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Biases in Subjective Forecasts

Evidence from both surveys of forecasts (e.g., Coibion and
Gorodnichenko, 2015) and laboratory experiments (e.g., Landier,
Ma, and Thesmar, 2020) indicate that subjective forecasts do
not seem to be entirely consistent with Bayesian rationality

— for example, forecast errors predictable by variables that
ought to be in forecasters’ information sets

In particular, there is evidence of both types indicating that
subjective expectations over-react to news about the variable
that must be forecasted (Bordalo et al., 2020; Landier et al.,
2020)
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Explaining Over-Reaction to News

A common approach in early literature: hypothesize that
people’s forecasts are generated by some mechanical rule, such
as

X̂t = Xt + λ(Xt − Xt−1) [for some λ > 0]

that extrapolates recent trends into the future

A standard objection [since at least Muth, 1961]: if the
fluctuations in data are stationary, why don’t people eventually
notice the systematic bias in this kind of forecasting rule?
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Explaining Over-Reaction to News

Fuster et al. (2011) propose a more sophisticated model
[“natural expectations”]: people forecast using an AR(k) model
of the process {Xt}, the coefficients of which are the ones that
best fit the stationary dynamics of the actual process

— people are assumed to learn the best forecasting model within
the class that they consider, but only consider using some finite
number of lags (say, 10)

Questions about this proposal:

1 Even if must summarize past by only a few statistics, why the
last k observations, instead of other statistics, such as a long
moving average?
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Explaining Over-Reaction to News

Fuster et al. (2011) propose a more sophisticated model
[“natural expectations”]: people forecast using an AR(k) model
of the process {Xt}, the coefficients of which are the ones that
best fit the stationary dynamics of the actual process

— people are assumed to learn the best forecasting model within
the class that they consider, but only consider using some finite
number of lags (say, 10)

Questions about this proposal:

2 Is it really true that over-reaction only occurs when the true
dynamics aren’t well-described by a low-order AR(k) process?

— in the experiments of Landier, Ma and Thesmar (2020): true
dynamics are AR(1)!
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Our Alternative Hypothesis

We propose a model in which

forecasts are optimal [provide a basis for action that maximizes
expected utility], subject to constraint that they must be based
on an imprecise memory of past data

— optimal responses to available data are learned; and no a
priori restriction on class of decision rules contemplated

the assumed structure of imprecise memory is also optimized,
subject only to an information-theoretic constraint on feasible
complexity of memory

— no a priori assumption that only certain data can be
remembered
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Our Alternative Hypothesis

Like Sims (2003) theory of “rational inattention”

— but whereas Sims model of RI assumes limit on precision of
new observations, but perfect memory of all past cognitive
states, we instead emphasize limit on precision of memory
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A Simple Class of Problems

The class of decision problem considered here: DM observes
realizations of an AR(1) process

yt = µ + ρ(yt−1 − µ) + εyt , εyt ∼ N(0, σ2
ε )

and has to produce each period a vector of forecasts zt of

z̃t ≡
∞

∑
j=0

Ajyt+j where ∑
j

|Aj | < ∞

Objective: find decision rule that minimizes loss function

E
∞

∑
t=0

βt(zt − z̃t)
′W (zt − z̃t) where 0 < β < 1, W pos. def.
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A Simple Class of Problems

We assume [to simplify exposition here] that values of ρ and σ2
ε

are known, but that µ is (at least initially) unknown; prior
distribution for mean:

µ ∼ N(0, Ω)

Note that in the absence of any memory limitation [and
assuming perfect observability of the realizations of yt ], it should
be possible eventually [as t → ∞] to learn the value of µ to
arbitrary precision ⇒ optimal decision rule should coincide
asymptotically with the RE prediction
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A Simple Class of Problems

In any problem of this form [regardless of assumed memory
limitations], the minimum achievable value of the loss function
will be equal to

α ·
∞

∑
t=0

βtMSEt

for some α > 0 [that depends on the {Aj} and W ], where

MSEt ≡ E[(µ̂t − µ)2]

is the mean squared error in estimating µ, and µ̂t is the
estimate [given observation yt and available memory] that
minimizes MSE

Thus can equivalently formulate the problem as one of optimal
choice of an estimate µ̂t each period, to minimize MSE
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A General Model of Imprecise Memory

We assume that the memory carried into each period t ≥ 0 can
be summarized by a vector mt of dimension dt ; the action
chosen in period t [i.e., choice of µ̂t ] must be a function of the
cognitive state specified by st = (mt , yt)

— current yt is perfectly observable, but behavior can depend
on past states only to the extent that memory provides
information about them
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A General Model of Imprecise Memory

We assume that the memory carried into each period t ≥ 0 can
be summarized by a vector mt of dimension dt ; the action
chosen in period t [i.e., choice of µ̂t ] must be a function of the
cognitive state specified by st = (mt , yt)

We further suppose that the memory state evolves according to
a linear law of motion of the form

mt+1 = Λtst + ωt+1, ωt+1 ∼ N(0, Σω,t+1)

starting from an initial condition d0 = 0 [so that s0 consists only
of y0].

— However, the dimension dt+1 of the memory that is stored,
and the matrices Λt , Σω,t+1 are allowed to be arbitrary [Σω,t+1

must be p.s.d., but need not be of full rank]
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A General Model of Imprecise Memory

mt+1 = Λtst + ωt+1, ωt+1 ∼ N(0, Σω,t+1)

For example, one admissible memory structure:

dt = t, and there is an element of mt corresponding to each of
the past observations yτ for 0 ≤ τ ≤ t − 1

the memory of yτ at some later time t is given by
mτ,t = yτ + uτ,t , where uτ,t is a Gaussian noise term,
independent of the value of yτ, and with a variance that is
necessarily non-decreasing in t

— but this “episodic memory” structure is not required, and
indeed turns out not to be optimal if memory is costly
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A General Model of Imprecise Memory

mt+1 = Λtst + ωt+1, ωt+1 ∼ N(0, Σω,t+1)

Limit on the precision of memory: we assume there is a cost of
storing and/or accessing the memory state mt+1, that depends
on the Shannon mutual information between the memory
state mt+1 and the cognitive state st about which it provides
information:

cost = c(I (mt+1, st)), c(I ) (weakly) increasing and convex

Two polar cases:

c(I ) = 0 for all I ≤ Ī , infinite for any I > Ī [some Ī > 0]

c(I ) = θ · I [some θ > 0]
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c(I ) = θ · I [some θ > 0]

A. da Silveira, Sung and Woodford Noisy Memory BFI June 2020 14 / 40



A General Model of Imprecise Memory

mt+1 = Λtst + ωt+1, ωt+1 ∼ N(0, Σω,t+1)

Limit on the precision of memory: we assume there is a cost of
storing and/or accessing the memory state mt+1, that depends
on the Shannon mutual information between the memory
state mt+1 and the cognitive state st about which it provides
information:

cost = c(I (mt+1, st)), c(I ) (weakly) increasing and convex

Memory structure each period is assumed to be chosen so as to
minimize total discounted costs

∞

∑
t=0

βt [α ·MSEt + c(It)]
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Implications of Linear Dynamics

For any memory structure in this class: the posterior
distribution over possible values of (µ, y0, . . . , yt−1) implied by
memory state mt will be a multivariate Gaussian distribution

We care in particular about certain moments of the posterior:

m̄t ≡ E[xt |mt ], Σt ≡ var[xt |mt ]

where xt ≡ (µ, yt−1)′ [i.e., the states relevant for predicting the
next observation yt ]

We furthermore introduce the vectors

e ′1 ≡ [1 0], c ′ ≡ [1− ρ ρ]

to select particular elements of the matrix of 2d moments
[e ′1Σte1 measures uncertainty about µ; c ′Σtc measures
uncertainty about Et−1yt ]
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Implications of Linear Dynamics

Posterior for µ after observing yt will then be given by the usual
Kalman filter formulas:

µ̂t ≡ E[µ |st ] = e ′1m̄t + γ1t [yt − c ′m̄t ]

σ̂2
t ≡ var[µ |st ] = e ′1Σte1 − γ2

1t [c
′Σtc + σ2

ε ]

where Kalman gain is

γ1t =
e ′1Σtc

c ′Σtc + σ2
ε

Since yt is observed precisely, this completely characterizes
posterior beliefs in cognitive state st about states that are
relevant for forecasting yτ for any τ > t

Average losses from action in period t depend only on

MSEt = σ̂2
t
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Optimal Memory Structure

Our main result: for any problem of this form, optimal memory
structure has dt ≤ 1 each period; can be written in the form

m̃t+1 = λtv
′
t s̄t + ω̃t+1, ω̃t+1 ∼ N(0, λt(1− λt))

here s̄t ≡
[

µ̂t

yt

]
is the information in st relevant to future

forecasts

vt indicates the single linear combination of these elements that
is stored (imprecisely) in memory; normalized so that
var[v ′t s̄t ] = 1 [so only one dimension to choose]

λt then measures sensitivity of memory to prior cognitive state
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Optimal Memory Structure

Our main result: for any problem of this form, optimal memory
structure has dt ≤ 1 each period; can be written in the form

m̃t+1 = λtv
′
t s̄t + ω̃t+1, ω̃t+1 ∼ N(0, λt(1− λt))

A 2-dimensional choice each period; feasible choices must satisfy

0 ≤ λt ≤ 1, v ′tX (σ̂2
t )vt = 1

where
var[s̄t ] = X (σ̂2

t ) ≡ Σ0 − σ̂2
t e1e

′
1

is determined by degree of uncertainty about µ in period t
cognitive state

A. da Silveira, Sung and Woodford Noisy Memory BFI June 2020 19 / 40



Optimal Memory Structure

Our main result: for any problem of this form, optimal memory
structure has dt ≤ 1 each period; can be written in the form

m̃t+1 = λtv
′
t s̄t + ω̃t+1, ω̃t+1 ∼ N(0, λt(1− λt))

The cost of such a memory structure is then determined by the
mutual information

It = I (m̃t+1; s̄t) = −1

2
log(1− λt),

an increasing function of λt

And choice of (λt , vt) determine degree of uncertainty about µ
in following period:

σ̂2
t+1 = f (σ̂2

t , λt , vt)
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Recursive formulation

Let Vt be the minimum achievable value of the continuation
objective

E
∞

∑
j=0

βj [α ·MSEt+j + c(It+j )]

given choice of the memory structure in periods τ < t

We show that this depends only on the uncertainty σ̂2
t in period

t cognitive state; hence Vt must be a time-invariant function
Vt = V (σ̂2

t )
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Recursive formulation

This value function must satisfy a Bellman equation

V (σ̂2
t ) = ασ̂2

t + min
λt ,vt

[
c

(
−1

2
log(1− λt)

)
+ βV (σ̂2

t+1)

]
where minimization is subject to

(λt , vt) in feasible set that depends on σ̂2
t

σ̂2
t+1 = f (σ̂2

t , λt , vt)
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The Case of a Fixed Information Bound

The model solution is mostly easily characterized in the case of a
cost function C (I ) = 0 for all I ≤ Ī , while cost is infinite for any
I > Ī ; thus a fixed upper bound on mutual information

In this case, the optimal memory structure (λt , vt) each period
simply solves

min
λt ,vt

σ̂2
t+1 = f (σ̂2

t , λt , vt)

given the uncertainty about µ in that period, subject to the
constraints

0 ≤ λt ≤ λ̄ ≡ 1− e−2Ī , v ′tX (σ̂2
t )vt = 1

— one wants a memory that makes σ̂2
t+1 as small as possible,

consistent with the bound Ī
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The Case of a Fixed Information Bound

It is furthermore optimal to make λt as high as possible, hence
equal to λ̄; then optimal memory structure reduces to the choice
of direction for vector vt :

min
vt

f (σ̂2
t , λ̄, vt)

This yields a policy function vt = v(σ̂2
t ), and a corresponding

law of motion

σ̂2
t+1 = φ(σ̂2

t ; λ̄)

which can be integrated forward from the initial condition [given
by the prior]

σ̂2
0 = Ω/(Ω + σ2

y )
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Optimal Dynamics of Imprecision

If λ̄ = 1 [case of perfect memory], posterior beliefs each period
are given by usual Bayesian updating formulas [Kalman filter]

precision of posterior distribution for µ grows linearly with
accumulated experience

1

σ̂2
t+1

=
1

σ̂2
t

+
1− ρ

1 + ρ

1

σ2
y

hence σ̂2
t falls monotonically over time, with σ̂2

t → 0 as t
becomes large

If instead λ̄ < 1 [case of finite Ī ], then posterior uncertainty still
falls with experience

— but remains bounded away from zero forever, owing to
limited precision of memory
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Scale-Invariant Variables

In our numerical illustrations, we use variables with a significance
that is independent of the scale σy of fluctuations in the external
state:

parameterize prior uncertainty about µ by the value of
K ≡ Ω/σ2

y

measure posterior uncertainty by ηt ≡ σ̂2
t /σ2

y

— then initial condition is η0 = K/(K + 1)

Parameters used in numerical examples: β = 0.99 [reasonable
for forecasts of quarterly data]

— in these slides, assume K = 1

— consider a variety of values for 0 < λ̄ < 1, 0 ≤ ρ < 1
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Optimal Dynamics of Imprecision (Case: K = 1, ρ = 0)

Section 3.1 The case of a fixed per-period bound on mutual information

Figure 1: The evolution of scaled uncertainty about µ
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Figure 2: Coefficients describing the optimal memory structure in the long run, as a function of the degree of persistence
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The top-right panel shows the direction of the vector v∞, and the bottom-right panel shows the ”intrinsic” persistence
derived as ρm ≡ λ∞(e′1v∞) (e′1 − γ1c)X∞v∞.
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Asymptotic Solution for Varying ρ

Section 3.1 The case of a fixed per-period bound on mutual information
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The top-right panel shows the direction of the vector v∞, and the bottom-right panel shows the ”intrinsic” persistence
derived as ρm ≡ λ∞(e′1v∞) (e′1 − γ1c)X∞v∞.
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case: K = 1, various λ̄
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Asymptotic Belief Fluctuations

As t → ∞, coefficients converge, and dynamics are described by
linear equations with constant coefficients, Gaussian error terms

Coupled dynamics of external state and cognitive state can
be modeled as a VAR(1) system:(

m̃t+1

yt+1

)
=

(
0

1− ρ

)
µ +

(
ρm ρmy

0 ρ

)(
m̃t

yt

)
+

(
ω̃t+1

εy ,t+1

)

Thus the belief state m̃t perpetually fluctuates around its
long-run average value [determined by the true value of µ], as in
a model of “constant-gain learning”

— and estimate µ̂t of µ fluctuates forever as well, rather than
converging
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Dynamics of Biased Expectations

As a result of these fluctuating beliefs, transitory variations in
the state are over-extrapolated into the future:

RE forecast:

Etyt+h = (1− ρm)µ + ρmyt

— thus positive innovation in yt raises forecast (if ρ > 0)

DM’s forecast:

ŷt+h|t = (1− ρm)E[µ |st ] + ρmyt

— positive innovation in yt also raises µ̂t (since γ1 > 0)

— increasing ŷt+h|t by more than in the case of the RE forecast
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Response to a Positive Innovation

4. Predicted Patterns of Forecast Bias

4.1 Stationary fluctuations in the long run

Figure 8: Impulse response of the DM’s estimate of µ
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Figure 9: Impulse response of the DM’s one-quarter-ahead forecast of the external state
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case: ρ = 0, various λ̄
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“Over-Reaction” to News

These responses can explain “over-reaction” of forecasts to news
about the series being forecasted, of the kind documented both
in laboratory experiments (Landier, Ma and Thesmar, 2020) and
in surveys of forecasts of economic time series (e.g., Bordalo et
al., 2020)

Landier, Ma and Thesmar experiment: subjects observe
successive realizations of a stationary AR(1) process, and after
each new observation, are asked to forecast the future values of
the variable at various horizons h

their main measure of over-reaction: comparison of regression
coefficients

ρsubjh : regress forecast ŷt+h|t on yt
ρh: regress actual outcome yt+h on yt [asymptotically, should
equal ρh]
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“Over-Reaction” to News

Landier, Ma and Thesmar (2020) findings:

ρsubjh > ρh when true DGP has ρ < 1 [“over-reaction”]

excess response ρsubjh − ρh is larger the smaller is ρ [approx.
zero as ρ→ 1]

relation between ρsubjh and the RE coefficient ρh is
approximately the same for all h

A. da Silveira, Sung and Woodford Noisy Memory BFI June 2020 34 / 40



“Over-Reaction” to News

Landier, Ma and Thesmar (2020) findings:

ρsubjh > ρh when true DGP has ρ < 1 [“over-reaction”]

excess response ρsubjh − ρh is larger the smaller is ρ [approx.
zero as ρ→ 1]

relation between ρsubjh and the RE coefficient ρh is
approximately the same for all h

A. da Silveira, Sung and Woodford Noisy Memory BFI June 2020 34 / 40



Measuring Over-Reaction (Landier, Ma and Thesmar, 2020)

Figure 3: Over-reaction and Persistence of Underlying Process: Evidence From the Term Structure
of Expectations

0
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Note: Here we report the forecast-implied subjective persistence from various experiments and various horizons.
Unlike in Figure 2, we cannot implement the error-revision methodology because of limited data on forecast horizons
(we only have 1,2 and 5 period horizon forecasts). The �gure is constructed as follows. For each horizon h, we
estimate the subjective (compounded) persistence ρsh from Fitxt+h = ch + ρshxt + uit,h. We also estimate the
objective (compounded) persistence ρh as: xt+h = bh + ρhxt + vit,h. The y-axis plots the implied compounded
persistence ρsh, and the x-axis plots the objective compounded persistence ρh. Full dots correspond to h = 1 (from
the 6 conditions in Experiment 1 where the one-period persistence ρ ∈ {0, .2, .4, .6, .8, 1}), which are identical to
Figure 2, Panel B. Empty circles correspond to h = 2 (also from the 6 conditions in Experiment 1). Crosses
correspond to h = 5 and come from Experiment 3, where the one period persistence ρ ∈ {.2, .4, .6, .8}. The red line
is the 45 degrees line, and corresponds to the implied persistence under Full Information Rational Expectations
(FIRE).
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vertical axis: ρsubjh ; horizontal axis: ρh
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Predictions of the Noisy Memory Model
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“Over-Reaction” to News

Bordalo et al. (2020) emphasize a different measure of
departure from RE predictions:

coefficient b: error in individual forecaster’s forecast
yt+h − ŷt+h|t regressed on that same forecaster’s revision of
their forecast ŷt+h|t − ŷt+h|t−1

Bayesian conditioning requires b = 0 [regardless of what
individual forecaster is assumed to observe: as long as must
recall own past cognitive states], since forecast error should
be unforecastable by anything in forecaster’s info set at t

instead, find b < 0 [“over-reaction”] for forecasts of many
macro and financial series

— again, evidence of over-reaction stronger in case of less
persistent series
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Measuring Over-Reaction (method of BGMS, 2020)

Figures

Figure 1: Forecast Error on Forecast Revision Regression Coe�cients: SPF Data
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Note: We use SPF data on macroeconomic forecasts and estimate a quarterly panel regression using individual
forecasts for each variable x: xt+1−Fi,txt+1 = a+b(Fi,txt+1−Fi,t−1xt+1)+vit, where the left hand side variable is the
forecast error and the right hand variable is the forecast revision for each forecaster i. The y-axis plots the regression
coe�cient b for each variable, and the x-axis plots the autocorrelation of the variable. The variables include
quarterly real GDP growth, nominal GDP growth, GDP price de�ator in�ation, CPI in�ation, unemployment
rate, industrial production index growth, real consumption growth, real non-residential investment growth, real
residential investment growth, real federal government spending growth, real state and local government spending
growth, housing start growth, unemployment rate, 3-month Treasury yield, 10-year Treasury yield, and AAA
corporate bond yield.
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vertical axis: b data: Survey of Prof. Forecasters
[figure from Landier et al. (2020)]
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Predictions of the Noisy Memory Model

4.2 Evidence of over-reaction: the response of forecasts to fluctuations in the state

Figure 10: Subjective persistence
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Figure 11: CG regression
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Summary

Thus we find that over-reaction to news can reflect optimal
decision making on the basis of an imprecise memory of the
sequence of states experienced thus far

— and the imprecision in memory may be efficient, given the
cost of greater precision [as in “rational inattention” models]

Above example a simple (extreme) case

— we can have under-reaction to news as well (Coibion and
Gorodnichenko, 2015), if we suppose that there is also finite
precision in the DM’s observation of current states (as in the RI
model of Sims)

— which force dominates will then depend on parameters
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