and 2, and abstentions, in the second round are:

SII(1) =
∑
θ

sθqθ(1)(1− 1

2
qθ(2))

SII(2) =
∑
θ

sθqθ(2)(1− 1

2
qθ(1))

SII(A) =
∑
θ

sθ(1− qθ(1))(1− qθ(2))

The difference in measures of votes of candidates 1 and 2 in the second round therefore is:

SII(1)− SII(2) =
∑
θ

sθ(qθ(1)− qθ(2))

6.2.2 Normative properties

We now examine the circumstances under which impressionable voters elect, or fail to elect

a socially preferred candidate under the runoff rule. We call a candidate ”socially preferred”

if he is either the Condorcet winner, or, if a Condorcet winner does not exist, the utilitarian

welfare maximizing candidate. There are two distinct cases where a socially preferred candi-

date can lose the election. First, the socially preferred candidate obtains the second-largest

measure of votes in the first round, and the threshold h is low enough so that a different

candidate wins. Second, the socially preferred candidate obtains the third-largest, or lower,

measure of votes in the first round, in which case he loses irrespective of the threshold h of

first round. Conversely, if the socially preferred candidate obtains either the largest measure

of votes in the first round, or the second-largest measure of votes and the threshold h is high

enough so there will be a second round, then the socially preferred candidate wins.33

To analyse these cases formally, let us assume that candidate i (i 6= 1) is the socially

preferred candidate and suppose candidate 1 obtains the largest measure of votes among

all candidates j 6= i, i.e., S(1) = maxj 6=i{S(j)}. The difference in measures of votes of

33We are assuming that the socially preferred candidate wins when confronting a less preferred candidate
in the second round. However, under some particular cases this may not hold, e.g., a Condorcet winner can
lose to a less preferred candidate in the second round, if the preferences of voters preferring the Condorcet
winner are substantially ”weaker” than those of voters preferring the opponent candidate (this can be seen
by writing the difference of measures of votes in the second round, SII(1)− SII(2) from above, in terms of
the distribution function F (.), and impression components v1θ and v2θ .).
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candidates 1 and i in the first round, using equation 2, can be written as:

SI(1)− SI(i) =
∑

θ:qθ(1)−qθ(i)<0

sθ(qθ(1)− qθ(i))E[
1

1 + Iθ(−1, i)
]

+
∑

θ:qθ(1)−qθ(i)>0

sθ(qθ(1)− qθ(i))E[
1

1 + Iθ(−1, i)
] (4)

As candidate i is socially preferred to candidate 1, then v1θ − viθ < 0 or, equivalently,

qθ(1) − qθ(i) < 0 for most voters. Nevertheless, if the weights E[ 1
1+Iθ(−1,i)

] are dispropor-

tionately small for voters that prefer candidate i to 1, i.e., for which qθ(1) − qθ(i) < 0, and

disproportionately large for voters that prefer candidate 1 to i, i.e., for which qθ(1)−qθ(i) > 0,

then the difference SI(1) − SI(i) can turn positive, despite the fact that qθ(1) − qθ(i) < 0

for most voters.34 This requires that voters that prefer candidate i to candidate 1 be more

likely to have positive impressions of candidates j 6= 1, i than voters that prefer candidate

1 to candidate i. Intuitively, this occurs when the magnitudes of the fixed components vjθ
(relative to the aspiration levels aθ = 1

n

∑
l v

l
θ) associated with candidates j 6= 1, i are larger,

on average, for voters that prefer candidate i to candidate 1, than for voters that prefer

candidate 1 to candidate i. In this case, if the threshold h is low enough, then candidate i

loses the election (first case described above). Second, if the circumstances discussed above

where candidate 1 obtains a larger measure of votes than candidate i also apply to, e.g., the

comparison between candidates 2 and i, then candidate i obtains the third-largest, or lower,

measure of votes. In this case, candidate i loses the election irrespective of the threshold h.

(This is the second case described above).

To illustrate the two possible cases described above where a socially preferred candidate

is not elected, it is useful to consider some examples. To illustrate the first case, consider

the following election, borrowed from Myerson (2002) (example 4, p. 246). There are three

candidates, 1, 2, and 3, and two groups of voters, group 1 and group 2. The vectors of the

fixed components of the two groups are u1 = {1, 0, 0}, and u2 = {0, 1, 1}, and their measures

are s1 = s, and s2 = 1 − s, where s < 1
2
. This election can be viewed as a simplified

divided majority election (see Section 5.3), where the majority voters are combined into one

group, i.e., group 2 of voters. Given that s < 1
2
, under both the Condorcet and utilitarian

34We note that differences in impression probabilities qθ(1)− qθ(i) also influence the sign of SI(1)−SI(i).
However, they are relevant only when the differences in impression components v1θ − viθ differ substantially
across types of voters, and the socially preferred candidate corresponds to the Condorcet winner. In all
other cases e.g., when the differences in impression components v1θ−viθ are the same magnitude across types,
or the socially preferred candidate corresponds to the utilitarian candidate, the influence of the differences
qθ(1)− qθ(i) is irrelevant.
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criteria, candidate 2 (or, equivalently, candidate 3) is the socially preferred candidate.35

A parameterized version of this simplified ”divided majority” election with impressionable

voters, under plurality rule, has been analysed in Andonie & Diermeier (2019). Some of the

insights discussed in Andonie & Diermeier (2019) apply here as well.36

The outcome of this election under the runoff rule is described in the next proposition.

Proposition 10 Consider the simplified divided majority election with three candidates and

two groups of voters. There exists a cutoff s∗ ∈ (0, 1
2
) such that, for all s ∈ (s∗, 1

2
), in the

first round SI(1) > SI(2) = SI(3), and, in addition, SI(1) < 0.5
∑

i S
I(i). Therefore, if the

threshold h is low enough, i.e., h < h∗, where h∗ < 0.5, then candidate 1 wins in the first

round. On the other hand, if h > h∗ there will be a second round confronting candidates 1

and 2, where SII(1) < SII(2), i.e., candidate 2 wins.

The proposition shows that although candidate 2 would beat candidate 1 in a pair-wise

competition, candidate 1 obtains a larger measure of votes in round one, and so he wins if

the threshold h is low. The intuition for SI(1) − SI(2) > 0 is as explained above. As the

magnitude of the impression parameter v3θ relative to aspirations aθ is larger for voters of

group 2 than for voters of group 137 then voters of group 2 are more likely than voters of

group 1 to have a positive impression of candidate 3. Therefore, the weights E[ 1
1+Iθ(−1,2)

]

attached to the difference qθ(1) − qθ(2) are larger for voters of group 1 than for voters of

group 2. This implies that group 1 has a larger impact on the difference SI(1)− SI(2) than

group 2, and, if their measure s is sufficiently close to 1
2

then SI(1)− SI(2) > 0.

To illustrate the second case, consider the following variation of the previous election.

There are four candidates: 1, 2, 3, and 4 and three groups of voters: 1, 2, and 3. The

vectors of fixed components of the three groups are: u1 = {1, 0, 0, 0}, u2 = {0, 1, 0, 0} and

u3 = {0, 0, 1, 1} and their measures are s1 = s, s2 = s, and s3 = 1 − 2s, where s < 1
3
. In

this election, under both the Condorcet and utilitarian criteria, candidate 3 (or, equivalently,

candidate 4) is the socially preferred candidate.38 The proposition below shows that if s is

close to 1
3
, then the socially preferred candidate 3 cannot win the election, independent of

the value of threshold h. For this proposition to hold in general we require that the weight

35To break the tie between candidates 2 and 3, we can assume, for example, that voters of group 2
marginally prefer candidate 2 to candidate 3, i.e., their vector of fixed components is u2 = {0, 1 + η, 1},
where η > 0 and small. The qualitative results of Proposition 10 will be the same.

36They also apply to the election with four candidates, and three groups of voters we discuss below.
37For voters of group 1: v31 = 0 and a1 = 1

3 , while for voters of group 2: v32 = 1 and a2 = 2
3 .

38As in the previous example, to break the tie between candidates 3 and 4, we can assume, for example,
that a majority of voters marginally prefers candidate 3 to candidate 4. Again, the qualitative results will
be the same as in Proposition 11.
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on the random component of impressions is not ”too large”, i.e., α < α∗, where the cutoff

α∗ is a function of the distribution F (.).39

Proposition 11 Consider the election with four candidates and three groups of voters de-

scribed above. Then there exists a cutoff s∗ ∈ (0, 1
3
) such that in the first round of the

election: SI(1) = SI(2) > SI(3) = SI(4) for all s ∈ (s∗, 1
3
). In other words, if s ∈ (s∗, 1

3
)

then candidate 3 (or candidate 4) cannot be the winner of this election.

Again, the intuition is similar as previously explained. Take for example the difference

in measures of votes SI(1)− SI(3). The magnitude of the impression parameters v2θ , and v4θ
relative to aspirations aθ is larger, on average, for voters of group 3 than for voters of group

1.40 In terms of impressions, voters of group 3 are unlikely to have a positive impression

of candidate 2, but very likely to have a positive impression of candidate 4, while voters

of group 1 are unlikely to have a positive impression of candidate 2 or 4.41 Therefore,

the weights E[ 1
1+Iθ(−1,3)

] attached to the differences qθ(1) − qθ(3) are larger for voters of

group 1 than for voters of group 3. This implies that group 1 has a larger impact on the

difference SI(1) − SI(3) than group 3, and, if their share s is sufficiently close to 1
3

then

SI(1)− SI(3) > 0.

Let us now compare these results to the corresponding rational voter model. Bouton

(2013) (see also Bouton & Gratton (2015)) discusses the rational voter equilibria of run-off

elections with three candidates. Bouton (2013) shows that there are multiple ”Duvergerian”

equilibria where just two of the three candidates get votes. Moreover, under some technical

conditions on parameters, there is a sincere equilibrium where all three candidates get votes.

In one of the Duvergerian equilibria, the Condorcet winner gets 0% votes and, so, he loses

the election. In the sincere equilibrium, if the threshold h is low enough, a Condorcet loser

may win under the runoff rule (which, Bouton (2013) calls the ”Ortega effect”).

In contrast, in the impressionable voter model, there is a unique stationary distribution.

In the stationary distribution, we identified similar problems related to the selection of

Condorcet winners as those afflicting the equilibria of the rational voter model. However,

the mechanism and circumstances under which these problems manifest themselves are very

different. The rational voter model has equilibria where the Condorcet winner loses, but

also equilibria where he wins. That is, in the rational choice model the failure to elect the

39For some common distributions, e.g., U [−1,+1], α∗ = +∞ so they do not require restrictions on the
values of α.

40For voters of group 1: v21 = 0, v41 = 0 and a1 = 1
4 , while for voters of group 3: v23 = 0, v43 = 1 and a3 = 1

2 .
41For voters of group 2 we have that q3(1) = q3(3), and therefore their votes do not influence the difference

SI(1)− SI(3).
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Condorcet winner lies in the multiplicity of equilibria. Voters may fail to coordinate on the

equilibrium that ensures the election of a socially preferred candidate. In the model with

impressionable voters, socially preferred candidates may fail to be the most likely winners

due to an asymmetry in the preference intensity across factions; this phenomenon does not

involve a coordination problem but follows from the relative likes and dislikes of voters.

Finally, we discuss some empirical evidence relevant to our behavioral model.42 In a recent

paper, Pons & Tricaud (2018) analyse the outcomes of French elections between 1978-2015.

The electoral rule is a variant of the run-off rule described previously where the threshold is

h = 50%, but with the modification that the candidates of the second round include the two

first candidates, and any third candidate with a share of votes of 12.5% or higher in the first

round. Pons & Tricaud (2018) find that the having a third candidate in the second round

raises turnout and decreases the vote share of the candidate ideologically aligned with the

third candidate. They attribute these two effects to voting’ behavior of two types of voters:

”loyals” and ”switchers”. ”Loyals” vote for the third candidate when he makes the second

round, but they abstain when he does not make the second round. ”Switchers”, on the other

hand, again vote for the third candidate when he makes the second round, but they vote

for one of the other two candidates when he does not make the second round. The authors

argue that this voting behavior cannot be explained with the rational voter model.

Let us now put this in the context of our impressionable voter model.43 Suppose, for

simplicity, there are only three candidates, i = 1, 2, 3, in the election. Consider a group θ

of voters who prefer the third candidate to the other two candidates, e.g., v3θ > v1θ > v2θ .

Suppose first these voters strongly prefer candidate 3 to the other two candidates, i.e., v3θ is

large relative to v1θ . Then their aspirations will also be high, and so, most likely, they will have

a positive impression of candidate 3 (if the candidate makes the second round), and negative

impressions of the other two candidates. Thus, if candidate 3 runs in the second round, these

voters vote for candidate 3 (as candidate 3 is the only candidate of which they have a positive

impression), but they abstain if candidate 3 does not run in the second round (as they have

negative impressions of both candidates 1 and 2). Suppose now these voters moderately

prefer candidate 3 to candidate 1, and also moderately prefer candidate 1 to candidate 2.

Their aspirations then will be at an intermediate level, and so, most likely, they will have

a positive impression of candidate 3 (if the candidate makes the second round), positive

impression of candidate 1 with positive probability, and negative impression of candidate 2.

42We discuss laboratory experiments in the Conclusion.
43In the run-off elections we studied previously only two candidates can run in the second round. However,

it is straightforward to modify the model and its analysis so that three candidates can run in the second
round, like in the French elections. A formal analysis of the discussion below is available upon request.
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Therefore, if candidate 3 runs in the second round, most of these voters vote for candidate

3, but a small fraction of them vote for candidate 1. If candidate 3, however, does not

run in the second round, these voters vote for candidate 1 in a significant proportion, while

the remaining voters abstain. To summarize, the first case above corresponds exclusively to

the voting behavior of ”loyals” described by Pons & Tricaud (2018), while the second case

corresponds to a mix of ”loyals” and ”switchers” voting behavior.

7 Conclusion

We analyze a model of impressionable voting under different electoral rules. Impressionable

voters do not cast their ballot based on expected utility calculations and pivot ratios, but

rely on a simple feed-back mechanism based on their impressions of the candidates.

The model yields a stochastic dynamic process, and we characterize its stationary dis-

tributions for plurality rule, approval voting, negative plurality rule, the Borda rule, and

majority run-off elections. We show that for two candidate elections each rule yields the

socially preferred winner, although voting behavior varies across these electoral rules. This

result is analogous to models of rational voting (e.g., Krishna & Morgan (2015)), though

impressionable voting is based on very different behavioral foundations.

We then turn our attention to the case of multiple candidates. We consider an election

with three candidates, and two groups of voters, introduced by Myerson (2002). The two

groups of voters disagree over two ”divisive” candidates, but may agree on a third ”moderate”

candidate. We show that voters are more likely to elect the moderate candidate under

negative plurality, but less likely under plurality rule.

We next consider elections with three candidates, and three groups of voters including the

”divided majority” election analyzed by, e.g., Myerson & Weber (1993), Fey (1997), Myatt

& Fisher (2002), Myatt (2007), Bouton & Castanheira (2012), Bouton & Ogden (2017). We

show that the socially preferred candidate is most likely elected under negative plurality

rule, provided the division between the majority factions is sufficiently low. If the majority

factions are heavily divided, then the socially preferred candidate is most likely to be elected

under plurality rule.

Finally, we analyze the case of the Borda rule and run-off elections. We show that the

Borda rule is outcome equivalent to approval voting. In the case of the run-off rule, we show

that a Condorcet winner can lose the election. This will be the case if the threshold to reach

the second round is sufficiently low and there is an asymmetry in impression probabilities

between voters that prefer and voters that oppose the Condorcet winner.
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In each case we compare our model of impressionable voters to the corresponding ver-

sion with rational voters, if such an analysis exists. In many cases the models have similar

implications. For example, both models elect socially preferred candidates in two candidate

elections, while in multi-candidate models Condorcet winners may lose. While the impli-

cations can be similar, the underlying mechanism are very different. For example, rational

choice models often allow for multiple equilibria while impressionable voter models yield

unique stationary distributions. The properties of such stationary distributions often de-

pend on parameters that are irrelevant in the rational voter model such as the intensity of

voter preferences.

Contrary to wide-spread claims in the behavioral political science literature (e.g., Achen

& Bartels (2016)) elections with impressionable voters in general do not have worse properties

than elections with rational voters. However, the relative performance of electoral rules, in

general, is different than in rational choice models. An evaluation and assessment of electoral

institutions thus depends on the assumed behavioral model.

To assess the extent that behavioral models, here impression-based voting, present an

alternative to rational choice models their implications need to be assessed empirically. This

can be done through carefully designed studies with field data or in laboratory experiments.

In the latter case, care has to be taken. Currently, lab experiments usually are designed to

test rational choice models of voting. To replicate the theoretical setting as close as possi-

ble, experimenters simplify the environment by designing a specific, well-defined task, give

subjects ample time to learn, make sure the structure of the game is common knowledge,

focus the subjects attention by providing financial incentives and so forth.44 While appro-

priate to test models with rational voting, they are ill suited to induce impressionable voting

which captures settings where voters are distracted, uninterested, or apathetic. Unless con-

trolled experiments can induce such mental states they are not well suited to test models of

impressionable voting.

44See e.g., Forsythe, Myerson, Rietz & Weber (1993), Forsythe, Myerson, Rietz & Weber (1996), Levine
& Palfrey (2007), Bouton, Castanheira & Llorente-Saguer (2016), Bouton, Castanheira & Llorente-Saguer
(2017), etc.
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8 Appendix

8.1 Proof of Proposition 1

The proof for the characterization of the stationary distributions under approval voting,

and negative plurality is similar to that under plurality rule (Andonie & Diermeier (2019),

Lemma 1). First, consider approval voting. The equation for the updating of propensity

ptθ(i) for candidate i ∈ N can be written concisely as

pt+1
θ (i) = (1− λp)ptθ(i) + λp1{πtθ(i)≥atθ}.

This implies

E[pt+1
θ (i)] = (1− λp)E[ptθ(i)] + λpE[1{πtθ(i)≥atθ}]

= (1− λp)E[ptθ(i)] + λpq
t
θ(i).

In a stationary distribution, the distributions of propensities ptθ and aspirations atθ do not

depend on time t, and therefore, dropping the index t in the previous equation, we obtain

E[pθ(i)] = qθ(i).

Because there is a continuum of voters of type θ, this implies that the measure of voters of

type θ that vote for (or, approve) candidate i is: Sθ(i) = E[pθ(i)] = qθ(i).

In regard to abstentions, the equation for the updating of abstention propensity pθ(A)

is: pt+1
θ (A) = (1 − λp)ptθ(A) + λp1{Itθ=0}. Following the same steps as above, we obtain in a

stationary distribution Sθ(A) =
∏

j∈N(1− qθ(j)).
Now, consider negative plurality. The equation for the updating of propensity ptθ(i) for

a candidate i ∈ N can be written concisely as

pt+1
θ (i) = (1− λp)ptθ(i) + λp(1−

1

1 + J tθ(−i)
1{πtθ(i)<atθ}).

This implies

E[pt+1
θ (i)] = (1− λp)E[ptθ(i)] + λp(1− E[

1

1 + J tθ(−i)
1{πtθ(i)<atθ}])

= (1− λp)E[ptθ(i)] + λp(1− (1− qtθ(i))E[
1

1 + J tθ(−i)
|πtθ(i) < atθ]).
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Similarly, as above, in a stationary distribution we obtain

E[pθ(i)] = 1− (1− qθ(i))E[
1

1 + Jθ(−i)
|πθ(i) < aθ].

In a stationary distribution, aspirations aθ are non-random and are equal to aθ =
∑

j∈N
vjθ
n

.

This permits us to drop the conditional event πθ(i) < aθ in the expectation term above (see

also Andonie & Diermeier (2019), Proof of Lemma 1), and therefore to obtain

Sθ(i) = E[pθ(i)] = 1− (1− qθ(i))E[
1

1 + Jθ(−i)
].

Finally, the equation for updating the abstention propensity ptθ(A), under negative plu-

rality, is: pt+1
θ (A) = (1 − λp)p

t
θ(A) + λp1{Jtθ=0}. Taking expectation in this equation and,

dropping the time index t, we obtain that in a stationary distribution the measure of voters

of type θ that abstain is: Sθ(A) =
∏

j∈N qθ(j).

8.2 Proof of Proposition 2

In the plurality rule, by Proposition 1, the measure of votes candidate i obtains in a stationary

distribution is Sθ(i) = qθ(i)E[ 1
1+Iθ(−i)

]. Since the expectation term can be decomposed as

E[
1

1 + Iθ(−i)
] = qθ(j)E[

1

2 + Iθ(−i, j)
] + (1− qθ(j))E[

1

1 + Iθ(−i, j)
],

it follows that we can write Sθ(i) as:

Sθ(i) = qθ(i)qθ(j)E[
1

2 + Iθ(−i, j)
] + qθ(i)(1− qθ(j))E[

1

1 + Iθ(−i, j)
].

Therefore the difference in measures of votes of candidates i and j is:

Sθ(i)− Sθ(j) = (qθ(i)− qθ(j))E[
1

1 + Iθ(−i, j)
].

In the approval rule, by Proposition 1, the measure of votes candidate i obtains in a

stationary distribution is Sθ(i) = qθ(i). Therefore the difference in measures of votes of

candidates i and j is:

Sθ(i)− Sθ(j) = qθ(i)− qθ(j).

In the negative plurality rule, by Proposition 1, the measure of votes candidate i obtains
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in a stationary distribution is: Sθ(i) = 1 − (1 − qθ(i))E[ 1
n−Iθ(−i)

]. Since we can decompose

the expectation term as

E[
1

n− Iθ(−i)
] = qθ(j)E[

1

n− 1− Iθ(−i, j)
] + (1− qθ(j))E[

1

n− Iθ(−i, j)
],

it follows that Sθ(i) can be alternatively written:

Sθ(i) = 1− (1− qθ(i))qθ(j)E[
1

n− 1− Iθ(−i, j)
]− (1− qθ(i))(1− qθ(j))E[

1

n− Iθ(−i, j)
].

Therefore, the difference between the measures of votes of candidates i and j is:

Sθ(i)− Sθ(j) = (qθ(i)− qθ(j))E[
1

n− 1− Iθ(−i, j)
].

Now let us formally prove the observation on the differences between the three elec-

toral rules discussed after Proposition 2. Consider first the plurality rule. We note that

E[ 1
1+Iθ(−i,j)

] decreases with the probability of positive impression qθ(l), for each candidate

l 6= i, j. This can be seen by writing

E[
1

1 + Iθ(−i, j)
] = E[

1

1 + Iθ(−i, j, l)
]− qθ(l)E[

1

(1 + Iθ(−i, j, l))(2 + Iθ(−i, j, l))
].

Consider now two candidates i, j at the top of the vector of fixed components uθ, and two

candidates i′, j′ at the bottom of the vector uθ. The probabilities of having a good impression

of candidates i and j are larger than the corresponding probabilities of candidates i′ and j′:

qθ(i), qθ(j) > qθ(i
′), qθ(j

′). As the expectation E[ 1
1+Iθ(−i,j)

] decreases with qθ(l), for l 6= i, j,

this implies that E[ 1
1+Iθ(−i,j)

] > E[ 1
1+Iθ(−i′,j′)

]. In other words, if we control for the differences

qθ(i)− qθ(j), the differences in measures of votes Sθ(i)− Sθ(j) are larger if candidates i and

j are at the top of vector uθ, and smaller if candidates i and j are at the bottom.

A similar reasoning applies to the negative plurality rule. In the negative plurality, the

expectation term E[ 1
n−1−Iθ(−i,j)

] increases with the probability of positive impression qθ(l),

for each candidate l 6= i, j. To see this, we write:

E[
1

n− 1− Iθ(−i, j)
] = E[

1

n− 1− Iθ(−i, j, l)
]

+ qθ(l)E[
1

(n− 2− Iθ(−i, j, l))(n− 1− Iθ(−i, j, l))
].

Similarly as above, if we consider two candidates i and j at the top of the vector uθ, and
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two candidates i′ and j′ at the bottom of the vector uθ, we will have that qθ(i), qθ(j) >

qθ(i
′), qθ(j

′). But as the expectation E[ 1
n−1−Iθ(−i,j)

] increases with qθ(l), for l 6= i, j, this

implies that E[ 1
n−1−Iθ(−i,j)

] < E[ 1
n−1−Iθ(−i′,j′)

]. Therefore, if we control for the differences

qθ(i)− qθ(j), the differences in measures of votes Sθ(i)−Sθ(j) are smaller if candidates i and

j are at the top of vector uθ, and larger if candidates i and j are at the bottom.

8.3 Proof of Proposition 3

The proof follows from Proposition 2. The process has a unique stationary distribution, under

each of the three rules. Because there are only two candidates, 1 and 2, the difference in the

measures of votes of the two candidates, by Proposition 2, is S(1) − S(2) =
∑

θ sθ(qθ(1) −
qθ(2)) in all three rules. In the stationary distribution, the aspirations of group θ of voters

is aθ =
v1θ+v

2
θ

2
, which implies that the probabilities of positive impression in the stationary

distribution are:

qθ(1) = Pr(πθ(1) > aθ) = F (
v1θ − v2θ

2α
)

qθ(2) = Pr(πθ(2) > aθ) = F (
v2θ − v1θ

2α
).

Therefore, we can write the difference in measures of votes as S(1)−S(2) =
∑

θ sθ(2F (
v1θ−v

2
θ

2α
)−

1), which proves the proposition. (see also, Andonie & Diermeier (2019)).

8.4 Proof of Proposition 4

By Proposition 1, under each of the three electoral rules, the stochastic process has a unique

stationary distribution. In the stationary distribution, the aspirations of the two groups of

voters are: a1 = 1+v
3

and a2 = 1+v
3

. Given these aspirations, we can compute the probabilities
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of positive impression for each of the three candidates, across the two groups, as follows:

q1(1) = Pr(π1(1) > a1) = Pr(1 + αε1(1) >
1 + v

3
) = 1− F (

v − 2

3α
)

q1(2) = Pr(π1(2) > a1) = Pr(αε1(2) >
1 + v

3
) = 1− F (

1 + v

3α
)

q1(3) = Pr(π1(3) > a1) = Pr(v + αε1(3) >
1 + v

3
) = 1− F (

1− 2v

3α
)

q2(1) = Pr(π2(1) > a2) = Pr(αε2(1) >
1 + v

3
) = 1− F (

1 + v

3α
)

q2(2) = Pr(π2(2) > a2) = Pr(1 + αε2(2) >
1 + v

3
) = 1− F (

v − 2

3α
)

q2(3) = Pr(π2(3) > a2) = Pr(v + αε2(3) >
1 + v

3
) = 1− F (

1− 2v

3α
).

Using Proposition 2, the difference between the measures of votes of candidates 1 and 3

in the plurality rule is

S(1)− S(3) =
1

2
(q1(1)− q1(3))(1− 1

2
q1(2)) +

1

2
(q2(1)− q2(3))(1− 1

2
q2(2))

=
1

2
(F (

1− 2v

3α
)− F (

v − 2

3α
))(

1

2
+

1

2
F (

1 + v

3α
))

+
1

2
(F (

1− 2v

3α
)− F (

1 + v

3α
))(

1

2
+

1

2
F (
v − 2

3α
)).

It is easy to verify that, as intuition suggests, the difference S(1) − S(3) decreases with v.

When v = 1
2

we have: S(1) − S(3) = 1
2
(−1

2
+ F (3/2

3α
))2 > 0, while when v = 1 we have

S(1)− S(3) = 1
2
(F (−1

3α
)− F ( 2

3α
))(1

2
+ 1

2
F (−1

3α
)) < 0. Therefore, there exists a cutoff v∗p with

v∗p ∈ (1
2
, 1) such that if v < v∗p then S(1)− S(3) > 0, and if v > v∗p then S(1)− S(3) < 0.

In the approval rule, we can use Proposition 2 to compute the difference between the

measures of votes of candidates 1 and 3 as follows:

S(1)− S(3) =
1

2
(q1(1)− q1(3)) +

1

2
(q2(1)− q2(3))

=
1

2
(F (

1− 2v

3α
)− F (

v − 2

3α
)) +

1

2
(F (

1− 2v

3α
)− F (

1 + v

3α
)).

Again, it is easy to verify that the difference S(1)− S(3) decreases with v. When v = 1
2
, we

have S(1)− S(3) = 0. Therefore if v < v∗a = 1
2

then S(1)− S(3) > 0, and if v > v∗a = 1
2

then

S(1)− S(3) < 0.

Finally, in the negative plurality rule, the difference in the vote measures of candidates
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1 and 3, using Proposition 2, is

S(1)− S(3) =
1

2
(q1(1)− q1(3))

1

2
(1 + q1(2)) +

1

2
(q2(1)− q2(3))

1

2
(1 + q2(2))

=
1

2
(F (

1− 2v

3α
)− F (

v − 2

3α
))

1

2
(2− F (

1 + v

3α
))

+
1

2
(F (

1− 2v

3α
)− F (

1 + v

3α
))

1

2
(2− F (

v − 2

3α
)).

Again, as in the case of the other two rules, the difference S(1) − S(3) decreases with v.

When v = 1
2

we have S(1) − S(3) = −1
2
(−1

2
+ F (3/2

3α
))2 < 0, and when v = 0 we have

S(1) − S(3) = 1
2
(F ( 1

3α
) − F (−2

3α
))(1 − 1

2
F ( 1

3α
)) > 0. Therefore, there exists a cutoff v∗n with

v∗n ∈ (0, 1
2
) such that if v < v∗n then S(1)− S(3) > 0, and if v > v∗n then S(1)− S(3) < 0.

8.5 Proof of Lemma 1

Under each of the three electoral rules, the stochastic process has a unique stationary dis-

tribution. In the stationary distribution, the aspirations of the three groups of voters are:

a1 = 1+v
3

, a2 = 1+v
3

and a3 = w
3
. Then, we can compute the probabilities of having a positive

impression, for each group θ = 1, 2, 3, and for each candidate i = 1, 2, 3 as follows:

q1(1) = Pr(π1(1) > a1) = Pr(1 + αε1(1) >
1 + v

3
) = 1− F (

v − 2

3α
)

q1(2) = Pr(π1(2) > a1) = Pr(αε1(2) >
1 + v

3
) = 1− F (

1 + v

3α
)

q1(3) = Pr(π1(3) > a1) = Pr(v + αε1(3) >
1 + v

3
) = 1− F (

1− 2v

3α
)

q2(1) = Pr(π2(1) > a2) = Pr(αε2(1) >
1 + v

3
) = 1− F (

1 + v

3α
)

q2(2) = Pr(π2(2) > a2) = Pr(1 + αε2(2) >
1 + v

3
) = 1− F (

v − 2

3α
)

q2(3) = Pr(π2(3) > a2) = Pr(v + αε2(3) >
1 + v

3
) = 1− F (

1− 2v

3α
)

q3(1) = q3(2) = Pr(π3(1) > a3) = Pr(αε3(1) >
w

3
) = 1− F (

w

3α
)

q3(3) = Pr(π3(3) > a3) = Pr(w + αε3(3) >
w

3
) = F (

2w

3α
).

Using Proposition 2, the difference between candidates 1’s and 3’s measures of votes in
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the plurality rule is

S(1)− S(3) = s(q1(1)− q1(3))(1− 1

2
q1(2)) + s(q2(1)− q2(3))(1− 1

2
q2(2))

+ (1− 2s)(q3(1)− q3(3))(1− 1

2
q3(2))

= s(F (
1− 2v

3α
)− F (

v − 2

3α
))(

1

2
+

1

2
F (

1 + v

3α
))

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))(

1

2
+

1

2
F (
v − 2

3α
))

+ (1− 2s)(1− F (
w

3α
)− F (

2w

3α
))(

1

2
+

1

2
F (

w

3α
)).

therefore the cutoff wp in the plurality rule is characterized by:

s(F (
1− 2v

3α
)− F (

v − 2

3α
))(

1

2
+

1

2
F (

1 + v

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))(

1

2
+

1

2
F (
v − 2

3α
))

= (1− 2s)(F (
wp

3α
) + F (

2wp

3α
)− 1)(

1

2
+

1

2
F (
wp

3α
)).

Similarly, for the approval rule, we can use Proposition 2 to compute the difference

S(1)− S(3) as follows:

S(1)− S(3) = s(q1(1)− q1(3)) + s(q2(1)− q2(3)) + (1− 2s)(q3(1)− q3(3))

= s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

+ (1− 2s)(1− F (
w

3α
)− F (

2w

3α
)).

Therefore the cutoff wa in the approval rule is characterized by:

s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

= (1− 2s)(F (
wa

3α
) + F (

2wa

3α
)− 1).
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Finally, for the negative plurality rule, using Proposition 2, the difference S(1)− S(3) is

S(1)− S(3) = s(q1(1)− q1(3))
1

2
(1 + q1(2)) + s(q2(1)− q2(3))

1

2
(1 + q2(2))

+ (1− 2s)(q3(1)− q3(3))
1

2
(1 + q3(2))

= s(F (
1− 2v

3α
)− F (

v − 2

3α
))(1− 1

2
F (

1 + v

3α
))

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))(1− 1

2
F (
v − 2

3α
))

+ (1− 2s)(1− F (
w

3α
)− F (

2w

3α
))(1− 1

2
F (

w

3α
)).

and so the cutoff wn is characterized by the equation

s(F (
1− 2v

3α
)− F (

v − 2

3α
))(1− 1

2
F (

1 + v

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))(1− 1

2
F (
v − 2

3α
))

= (1− 2s)(F (
wn

3α
) + F (

2wn

3α
)− 1)(1− 1

2
F (
wn

3α
)).

We first make a simple observation on the relationship between the value of v and the

thresholds wp, wa, and wn. Intuitively, when v increases in absolute value, the relative

support of voters in groups 1 and 2 for candidate 1 increases. Similarly, when w increases,

the relative support of voters in group 3 for candidate 3 increases. As wp, wa, and wn are

defined as the threshold for w at which the relative support of groups 1 and 2 for candidate

1, and support of group 3 for candidate 3 are balanced, then all three thresholds wp, wa, and

wn should decrease with v. Indeed, it is easy to prove this result also formally, by observing

that the left sides of the three equations characterizing wp, wa, and wn all decrease with v,

while the right sides all increase with w.

Let us next prove two preliminary results. In the first preliminary result, we show that

for any v ≤ −1 we have: wp < wa < wn. If v ≤ −1, then, using the equation for wp, and

because wp ≥ 0, we can write:

(1− 2s)(F (
wp

3α
) + F (

2wp

3α
)− 1) = s(F (

1− 2v

3α
)− F (

v − 2

3α
))

1
2

+ 1
2
F (1+v

3α
)

1
2

+ 1
2
F (w

p

3α
)

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))

1
2

+ 1
2
F (v−2

3α
)

1
2

+ 1
2
F (w

p

3α
)

< s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

= (1− 2s)(F (
wa

3α
) + F (

2wa

3α
)− 1).
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Therefore wp < wa. Similarly, using the equation for wn we can write:

(1− 2s)(F (
wn

3α
) + F (

2wn

3α
)− 1) = s(F (

1− 2v

3α
)− F (

v − 2

3α
))

1− 1
2
F (1+v

3α
)

1− 1
2
F (w

n

3α
)

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))

1− 1
2
F (v−2

3α
)

1− 1
2
F (w

n

3α
)

> s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

= (1− 2s)(F (
wa

3α
) + F (

2wa

3α
)− 1)

Therefore wa < wn. Thus, when v ≤ −1 we have wp < wa < wn.

In the second preliminary result, we will show that if v = 0 then: (a) If s < 1
3

then

wp, wa, wn < 1; and (b) If s > 1
3

then wp, wa, wn > 1. When v = 0, the equation character-

izing wp in the plurality rule becomes

s(F (
1

3α
) + F (

2

3α
)− 1)(

1

2
+

1

2
F (

1

3α
)) = (1− 2s)(F (

wp

3α
) + F (

2wp

3α
)− 1)(

1

2
+

1

2
F (
wp

3α
)).

Therefore, if s > 1
3

we must have wp > 1; and if s < 1
3

we must have wp < 1. In the approval

rule, when v = 0 the equation characterizing wa is

s(F (
1

3α
) + F (

2

3α
)− 1) = (1− 2s)(F (

wa

3α
) + F (

2wa

3α
)− 1).

Therefore, if s > 1
3

then we must have wa > 1; and if s < 1
3

then we must have wa < 1.

Finally, in the negative plurality rule, the equation characterizing the threshold wn for v = 0

is

s(F (
1

3α
) + F (

2

3α
)− 1)(1− 1

2
F (

1

3α
)) = (1− 2s)(F (

wn

3α
) + F (

2wn

3α
)− 1)(1− 1

2
F (
wn

3α
)).

As in the other two rules, if s > 1
3

we must have wn > 1; and if s < 1
3

we must have wn < 1.

We can now use these two preliminary results to prove the lemma. Suppose first that

s < 1
3
. The first preliminary result from above shows that if v ≤ −1 then wp < wa < wn.

When v = 0, we can use the equation for wp and the second preliminary result to write:

(1− 2s)(F (
wp

3α
) + F (

2wp

3α
)− 1) = s(F (

1

3α
) + F (

2

3α
)− 1)

1
2

+ 1
2
F ( 1

3α
)

1
2

+ 1
2
F (w

p

3α
)

> s(F (
1

3α
) + F (

2

3α
)− 1) = (1− 2s)(F (

wa

3α
) + F (

2wa

3α
)− 1).
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Therefore, if v = 0 then wa < wp. Similarly, if v = 0 we can use the equation for wn and the

second preliminary result to write:

(1− 2s)(F (
wn

3α
) + F (

2wn

3α
)− 1) = s(F (

1

3α
) + F (

2

3α
)− 1)

1− 1
2
F ( 1

3α
)

1− 1
2
F (w

n

3α
)

< s(F (
1

3α
) + F (

2

3α
)− 1) = (1− 2s)(F (

wa

3α
) + F (

2wa

3α
)− 1).

and so wn < wa. Thus, if v = 0 then wn < wa < wp.

Because for all v ≤ −1 we have wp < wa < wn, and for v = 0 we have wn < wa < wp,

there must exist a cutoff v∗ ∈ (−1, 0) at which wp = wa = w∗. We will show that at the

cutoff v = v∗ we also have wn = w∗. To see this, we write the equations for thresholds wp

and wa when v = v∗ as

s(F (
1− 2v∗

3α
)− F (

v∗ − 2

3α
))(

1

2
+

1

2
F (

1 + v∗

3α
)) + s(F (

1− 2v∗

3α
)− F (

1 + v∗

3α
))(

1

2
+

1

2
F (
v∗ − 2

3α
))

= (1− 2s)(F (
w∗

3α
) + F (

2w∗

3α
)− 1)(

1

2
+

1

2
F (
w∗

3α
)).

and

s(F (
1− 2v∗

3α
)− F (

v∗ − 2

3α
)) + s(F (

1− 2v∗

3α
)− F (

1 + v∗

3α
))

= (1− 2s)(F (
w∗

3α
) + F (

2w∗

3α
)− 1).

Multiplying the second equation by 3
2

and then subtracting the two equations we obtain:

s(F (
1− 2v∗

3α
)− F (

v∗ − 2

3α
))(1− 1

2
F (

1 + v∗

3α
)) + s(F (

1− 2v∗

3α
)− F (

1 + v∗

3α
))(1− 1

2
F (
v∗ − 2

3α
))

= (1− 2s)(F (
w∗

3α
) + F (

2w∗

3α
)− 1)(1− 1

2
F (
w∗

3α
)).

Therefore when v = v∗ we also have wn = w∗. We will next show that if v < v∗ then wp <

wa < wn; while if v > v∗ then wn < wa < wp. Consider the two equations characterizing the
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thresholds wp and wa, and let us divide the two equations side by side:

F (w
p

3α
) + F (2w

p

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

(
1

2
+

1

2
F (
wp

3α
))

=
F (1−2v

3α
)− F (v−2

3α
)

F (1−2v
3α

)− F (v−2
3α

) + F (1−2v
3α

)− F (1+v
3α

)
(
1

2
+

1

2
F (

1 + v

3α
))

+
F (1−2v

3α
)− F (1+v

3α
)

F (1−2v
3α

)− F (v−2
3α

) + F (1−2v
3α

)− F (1+v
3α

)
(
1

2
+

1

2
F (
v − 2

3α
)).

It can be shown that the right hand side increases in v. This can be shown by differentiating

the expression, and proving that its derivative is positive. At the same time, (1
2

+ 1
2
F (w

p

3α
))

decreases in v. Therefore, in order to preserve the balance of the right and left side of the

equation, it must then be that the ratio
F (w

p

3α
)+F ( 2w

p

3α
)−1

F (w
a

3α
)+F ( 2w

a

3α
)−1 increases in v. When v = v∗ we have

wp = wa = w∗, and so
F (w

p

3α
)+F ( 2w

p

3α
)−1

F (w
a

3α
)+F ( 2w

a

3α
)−1 = 1. This implies

if v > v∗ then:
F (w

p

3α
) + F (2w

p

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

> 1 and so wa < wp, and

if v < v∗ then:
F (w

p

3α
) + F (2w

p

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

< 1 and so wp < wa.

Similarly, we can divide the equations characterizing the thresholds wn and wa to obtain

F (w
n

3α
) + F (2w

n

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

(1− 1

2
F (
wn

3α
))

=
F (1−2v

3α
)− F (v−2

3α
)

F (1−2v
3α

)− F (v−2
3α

) + F (1−2v
3α

)− F (1+v
3α

)
(1− 1

2
F (

1 + v

3α
))

+
F (1−2v

3α
)− F (1+v

3α
)

F (1−2v
3α

)− F (v−2
3α

) + F (1−2v
3α

)− F (1+v
3α

)
(1− 1

2
F (
v − 2

3α
)).

As above, it can be shown that the right hand side of the equation decreases in v. As

the term (1 − 1
2
F (w

n

3α
)) increases in v, in order to preserve the balance, it must be that

the ratio:
F (w

n

3α
)+F ( 2w

n

3α
)−1

F (w
a

3α
)+F ( 2w

a

3α
)−1 decreases in v. When v = v∗ we have wn = wa = w∗, and so
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F (w
n

3α
)+F ( 2w

n

3α
)−1

F (w
a

3α
)+F ( 2w

a

3α
)−1 = 1. This implies:

if v > v∗ then:
F (w

n

3α
) + F (2w

n

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

< 1 and so wn < wa, and

if v < v∗ then:
F (w

n

3α
) + F (2w

n

3α
)− 1

F (w
a

3α
) + F (2w

a

3α
)− 1

> 1 and so wa < wn.

Finally, let us prove part (2) of the lemma, where s > 1
3
. From the second preliminary

result, we know that when v = 0, we have wp, wa, wn > 1. As all three thresholds wp, wa,

and wn decrease with v, this implies that for all v ≤ 0, we have wp, wa, wn > 1. Using the

equation for threshold wp, and because v ≤ 0 and wp > 1, we can write:

(1− 2s)(F (
wp

3α
) + F (

2wp

3α
)− 1) = s(F (

1− 2v

3α
)− F (

v − 2

3α
))

1
2

+ 1
2
F (1+v

3α
)

1
2

+ 1
2
F (w

p

3α
)

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))

1
2

+ 1
2
F (v−2

3α
)

1
2

+ 1
2
F (w

p

3α
)

< s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

= (1− 2s)(F (
wa

3α
) + F (

2wa

3α
)− 1).

Therefore wp < wa. Similarly, using the equation for threshold wn, and because v ≤ 0 and

wp > 1, we can write:

(1− 2s)(F (
wn

3α
) + F (

2wn

3α
)− 1) = s(F (

1− 2v

3α
)− F (

v − 2

3α
))

1− 1
2
F (1+v

3α
)

1− 1
2
F (w

n

3α
)

+ s(F (
1− 2v

3α
)− F (

1 + v

3α
))

1− 1
2
F (v−2

3α
)

1− 1
2
F (w

n

3α
)

> s(F (
1− 2v

3α
)− F (

v − 2

3α
)) + s(F (

1− 2v

3α
)− F (

1 + v

3α
))

= (1− 2s)(F (
wa

3α
) + F (

2wa

3α
)− 1)

Therefore wa < wn. Thus, for all v ≤ 0 we have wp < wa < wn.
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8.6 Proof of Proposition 9

The proof is similar to that of Proposition 1. Using the equations for the updating of

propensities, we can write:

E[pt+1
θ (i)] = E[pt+1

θ (i)|i ∈ N t
pos] Pr(i ∈ N t

pos) + E[pt+1
θ (i)|i ∈ N t

neg, N
t
pos 6= ∅] Pr(i ∈ N t

neg, N
t
pos 6= ∅)

+ E[pt+1
θ (i)|N t

pos = ∅] Pr(N t
pos = ∅)

= (1− λp)E[ptθ(i)] + λpE[
n− 1 + n− I tθ

2
|i ∈ N t

pos] Pr(i ∈ N t
pos)

+ λpE[
n− (I tθ + 1)

2
|i ∈ N t

neg, N
t
pos 6= ∅] Pr(i ∈ N t

neg, N
t
pos 6= ∅).

In a stationary distribution, the distributions of propensities and aspirations, ptθ and atθ, do

not depend on time. Therefore, dropping the superscript time index t, we obtain:

E[pθ(i)] = E[
n− 1 + n− Iθ

2
|i ∈ Npos] Pr(i ∈ Npos)

+ E[
n− (Iθ + 1)

2
|i ∈ Nneg, Npos 6= ∅] Pr(i ∈ Nneg, Npos 6= ∅).

Computing the expression on the right hand side, we obtain:

Sθ(i) = E[pθ(i)] =
n− 1

2
(1−

∏
j∈N

(1− qθ(j)))−
1

2

∑
j∈N

qθ(j) +
n

2
qθ(i).

Finally, the equation for the updating of the abstention propensity is: pt+1
θ (A) = (1 −

λp)p
t
θ(A) + λp1{Itθ=0}. Similarly as in the other electoral rules, this implies that the measure

of voters of type θ that abstain is Sθ(A) =
∏

j∈N(1− qθ(j)).

8.7 Proof of Proposition 10

Consider first the first round. In the stationary distribution of the first round, the aspirations

of the two groups of voters are a1 = 1
3
, and a2 = 2

3
. The probabilities of positive impressions
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for each candidate i = 1, 2, 3 across the two groups of voters are

q1(1) = Pr(π1(1) > a1) = Pr(1 + αε1(1) >
1

3
) = F (

2

3α
)

q1(2) = q1(3) = Pr(π1(2) > a1) = Pr(αε1(2) >
1

3
) = 1− F (

1

3α
)

q2(1) = Pr(π2(1) > a2) = Pr(αε2(1) >
2

3
) = 1− F (

2

3α
)

q2(2) = q2(3) = Pr(π2(2) > a2) = Pr(1 + αε2(2) >
2

3
) = F (

1

3α
).

Because qθ(2) = qθ(3) for each group θ = 1, 2, the difference in measures of votes of candidates

2 and 3 is SI(2) − SI(3) = 0. On the other hand, the difference in measures of votes of

candidates 1 and 2 is:

SI(1)− SI(2) = s(q1(1)− q1(2))(1− 1

2
q1(3)) + (1− s)(q2(1)− q2(2))(1− 1

2
q2(3))

= (F (
1

3α
) + F (

2

3α
)− 1)(

3

2
s− (1− 1

2
F (

1

3α
))).

Therefore SI(1) − SI(2) > 0 if s > s∗, where s∗ = 2
3
(1 − 1

2
F ( 1

3α
)) with s∗ < 1

2
. We can

further show that the share of votes candidate 1 obtains in the first round is below 50%:

SI(1) < 0.5(SI(1) + SI(2) + SI(3)), or equivalently SI(1) < SI(2) + SI(3). Using the

characterization of measures of votes in the stationary distribution and upon re-arranging,

the condition can be written as:

s{F (
2

3α
)(1− 1

3
(1− F (

1

3α
))2) + (F (

1

3α
))2 − (1− F (

2

3α
))(1− 1

3
(F (

1

3α
))2)− (1− F (

1

3α
))2}

< 1− (1− F (
2

3α
))(1− 1

3
(F (

1

3α
))2)− (1− F (

1

3α
))2.

Letting a = F ( 1
3α

) and b = F ( 2
3α

), the condition can be written as:

s{b(1− 1

3
(1− a)2) + a2 − (1− b)(1− 1

3
a2)− (1− a)2} < 1− (1− b)(1− 1

3
a2)− (1− a)2,

or, upon re-arranging:

s(
5

3
b− 2

3
a2b+

2

3
ab+

1

3
a2 + 2a− 2)− (b− 2

3
a2 − 1

3
a2b+ 2a− 1) < 0.

We note that the left hand side is linear in b. Given that 1 ≥ b ≥ a ≥ 1
2
, if the inequality

holds at b = a and b = 1, then the inequality will hold for all b ≥ a. The fact that inequality

holds for b = a, and b = 1 can be shown by straightforward algebra.
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Consider now the second round, where candidate 1 confronts candidate 2. The difference

in measures of votes of candidates 1 and 2 in the second round is:

SII(1)− SII(2) = s(q1(1)− q1(2)) + (1− s)(q2(1)− q2(2))

= (F (
1

3α
) + F (

2

3α
)− 1)(2s− 1).

As s < 1
2
, we have SII(1)− SII(2) < 0, i.e., candidate 2 wins.

8.8 Proof of Proposition 11

In the stationary distribution of the first round, the aspirations of the three groups of voters

are a1 = 1
4
, a2 = 1

4
and a3 = 1

2
. The probabilities of positive impressions for each candidate

i = 1, 2, 3 are:

q1(1) = Pr(π1(1) > a1) = Pr(1 + αε1(1) >
1

4
) = F (

3

4α
)

q1(2) = q1(3) = q1(4) = Pr(π1(2) > a1) = Pr(αε1(2) >
1

4
) = 1− F (

1

4α
)

q2(1) = q2(3) = q2(4) = Pr(π2(1) > a2) = Pr(αε2(1) >
1

4
) = 1− F (

1

4α
)

q2(2) = Pr(π2(2) > a2) = Pr(1 + αε2(2) >
1

4
) = F (

3

4α
)

q3(1) = q3(2) = Pr(π3(1) > a3) = Pr(αε3(1) >
1

2
) = 1− F (

1

2α
)

q3(3) = q3(4) = Pr(π3(3) > a3) = Pr(1 + αε3(3) >
1

2
) = F (

1

2α
).

Because of the symmetry between candidates 1 and 2, we have SI(1) = SI(2). Similarly,

by the symmetry of candidates 3 and 4, we have SI(3) = SI(4). Using previous results, the

difference in measures of votes of candidates 1 and 3 is:

SI(1)− SI(3) = s(q1(1)− q1(3))E[
1

1 + I1(−1, 3)
] + (1− 2s)(q3(1)− q3(3))E[

1

1 + I3(−1, 3)
]

= s(F (
1

4α
) + F (

3

4α
)− 1)(F (

1

4α
) +

1

3
(1− F (

1

4α
))2)

− (1− 2s)(2F (
1

2α
)− 1)(

1

2
+

1

3
(1− F (

1

2α
))F (

1

2α
))
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The difference SI(1)− SI(3) increases with s. If s = 1
3
, then the difference SI(1)− SI(3) is:

(SI(1)− SI(3))s= 1
3

= (F (
1

4α
) + F (

3

4α
)− 1)(F (

1

4α
) +

1

3
(1− F (

1

4α
))2)

− (2F (
1

2α
)− 1)(

1

2
+

1

3
(1− F (

1

2α
))F (

1

2α
)).

Therefore, if the expression on the right hand is positive, then there exists a cutoff s∗ < 1
3

such that for all s ∈ (s∗, 1
3
) we have SI(1)− SI(3) > 0.

If ε ∼ U [−1,+1], then it can be shown by straightforward algebra that (SI(1)−SI(3))s= 1
3
>

0 for all α ≥ 0. If ε ∼ N(0, 1), numerical analysis indicates that (SI(1) − SI(3))s= 1
3
> 0

for all α ≥ 0 as well. For other distributions F (.), a sufficient condition that ensures that

(SI(1)− SI(3))s= 1
3
> 0 is that α < α∗, where the cutoff α∗ is a function of the distribution

F (). If α→ 0 then the difference (SI(1)− SI(3))s= 1
3
→ 1

2
> 0, and therefore, by continuity,

(SI(1)− SI(3))s= 1
3
> 0 if α is not ”too large”.
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