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Motivation

Countries impose rules to constrain governments’ policy decisions

• Fiscal rules in place in 92 countries in 2015, up from 7 in 1990

Credible enforcement mechanisms are critical for institution of rules

• E.g., Chile feared breaking fiscal rule in 2007 would set bad precedent

• Rule broken in 2009 due to extraordinary circumstances

• Lax policy persisted, including under next govt; rule reinstated in 2011

What is an optimal fiscal rule when enforcement is limited?

• How restrictive should a fiscal rule be?

• Should we expect governments to occasionally violate their rules?

• What is the optimal structure of penalties for violating rules?
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Tradeoffs Behind Rules

Benefit: Rules can fix commitment problems

• Governments are present-biased =⇒ Excessive deficits or spending

Cost: Rules reduce flexibility. Some discretion can be desirable

• Not all contingencies/shocks are contractible or observable

Model tradeoff in self-control framework using mechanism design

• Government privately observes shock. Must truthfully report it

• Literature assumes perfect enforcement of rules

I E.g., Amador-Werning-Angeletos 2006 (AWA), Halac-Yared 2014

• This paper: Fiscal rules must be self-enforcing
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What We Do

Small open economy. Government chooses debt and spending

• Marginal value of public spending is stochastic

Frictions

• Government is present-biased towards public spending

• Marginal value of spending privately observed by government

• New: Government has full policy discretion

Rule must satisfy private information and self-enforcement constraints

• Perfect enforcement: Optimal rule is a deficit limit (AWA)

• Self-enforcement: Observable deviations punished off path

I Worst continuation equilibrium sustains optimum (Abreu 1988)
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Results

Optimal fiscal rule is a maximally enforced deficit limit

• Any on- or off-path violation leads to the worst punishment

• Unlike under perfect enforcement, potential for on-path punishment

• Key technical result: Bang-bang dynamic incentives

Necessary and sufficient conditions for violation of deficit limit

• Severe deficit bias, rare extreme shocks

Worst punishment takes form of temporary overspending

• Maximally enforced surplus limit. Deficit limit eventually reinstated

• Periods of fiscal rectitude and fiscal profligacy sustain each other
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Environment

t = {0, 1, ...}, i.i.d. shock θt ∈ [θ, θ], f (θt) > 0

Resource constraint at time t:

Gt = τ +
Bt+1

1 + r
− Bt

Welfare at time t:

• Society:
∞

∑
k=0

δkE[θt+kU(Gt+k)]

• Government after θt ’s realization, when choosing policy:

θtU(Gt) + β
∞

∑
k=1

δkE[θt+kU(Gt+k)], where β ∈ (0, 1)
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Interpretation

Suppose two-period economy

• First best: θ0U
′(G0) = δ(1 + r)E[θ1]U

′(G1)

• Full flexibility: θ0U
′(G0) = βδ(1 + r)E[θ1]U

′(G1)

I Government overborrows since β < 1

Politicians temporarily in charge of budget overweigh spending

• Arises in political economy setting with turnover

• Arises under aggregation of heterogeneous preferences (Jackson-Yariv)

Realization of θt is private information

• Rules cannot depend on θt explicitly

• Heterogeneous citizen preferences; government sees aggregate

• Exact cost of public goods not perfectly observed
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Assumption on Preferences

Assumption: U(Gt) = log(Gt)

• Spending rate gt = Gt/((1 + r)τ/r − Bt), savings rate xt = 1− gt

• Welfare from savings W (xt) = δE[θt ]U(xt)/(1− δ)

Implies welfare is separable with respect to debt

Society:
∞

∑
k=0

δkE
[
θt+kU(gt+k ) +W (xt+k )

]
+ χ(Bt)

Govt: θtU(gt) + βW (xt) + β
∞

∑
k=1

δkE
[
θt+kU(gt+k ) +W (xt+k )

]
+ ϕ(Bt)

Two benchmarks

• First best: θtU
′(g fb(θt)) = W ′(x fb(θt))

• Full flexibility: θtU
′(g f (θt)) = βW ′(x f (θt))
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Self-Enforcing Rules

Perfect public equilibria

• Government chooses gt given {g0, g1, . . . , gt−1} and private info θt

Strategy profile implies spending sequence {{gt(θt)}θt∈Θt}∞
t=0

• Continuation value at t (normalized by debt) is

Vt(θ
t−1) =

∞

∑
k=0

δkE
[
θt+kU(gt+k (θ

t+k−1, θt+k ))+W (xt+k (θ
t+k−1, θt+k ))

]

Equilibrium iff govt at θt−1 prefers {gt(θt−1, θt),Vt+1(θ
t−1, θt)} to:

• Unobservable deviation: {gt(θt−1, θ′),Vt+1(θ
t−1, θ′)} for θ′ 6= θt

• Observable deviation: {g f (θt),V }
I Where V is lowest value supported by equilibrium strategies
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Optimal Self-Enforcing Rule

V = max
{g (θ),x(θ),V (θ)}θ∈Θ

E
[
θU(g(θ)) +W (x(θ)) + δV (θ)

]

subject to

θU(g(θ)) + βW (x(θ)) + βδV (θ) ≥ θU(g(θ′)) + βW (x(θ′)) + βδV (θ′)

(private information constraint)

θU(g(θ)) + βW (x(θ)) + βδV (θ) ≥ θU(g f (θ)) + βW (x f (θ)) + βδV

(self-enforcement constraint)

g(θ) + x(θ) = 1 and V (θ) ∈
[
V ,V

]

(feasibility)



Definition: Maximally Enforced Deficit Limit
θ∗∈ [0, θ) and θ∗∗ > max{θ∗, θ}

In[111]:= gMEDL[theta_ 0; theta < thetaS] := gflex[theta];
gMEDL[theta_ 0; thetaSS > theta > thetaS] := gflex[thetaS];
gMEDLp[theta_ 0; theta > thetaSS] := gflex[theta];
p1 = Plot[{gfb[theta], gflex[theta], gMEDL[theta], gMEDLp[theta]},

{theta, thetaL, thetaH}, PlotRange 2 {gfb[thetaL], gflex[thetaH]},
BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""},
Axes 2 True, AxesOrigin 2 {thetaL, gfb[thetaL]}, PlotStyle 2

{{Gray}, {Gray}, {Blue, Thickness[0.01]}, {Blue, Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaS, thetaSS}]

V[theta_ 0; thetaSS > theta] := 2;
Vp[theta_ 0; thetaSS < theta] := 0.5;
p2 = Plot[{V[theta], Vp[theta]}, {theta, thetaL, thetaH}, PlotRange 2 {0, 2.4},

BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""}, Axes 2 True,
PlotStyle 2 {{Blue, Thickness[0.01]}, {Blue, Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaSS}]

GraphicsRow[{p1, p2}]

Out[114]=

theta

Out[117]=

theta

Daft example.nb     5

Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.

21

where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:
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✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this
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types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
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✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for

type ✓⇤⇤. It is immediate that this rule satisfies the private information constraint (12) and

the self-enforcement constraint (13).

The fiscal rule described in Definition 1 can be implemented using a maximum deficit

limit, spending limit, or debt limit, where this limit would be associated with the spending

rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.
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Figure 1 illustrates the spending allocation under a maximally enforced deficit limit
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✓⇤⇤, ✓
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13

where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of the optimal self-enforcing fiscal

rule in the next section, which will appeal to properties of the function Q(✓). For intuition,

note that since the government is biased towards overspending relative to society, higher

levels of spending can be attributed to larger spending distortions. In this sense, Q(✓)
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Preliminaries

Envelope condition: Government welfare given θ equals

θU(g(θ)) + βW (x(θ)) + βδV (θ) +
∫ θ

θ
U(g(θ̃))d θ̃ (1)

• (1) and g(θ) rising =⇒ private information constraint satisfied

Social welfare (normalized by debt) equal to

1

β
θU(g(θ)) +W (x(θ)) + δV (θ) +

1

β

∫ θ

θ
U(g(θ))Q(θ)dθ

where Q(θ) ≡ 1− F (θ)− θf (θ)(1− β)

Q(θ): Weight on allowing spending distortions by type θ

• Higher Q(θ) =⇒ Lower social welfare cost of distorting θ’s spending
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Bang-Bang Incentives

Proposition: Suppose Q(θ) satisfies these generic properties:

1. Q ′(θ) 6= 0 almost everywhere

2. If Q(θL) = Q(θH ) = Q̂, then
∫ θH

θL Q(θ)dθ 6=
∫ θH

θL Q̂dθ

Then in any optimal rule, V (θ) ∈ {V ,V } for all θ ∈ (θ, θ)

Bang-bang property is necessary for optimality

• Intuition: Rich info structure =⇒ ↓distortions by steepening incentives

• Result also applies to perfect enforcement

Relationship to Abreu-Pearce-Stacchetti 1990

• Instead of moral hazard, we study adverse selection with self-control:

I Continuation value set is one-dimensional

I Locally spreading out continuation values may not be IC or beneficial
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Sketch of Proof: Three Steps

Step 1: V (θ) is a step function (no local dynamic incentives)

Step 2: V (θ) ∈ {V ,V } whenever g(θ) is strictly increasing

Step 3: V (θ) ∈ {V ,V } whenever g(θ) is constant



Step 1: Rule Out Local Dynamic Incentives

Suppose V ′(θ) < 0
with g ′(θ) > 0

If Q ′(θ) < 0,
flattening
perturbation
increases welfare

If Q ′(θ) > 0,
steepening
perturbation
increases welfare
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.

21

where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for
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The fiscal rule described in Definition 1 can be implemented using a maximum deficit
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rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to
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drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
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Step 1: Rule Out Local Dynamic Incentives
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perturbation
increases welfare

Graph for slides

In[66]:= gMEDL[theta_ 0; theta < thetaS] := gflex[theta];
gMEDL[theta_ 0; thetaSS > theta > thetaS] := gflex[thetaS];
gMEDLp[theta_ 0; theta > thetaSS] := gflex[theta];
p1 = Plot[{gflex[theta]}, {theta, thetaL, thetaH},

PlotRange 2 {gfb[thetaL], gflex[thetaH]}, BaseStyle 2 {FontSize 2 14},
AxesLabel 2 {"theta", ""}, Axes 2 True, AxesOrigin 2 {thetaL, gfb[thetaL]},
PlotStyle 2 {{Gray}}, Ticks 2 {{}, {}}, Exclusions 2 {thetaS, thetaSS}]

V[theta_ 0; thetaSS > theta] := 2;
Vp[theta_ 0; thetaSS < theta] := 0.5;
p2 = Plot[{2, 0.5}, {theta, thetaL, thetaH}, PlotRange 2 {0, 2.4},

BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""}, Axes 2 True,
PlotStyle 2 {{Gray}, {Gray}}, Ticks 2 {{}, {}}, Exclusions 2 {thetaSS}]

Out[69]=

theta

Out[72]=

theta

Daft example.nb     7

Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and
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analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Figure 1: Spending allocation under a maximally enforced deficit limit.
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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Step 1: Rule Out Local Dynamic Incentives

Suppose V ′(θ) < 0
with g ′(θ) > 0

If Q ′(θ) < 0,
flattening
perturbation
increases welfare

If Q ′(θ) > 0,
steepening
perturbation
increases welfare
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥
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✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)
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be used along the equilibrium path when (24) is not satisfied:
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When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like
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We characterize the optimal self-enforcing fiscal rule by solving the recursive problem
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⇤
as given, where we assume, for the problem to be interesting, that V > V .21
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We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that
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flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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where
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This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.
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(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for

type ✓⇤⇤. It is immediate that this rule satisfies the private information constraint (12) and

the self-enforcement constraint (13).

The fiscal rule described in Definition 1 can be implemented using a maximum deficit

limit, spending limit, or debt limit, where this limit would be associated with the spending

rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.

14

where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of the optimal self-enforcing fiscal

rule in the next section, which will appeal to properties of the function Q(✓). For intuition,

note that since the government is biased towards overspending relative to society, higher

levels of spending can be attributed to larger spending distortions. In this sense, Q(✓)

represents the weight that society places on allowing spending distortions by a government

of type ✓: the higher Q(✓), the lower the social welfare cost of distorting type ✓’s spending.

The shape of this function will tell us how society wishes to allocate distortions across

di↵erent government types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem (11)-

(15). We begin in this section by taking the set of feasible continuation values
⇥
V , V

⇤
as

given, where we assume, for the problem to be interesting, that V > V .25 We show that

the unique optimal rule is a deficit limit with maximal enforcement. The continuation

equilibrium induced by this rule is examined in Section 5.
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where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates the spending allocation under a maximally enforced deficit limit

with ✓⇤ > ✓ and ✓⇤⇤ < ✓. Under this rule, types ✓ 2 [✓, ✓⇤) and ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓) and types ✓ 2 [✓⇤, ✓⇤⇤] choose type ✓⇤’s flexible spending rate
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amounts to the discount factor � 2 (0, 1) being high enough.
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note that since the government is biased towards overspending relative to society, higher

levels of spending can be attributed to larger spending distortions. In this sense, Q(✓)

represents the weight that society places on allowing spending distortions by a government

of type ✓: the higher Q(✓), the lower the social welfare cost of distorting type ✓’s spending.

The shape of this function will tell us how society wishes to allocate distortions across

di↵erent government types.
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as
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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Step 2: Rule Out Interior Values under Rising Spending

Suppose
V (θ) ∈ (V ,V )
with g ′(θ) > 0

If Q ′(θ) < 0,
flattening
perturbation
increases welfare

If Q ′(θ) > 0,
steepening
perturbation
increases welfare
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Graph

In[193]:= gMEDL[theta_ 0; theta < thetaS] := gflex[theta];
gMEDL[theta_ 0; thetaSS > theta > thetaS] := gflex[thetaS];
gMEDLp[theta_ 0; theta > thetaSS] := gflex[theta];
Plot[{gfb[theta], gflex[theta], gMEDL[theta], gMEDLp[theta]},
{theta, thetaL, thetaH}, PlotRange 2 {gfb[thetaL], gflex[thetaH]},
BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""}, Axes 2 True,
AxesOrigin 2 {thetaL, gfb[thetaL]}, PlotStyle 2 {{Gray}, {Gray},

{Blue, Thickness[0.01]}, {Blue, Dashing[Medium], Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaS, thetaSS}]
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for

type ✓⇤⇤. It is immediate that this rule satisfies the private information constraint (12) and

the self-enforcement constraint (13).

The fiscal rule described in Definition 1 can be implemented using a maximum deficit

limit, spending limit, or debt limit, where this limit would be associated with the spending

rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.
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flexible spending rate gf (✓) and types ✓ 2 [✓⇤, ✓⇤⇤] choose type ✓⇤’s flexible spending rate

25If it were the case that V = V , then the unique equilibrium would entail all government types choosing
their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide a su�cient condition
for V > V to hold under the assumptions maintained for our main result in Proposition 2. This condition
amounts to the discount factor � 2 (0, 1) being high enough.
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
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types ✓ such that Q0(✓) = 0 is nowhere dense.
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for

type ✓⇤⇤. It is immediate that this rule satisfies the private information constraint (12) and

the self-enforcement constraint (13).

The fiscal rule described in Definition 1 can be implemented using a maximum deficit

limit, spending limit, or debt limit, where this limit would be associated with the spending

rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
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> 0.
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[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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required for our characterization.29 We conjecture that the arguments may also extend to

the monetary policy model of Athey, Atkeson, and Kehoe (2005).

The formal proof of Proposition 1 in the Appendix makes use of perturbation argu-

ments.30 We establish the result in three steps; we next provide a summary which may give

intuition and serve as a guide to follow the proof.

Step 1 shows that V (✓) is a step function, so dynamic incentives are not provided

locally to the government. Suppose instead that V (✓) was strictly increasing or strictly

decreasing, and thus strictly interior, over an interval [✓L, ✓H ]. By Lemma 2, g(✓) must

be strictly increasing over the interval, and by condition (i) in Proposition 1, we can take

a subinterval such that Q0(✓) > 0 or Q0(✓) < 0 for all ✓ 2 [✓L, ✓H ].31 We then show

that there exists an incentive feasible perturbation that strictly increases social welfare.

To illustrate, take g(✓) < gf (✓), and hence V 0(✓) < 0, for all ✓ 2 [✓L, ✓H ]. If Q0(✓) < 0,

we construct a flattening perturbation that rotates the increasing g(✓) schedule clockwise

over [✓L, ✓H ], which entails reducing dynamic incentives with a counterclockwise rotation

of the decreasing V (✓) function. This perturbation is socially beneficial because, given

Q0(✓) < 0, society prefers to concentrate spending distortions on lower rather than higher

types. If instead Q0(✓) > 0, we construct a steepening perturbation that drills a hole in the

g(✓) schedule by making allocations in (✓L, ✓H) no longer available, which entails increasing

dynamic incentives by moving interior continuation values towards V (✓L) or V (✓H). This

perturbation is socially beneficial because, given Q0(✓) > 0, society prefers to concentrate

spending distortions on higher rather than lower types. We obtain that V (✓) must be a step

function, and we also show that V (✓) must be left- or right-continuous at each ✓ 2 (✓, ✓).

Step 2 of the proof establishes that V (✓) 2 {V , V } at any point ✓ at which dg(✓)
d✓

> 0.

Since, by Step 1, local dynamic incentives are not provided, we show that any such point

✓ must belong to an interval with flexible spending and constant continuation value V 2
[V , V ]. However, if V 2 (V , V ), we can construct incentive feasible perturbations similar to

those above: if Q0(✓) < 0 over the interval, we perform a flattening perturbation that rotates

the spending schedule clockwise; if Q0(✓) > 0, we perform a steepening perturbation that

drills a hole in the spending schedule. By the logic in Step 1, these perturbations strictly

increase social welfare, so V 2 (V , V ) cannot be optimal.

29Ambrus and Egorov (2013) provide examples in the setting of Amador, Werning, and Angeletos (2006)
in which spending is at a corner and, as a result, interior punishments can be optimal.

30Some of the arguments we use for regions where Q0(✓) < 0 are similar to those employed by Athey,
Atkeson, and Kehoe (2005) in their analysis of optimal inflation rules. Unlike in their work, where rules
are perfectly enforced, our arguments take into account the constraints due to self-enforcement.

31Note that given f(✓) continuously di↵erentiable, condition (i) in Proposition 1 implies that the set of
types ✓ such that Q0(✓) = 0 is nowhere dense.
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Figures with Steps
Step 1: Ruling Out Local Dynamic Incentives

• Suppose that V 0(q) < 0 with g 0(q) > 0 [Figure depicting contract]
indifferent jump

Step 2: Flattening Perturbation
• If Q 0(q) < 0 flattening perturbation increases social welfare [Figure

depicting perturbation with arrows]

Step 1: Steepening Perturbation
• If Q 0(q) > 0 steepening perturbation increases social welfare [Figure

depicting perturbation with arrows]

Step 2: Ruling Out Interior Values under Rising Spending
• Suppose that V (q) 2 (V , V ) with g 0(q) > 0 [Figure depicting

contract]
• Flattening or steepening perturbation increases social welfare

Step 3: Ruling Out Interior Values under Constant Spending
• Suppose that V (q) 2 (V , V ) with g 0(q) = 0 [Figure depicting

contract with a jump at one endpoint]

Step 3: Segment Shifting Perturbation

• Suppose that Q(qL) >
R qH

qL Q(q)dq[Figure depicting segment shifting
perturbation]
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Step 2: Ruling Out Interior Values under Rising Spending
• Suppose that V (q) 2 (V , V ) with g 0(q) > 0 [Figure depicting

contract]
• Flattening or steepening perturbation increases social welfare

Step 3: Ruling Out Interior Values under Constant Spending
• Suppose that V (q) 2 (V , V ) with g 0(q) = 0 [Figure depicting

contract with a jump at one endpoint]

Step 3: Segment Shifting Perturbation

• Suppose that Q(qL) >
R qH

qL Q(q)dq[Figure depicting segment shifting
perturbation]



Monotonic Incentives

Assumption: There exists θ̂ ∈ Θ such that

Q ′(θ) < (>) 0 if θ < (>) θ̂

• Satisfied for uniform, exponential, log-normal, gamma, among others

Lemma: In any optimal rule, V (θ) is weakly decreasing, V (θ) = V

• Implies either V (θ) = V ∀θ or V (θ) jumps down to V at interior θ∗∗

• θ > θ̂ =⇒ Load spending distortions at top, high-powered incentives

• θ < θ̂ =⇒ Load spending distortions at bottom, low-powered incentives

Proof makes use of perturbations like previous ones
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Sketch of Proof: Three Steps

Step 1: If V (θ) = V , then θ ≥ θ̂

• Otherwise, Q ′(θ) < 0, and g(θ) = g f (θ) by self-enforcement

• Improve w/flattening perturbation

Step 2: If V (θ′) = V , then V (θ) = V for all θ ≥ θ′

• Otherwise, V (θ) = V and Q ′(θ) > 0 over [θL, θH ], θL > θ′

• Improve w/steepening (g ′ >0) or segment-shifting (g ′=0) perturbation

Step 3: V (θ) = V

• Otherwise, V (θ) = V for all θ ∈ Θ

• Improve w/global perturbation that increases V (θ) for all θ ∈ Θ
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Optimal Self-Enforcing Fiscal Rule

Proposition: Any optimal rule is a maximally enforced deficit limit

• Follows from previous results, after proving g(θ) must be continuous

• If g(θ) is discontinuous, improve with perturbation that closes “hole”

Under perfect enforcement, optimum is deficit limit θe , V (θ) = V ∀θ

∫ θ

θe
Q(θ) = 0

Corollary: Suppose θe is self-enforcing, that is:

θU(g f (θe))+ βW (x f (θe))+ βδV ≥ θU(g f (θ))+ βW (x f (θ))+ βδV

Then θ∗ = θe and θ∗∗ ≥ θ. No dynamic incentives
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Use of Punishment

If θe is not self-enforcing, define θb:

θU(g f (θb))+ βW (x f (θb))+ βδV = θU(g f (θ))+ βW (x f (θ))+ βδV

Proposition: Suppose θe is not self-enforcing. Optimal rule is unique:

1. If
∫ θ

θb
(Q(θ)−Q(θ))dθ ≥ 0, then θ∗ = θb and θ∗∗ = θ

2. Otherwise, θ∗ ∈ (θe , θb) and θ∗∗ < θ

Condition reflects benefits and costs of dynamic incentives

• Discipline lower types; no discipline and dynamic costs for higher types

• For any V − V , no punishment if Q ′(θ) < 0 ∀θ. True if f ′(θ) ≥ 0 ∀θ

• For any V − V , punishment if f (θ)→ 0 as θ → θ
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Definition: Maximally Enforced Surplus Limit
θ∗p> θ and θ∗∗p ∈ [θ, min{θ∗p , θ})

thetaS = 2.5; thetaSS = 3.5;
gMESL[theta_ 0; theta < thetaS] := gflex[theta];
gMESL[theta_ 0; thetaS < theta < thetaSS] := gflex[thetaSS];
gMESLp[theta_ 0; theta > thetaSS] := gflex[theta];
p1 = Plot[{gfb[theta], gflex[theta], gMESL[theta], gMESLp[theta]},

{theta, thetaL, thetaH}, PlotRange 2 {gfb[thetaL], gflex[thetaH]},
BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""},
Axes 2 True, AxesOrigin 2 {thetaL, gfb[thetaL]}, PlotStyle 2

{{Gray}, {Gray}, {Blue, Thickness[0.01]}, {Blue, Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaS, thetaSS}]

Vs[theta_ 0; thetaS < theta] := 2;
Vsp[theta_ 0; thetaS > theta] := 0.5;
p2 = Plot[{Vs[theta], Vsp[theta]}, {theta, thetaL, thetaH},

PlotRange 2 {0, 2.4}, BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""},
Axes 2 True, PlotStyle 2 {{Blue, Thickness[0.01]}, {Blue, Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaSS}]
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.
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where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated

with government type ✓. The shape of this function will tell us how society would like

to allocate distortions across di↵erent types.

4 Maximally Enforced Deficit Limits

We characterize the optimal self-enforcing fiscal rule by solving the recursive problem

(11)-(15). We begin in this section by taking the set of feasible continuation values⇥
V , V

⇤
as given, where we assume, for the problem to be interesting, that V > V .21

We show that the unique optimal rule is a deficit limit with maximal enforcement. The

continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:

Definition 1. {g (✓) , x (✓) , V (✓)}✓2⇥ is a maximally enforced deficit limit if there exist

✓⇤ 2
⇥
0, ✓

�
and finite ✓⇤⇤ > max {✓⇤, ✓} such that

{g (✓) , V (✓)} =

( �
min{gf (✓), gf (✓⇤)}, V

 
�
gf (✓), V

 if ✓  ✓⇤⇤,

if ✓ > ✓⇤⇤,
(19)

where

✓⇤⇤U(gf (✓⇤)) + �W (xf (✓⇤)) + ��V = ✓⇤⇤U(gf (✓⇤⇤)) + �W (xf (✓⇤⇤)) + ��V . (20)

Figure 1 illustrates a maximally enforced deficit limit with ✓⇤ > ✓. Under this rule,

types ✓ 2 [✓, ✓⇤) choose their flexible spending rate gf (✓), types ✓ 2 [✓⇤, ✓⇤⇤] choose

type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
�
✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with

21If it were the case that V = V , then the unique equilibrium would entail all government types
choosing their flexible spending rate gf (✓) at all dates. In the Online Appendix, we provide su�cient
conditions for V > V to hold under the assumptions maintained for our main result in Proposition 2.
These conditions amount to the discount factor � 2 (0, 1) being large enough.
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Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.

21

Graph

In[193]:= gMEDL[theta_ 0; theta < thetaS] := gflex[theta];
gMEDL[theta_ 0; thetaSS > theta > thetaS] := gflex[thetaS];
gMEDLp[theta_ 0; theta > thetaSS] := gflex[theta];
Plot[{gfb[theta], gflex[theta], gMEDL[theta], gMEDLp[theta]},
{theta, thetaL, thetaH}, PlotRange 2 {gfb[thetaL], gflex[thetaH]},
BaseStyle 2 {FontSize 2 14}, AxesLabel 2 {"theta", ""}, Axes 2 True,
AxesOrigin 2 {thetaL, gfb[thetaL]}, PlotStyle 2 {{Gray}, {Gray},

{Blue, Thickness[0.01]}, {Blue, Dashing[Medium], Thickness[0.01]}},
Ticks 2 {{}, {}}, Exclusions 2 {thetaS, thetaSS}]

Out[196]=

theta

Daft example.nb     3

Corollary 1. If

✓U(gf (✓e)) + �W (xf (✓e)) + ��V � ✓U(gf (✓)) + �W (xf (✓)) + ��V , (24)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓e and

✓⇤⇤ � ✓.

When condition (24) holds, the highest type ✓, and therefore all types ✓ 2 ⇥, prefer to

respect the perfect-enforcement limit gf (✓e) and receive maximal reward V rather than

spend above the limit and receive maximal punishment V . The optimal self-enforcing

rule therefore coincides with that under perfect enforcement and features no dynamic

incentives. As shown in Amador, Werning, and Angeletos (2006), there is no benefit in

using dynamic incentives to satisfy private information constraints, as any punishment

along the equilibrium path would hurt society and the government equally.28

Our interest is in characterizing the optimal rule when condition (24) does not hold,

so the perfect-enforcement limit gf (✓e) is not self-enforcing. In this case, there exists

a unique type ✓b > ✓e corresponding to the tightest deficit limit that all types ✓ 2 ⇥

would respect:

✓U(gf (✓b)) + �W (xf (✓b)) + ��V = ✓U(gf (✓)) + �W (xf (✓)) + ��V . (25)

The next proposition provides a necessary and su�cient condition for punishments to

be used along the equilibrium path when (24) is not satisfied:

Proposition 3 (use of punishment). Suppose (24) does not hold, i.e. the optimal deficit

limit under perfect enforcement is not self-enforcing. If

Z ✓

✓b

�
Q(✓) � Q(✓)

�
d✓ � 0, (26)

the unique solution to (11)-(15) is a maximally enforced deficit limit with ✓⇤ = ✓b and

✓⇤⇤ = ✓. Otherwise, the unique solution to (11)-(15) is a maximally enforced deficit limit

with ✓⇤ 2 (✓e, ✓b) and ✓⇤⇤ < ✓.

When the perfect-enforcement limit gf (✓e) is not self-enforcing, society faces the

following tradeo↵. On the one hand, society can raise the value of ✓⇤ to the point

that the associated limit gf (✓⇤) satisfies the self-enforcement constraint of type ✓ and

28This result relies on the assumption that shocks are i.i.d. See Halac and Yared (2014) for an
analysis of optimal fiscal rules under perfect enforcement and persistent shocks.

21

where

Q (✓) ⌘ 1 � F (✓) � ✓f (✓) (1 � �) .

This formulation will be useful for our characterization of optimal self-enforcing

rules in the next section, which will appeal to properties of the function Q(✓). For

intuition, note that since the government is biased towards overspending relative to

society, higher levels of spending can be attributed to larger spending distortions. In this

sense, Q(✓) represents the weight that society places on spending distortions associated
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flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with
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continuation equilibrium induced by this rule is examined in Section 5.

We define a maximally enforced deficit limit as follows:
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type ✓⇤’s flexible spending rate gf (✓⇤), and, if ✓⇤⇤ < ✓, types ✓ 2
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✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓). Furthermore, types ✓  ✓⇤⇤ are maximally rewarded with
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Figure 1: Spending allocation under a maximally enforced deficit limit.

gf (✓⇤). Furthermore, types ✓  ✓⇤⇤ (solid line) are maximally rewarded with continuation

value V whereas types ✓ > ✓⇤⇤ (dashed line) are maximally punished with continuation

value V . As shown in equation (20), the self-enforcement constraint holds with equality for

type ✓⇤⇤. It is immediate that this rule satisfies the private information constraint (12) and

the self-enforcement constraint (13).

The fiscal rule described in Definition 1 can be implemented using a maximum deficit

limit, spending limit, or debt limit, where this limit would be associated with the spending

rate gf (✓⇤). If the limit is satisfied, the government receives maximal reward V ; if the

limit is breached, the government receives maximal punishment V . Note that the limit is

breached along the equilibrium path if and only if ✓⇤⇤ < ✓; we will provide conditions under

which this inequality holds in an optimal deficit limit.

To establish our results, we proceed as follows. First, we show in Subsection 4.1 that

any solution to (11)-(15) must feature bang-bang continuation values, so the rule provides

high-powered incentives for the government not to overspend. This result relies only on

generic properties of the function Q(✓) that weighs spending distortions in the social welfare

representation in (18). Next, we show in Subsection 4.2 that under additional assumptions

on Q(✓), optimal bang-bang incentives must be monotonic, with higher types receiving

weakly lower continuation value than lower types. This facilitates our characterization of

optimal spending allocations in Subsection 4.3, which shows that any solution to (11)-(15)

is a maximally enforced deficit limit. We further establish that the optimal limit is unique,

and provide a necessary and su�cient condition for the government to violate the limit

following high enough shocks. Finally, in Subsection 4.4, we show that our assumptions

on Q(✓) are not only su�cient but also necessary for any solution to (11)-(15) to be a

maximally enforced deficit limit.
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represents the weight that society places on allowing spending distortions by a government

of type ✓: the higher Q(✓), the lower the social welfare cost of distorting type ✓’s spending.
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Figure 1 illustrates the spending allocation under a maximally enforced deficit limit

with ✓⇤ > ✓ and ✓⇤⇤ < ✓. Under this rule, types ✓ 2 [✓, ✓⇤) and ✓ 2
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✓⇤⇤, ✓

⇤
choose their

flexible spending rate gf (✓) and types ✓ 2 [✓⇤, ✓⇤⇤] choose type ✓⇤’s flexible spending rate
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limit under perfect enforcement is not self-enforcing and condition (26) is not satisfied. The

next proposition describes the allocation underlying V , which solves the program in (16).

Proposition 5 (characterization of punishment). If {g (✓) , x (✓) , V (✓)}✓2⇥ is a solution to

(16) subject to (12)-(15), then there exist finite ✓⇤p > ✓ and ✓⇤⇤p 2
⇥
✓, min

�
✓⇤p, ✓

 �
satisfying

{g(✓), V (✓)} =

( �
max{gf (✓), gf (✓⇤p)}, V

 

{gf (✓), V }
if ✓ � ✓⇤⇤p ,

if ✓ < ✓⇤⇤p ,

where

✓⇤⇤p U(gf (✓⇤p)) + �W (xf (✓⇤p)) + ��V = ✓⇤⇤p U(gf (✓⇤⇤p )) + �W (xf (✓⇤⇤p )) + ��V .

Hence, the worst punishment is a maximally enforced surplus limit. Moreover, the worst

punishment is unique.

In the absence of self-enforcement constraints, the worst punishment would entail forcing

all government types to choose either the highest or the lowest feasible spending rate so

that the value V is minimized. However, such a harsh punishment would not be self-

enforcing. Proposition 5 shows that the worst punishment that is self-enforcing takes the

form of a maximally enforced surplus limit, associated with a minimum spending rate

gf (✓⇤p). Government types that respect the surplus limit by spending above gf (✓⇤p) are

maximally rewarded with continuation value V ; government types that violate the surplus

limit by spending below gf (✓⇤p) are maximally punished with continuation value V . Because

a positive mass of types ✓ � ✓⇤⇤p respect the limit, the equilibrium transitions back to the

allocation associated with value V with strictly positive probability.

A maximally enforced surplus limit minimizes social welfare by incentivizing overspend-

ing. Intuitively, given a government type ✓, there are two ways in which society can induce

low welfare: either by inducing spending below the first-best rate gfb (✓), or by inducing

spending above this rate. Since the government is biased towards overspending in the

present, the latter relaxes self-enforcement constraints, and it is thus a more e�cient means

of reducing welfare. As a result, in the worst-punishment allocation, all types spend above

their first-best rate, and in fact weakly above their flexible rate. Moreover, consistent with

Proposition 1, overspending is incentivized by the use of bang-bang continuation values:

society maximally rewards government types that spend above the surplus limit and max-

imally punishes those that spend below the limit.35 High-powered incentives allow society

to maximize distortions.
35These features are related to the results of Bernheim, Ray, and Yeltekin (2015), who study self-enforcing
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their first-best rate, and in fact weakly above their flexible rate. Moreover, consistent with

Proposition 1, overspending is incentivized by the use of bang-bang continuation values:

society maximally rewards government types that spend above the surplus limit and max-

imally punishes those that spend below the limit.35 High-powered incentives allow society

to maximize distortions.
35These features are related to the results of Bernheim, Ray, and Yeltekin (2015), who study self-enforcing
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Characterization of Punishment

Proposition: Worst punishment is a maximally enforced surplus limit

Intuition: Government cares more about present spending than society

• Inducing overspending relaxes self-enforcement and minimizes welfare

• Best incentives achieved with maximal reward and punishment

Proof: Characterizing V analogous to characterizing V (but reverse)

• Key step establishes that punishment is not absorbing

• Rewarding overspending by high types reduces welfare



Characterization of Punishment

Proposition: Worst punishment is a maximally enforced surplus limit

Intuition: Government cares more about present spending than society

• Inducing overspending relaxes self-enforcement and minimizes welfare

• Best incentives achieved with maximal reward and punishment

Proof: Characterizing V analogous to characterizing V (but reverse)

• Key step establishes that punishment is not absorbing

• Rewarding overspending by high types reduces welfare



Characterization of Punishment

Proposition: Worst punishment is a maximally enforced surplus limit

Intuition: Government cares more about present spending than society

• Inducing overspending relaxes self-enforcement and minimizes welfare

• Best incentives achieved with maximal reward and punishment

Proof: Characterizing V analogous to characterizing V (but reverse)

• Key step establishes that punishment is not absorbing

• Rewarding overspending by high types reduces welfare



Bang-Bang Dynamics

Optimal fiscal rule is solution to two problems:

• {θ∗, θ∗∗} which yield maximum social welfare given V − V

• {θ∗p, θ∗∗p } which yield minimum social welfare given V − V

• Larger V − V =⇒ Higher max and lower min

Conditions for dynamics incentives

• Self-enforcement constraint sufficiently binding

•
∫ θ

θb
(Q(θ)−Q(θ))dθ < 0

• Both hold if θ is sufficiently extreme

Phases of fiscal rectitude and fiscal profligacy sustain each other
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Conclusion

Characterization of optimal self-enforcing fiscal rule

• Maximally enforced deficit limit

• Conditions for limit to be violated following high shocks

• Punishment in the form of temporary overspending

Some possible extensions

• General hyperbolic preferences

• Enforcement of common rules in groups of countries and federations

Other applications

• Self-control and going off the wagon

• Regulation with socially costly penalties
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Thank you!



Discussion of Distributional Assumptions

Recall distributional assumption: There exists θ̂ ∈ Θ such that

Q ′(θ) < (>) 0 if θ < (>) θ̂

Proposition: If assumption is violated, there exist {V ,V } for which
a maximally enforced deficit limit is strictly suboptimal

Implies our distributional assumption is necessary for characterization

• Weaker distributional assumption needed under perfect enforcement
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